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PREFACE

This book is about antennas: about the physical principles under-

lying their behavior, the theory needed in sound antenna design and in

planning meaningful experiments, the applications of theory to antennas

in various frequency ranges. We have written it primarily for students

and practitioners of radio engineering. But no specialized engineering

background is required for understanding it, and the book should be

intelligible to students of applied mathematics and physics and to

mathematical consultants in industry. For them this book will illus-

trate the type of problems of interest to radio engineers, the nature of

solutions sought by them, the ways in which applicable mathematics is

actually put to work by practical men.

The contents of this book express our idea of what a college text-

book on antennas should contain. It is not a book of descriptive type,

nor is it concerned with engineering details. Such details are learned

best on the job, and college time should not be consumed by studying

books that can be read at any time, and with profit, without the instruc-

tor's assistance. But a serious study of fundamental ideas and theory re-

quires time and often the help that only college can provide. Good
understanding of fundamental theory will enable the student to acquire

confidence in himself, and will develop his ability to evaluate what he

finds in technical periodicals. Thus he will be prepared to make full

and appropriate use of available information. To make the book more

usable as a reference book, an extensive index and a list of symbols have

been added.

We have not evaded derivations of important formulas and proofs

of important conclusions. The student should know them. He has a

right to know them. But we have made a serious effort to make them
as simple as possible. Anyone who has a working knowledge of general

physics and calculus is adequately prepared for this book provided he

possesses scientific courage. He should not be intimidated by a partial

differential equation simply because he has never had a course in such

equations. We do not use vector analysis because in the type of prob-

lems with which we are concerned it impedes rather than promotes

understanding. We use the vector concept and, in a very few cases,

shorthand notations for scalar and vector products; but these notations

are normally acquired in studying physics and do not really constitute

vector analysis.

vii



viii PREFACE

The book begins with a chapter introducing various problems which

arise in studying antennas and which are examined more thoroughly in

subsequent chapters. Concurrently we present physical pictures of

radiation and explain how electric phenomena in space are related to

those in circuits. Thus we try to close the gap between circuit and

field theories which exists when they are developed independently. We
show how some important formulas, such as the formula for the distant

field of a current element, can be obtained from physical considerations.

This should enable the reader to understand a substantial part of antenna

theory without more serious analytical study.

A thorough and complete understanding of antenna theory, how-

ever, requires a knowledge of Maxwell's laws of electromagnetic inter-

action. We explain their meaning in simple terms, illustrate them by
simple applications, and then translate them into equations particularly

convenient in antenna analysis. These equations are immediately used

to examine waves guided by cones, wires, and cage structures. From
these equations we derive the most fundamental formulas of antenna

theory: the formulas for the field of an electric current element from

which the field of any given current distribution may be obtained by

integration. The traditional method of deriving these formulas employs

advanced theorems of vector analysis and auxiliary mathematical func-

tions which have no simple physical significance. This method was

devised by mathematicians for mathematicians and is satisfactory only

for those readers who are on such familiar terms with mathematics that

they hardly notice it. For most students this method is only an ex-

ercise in mathematical manipulation which diverts their attention from

the essential physical aspects of the problem. And it is easy to lose

both mathematical rigor and physical sense in the mire of symbolism.

In fact, many current versions of the method prove nothing. For

these reasons we have abandoned this classical approach in favor of a

simpler and physically more direct derivation of the fundamental

formulas for the field of an oscillating charge. We start with the static

electric field of the charge. As the charge begins to oscillate slowly,

the varying electric field generates a magnetic field. In this way we
obtain the principal components of the local field. This field is then

joined to the distant wave arising from the interaction of electric and

magnetic fields. Given all the details, this method is just as rigorous

mathematically as the complete traditional method, and it i§ more

convincing from the physical point of view. It exhibits the mechanism

of excitation of electromagnetic waves. We believe that this method

has something to offer even to accomplished mathematicians.

We give considerable attention to methods for obtaining the radia-
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tion patterns of, and the power radiated by, given current distributions.

In nondissipative media the radiated power may be calculated either by

the Poynting vector method, based on power flow at large distances, or

by the induced electromotive force method, based on the power con-

tributed to the field. We explain both methods and develop the second

into the "method of moments" which is particularly useful for approxi-

mate calculation of power radiated by complicated current distributions.

Then we obtain several radio transmission formulas for free space. In

order to make the student " ground-conscious " we consider some effects

of ground on radio transmission. But space considerations have not

permitted a fuller account of ground effects. Atmospheric influences

had to be ignored completely. In view of several recent books on

propagation this omission is not serious.

Half a century ago Pocklington demonstrated that the current and

charge on thin perfectly conducting wires are propagated approximately

with the velocity of light and that between any two points of mono-

chromatic excitation the current distribution is approximately sinusoidal.

Much of practical antenna theory has been based on this fundamental

result. The author of this approximation was apparently forgot-

ten. Some radio engineers call it "a practical engineering approxima-

tion," and some theoreticians once called it "a colossal fraud." Engi-

neering books made no effort to present the theory back of it, and it is

not surprising that this approximation was sometimes misused. Slender

poles have often been placed on the tops of broadcasting towers to

increase their effective heights, apparently without the realization that,

although the currents in the towers and the poles are approximately

sinusoidal, the sinusoids do not constitute one sinusoid, and that some

further theorizing would have indicated that the poles are almost

ineffective. The importance of phase in deviations of antenna current

from the sinusoidal form has sometimes been overlooked and measured

results have been misinterpreted. We devote a full chapter to the

sinusoidal approximation, to various factors causing deviations from it,

and to the relative importance of these deviations.

At radio transmitting and receiving terminals antennas are circuit

elements. In the case of arrays they are coupled circuits. The actual

values of antenna impedances and mutual impedances can be either

measured or calculated by solving Maxwell's equations. But some
properties such as resonance, antiresonance, reciprocity, and circuit

equivalence are properties of linear dynamical systems and are inde-

pendent of Maxwell's equations. Circuit equivalence theorems enable

one to fit antennas into circuit diagrams. Reciprocity theorems make
it unnecessary to analyze both the transmitting and the receiving



x PREFACE

properties— one analysis is sufficient. We give considerable attention

to these topics.

To illustrate the application of fundamental theory we discuss all

types of antennas: "short" or long-wave antennas, half-wave and full-

wave antennas, general dipole antennas, rhombic antennas, slot antennas,

horns, reflectors, and lenses.

In this book we present for the first time an elementary theory of

dipole antennas, based on the "sweeping off" process. We start with an

approximate antenna current, determine the electric intensity tangential

to the antenna, and try to sweep it off the antenna by applying equal and

opposite electric intensity. We also discuss some of the results of a more
advanced linear antenna theory developed by one of us; but its details

as well as Hallen's method of antenna analysis are published in a

separate book.

The number of papers on antennas is so great that a complete

bibliography would have added perceptibly to the size and cost of this

book. We have thus selected a reasonable number of references which

may be consulted with profit for further information on special topics.

Some of these references are given in footnotes, others at the ends of

chapters. Partly to provide ready accessibility to the greatest number
of students and partly because we found it difficult to undertake the

task of scanning world-wide literature on antennas, most of these

references are to papers published in American periodicals. We hope

that our lists are adequate for beginners.

We have prepared a large number of problems; but we have left

it to the instructor to make his own numerical exercises. The prepara-

tion of the latter will take little of his time, and we feel that he is the

best judge of the extent to which his students need them.

Theoretically this book is suitable as a text for an undergraduate

course on antennas since calculus is the only essential mathematical

prerequisite, but in practice many undergraduate students will probably

find some chapters too difficult. A fairly easy and short undergraduate

course can be made of the following chapters: 1, 5, 6, 11, 15. This

course can be augmented by adding Chapters 2, 3, and 7. In both

options the student should be asked to accept equation 4-82 without

derivation. This equation, however, is used only in the last few sections

of Chapter 5 and in some sections of Chapter 6. These few sections in

Chapter 5 can easily be omitted since they deal with an alternate method

of computing the radiated power, and the sections in Chapter 6 can be

replaced by the instructor with his own analysis, based on the methods

presented in the early part of Chapter 5. Other options will readily

occur to the instructor after he has examined the book. A graduate
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course can begin with Chapter 2, or even with Chapter 4. Chapter 1

can then be assigned as collateral reading, and later in the course be a

subject of a seminar.

We are very grateful to Miss Marion C. Gray who has checked the

text and equations in the original manuscript and in proof, and who has

prepared the extensive index. We thank Miss Dorothy T. Angell for

her assistance in proofreading. To Mr. B. A. Clarke the credit should

go for advice in connection with illustrations and to Mr. H. P. Gridley

for the drawings.

S.A.S.

H.T.F.
New York, December 1951





SYMBOLS USED IN TEXT
(References are to page numbers)

a linear, radius of wire antenna

b linear

d linear

f frequency

9 conductivity

directive gain, directivity, 33

h linear, height of vertical antenna

depth of penetration, 86

J imaginary unit

k constant introduced in field equations on p. 19 (evaluated p. 44)

form factor, 193

normalized impedance, 92

polarization loss factor, 392

separation constant, 113

I linear, length of one arm of center-fed antenna

n index of refraction, 204, 206

polarization vector, 392
standing wave ratio, 93

V moment of current element

oscillation constant, 271

8 charge

(with subscript) reflection coefficient, 92

r linear

(r, 6, <p) spherical coordinates

s linear, length of gap
t time

V velocity, phase velocity

w linear

(x, y, z) Cartesian coordinates

A area

effective area, 35

magnetic vector potential, 221

A, B, S, T functions used in defining radiation influence coefficients, 163

B magnetic displacement density

susceptance

C capacitance; distributed capacitance

Euler's constant, 235
D electric displacement density

E electric field intensity

& work, energy
F complex space factor, 146

dynamic component of electric intensity, 218
force

G conductance, distributed conductance
directivity in decibels, 180

quasistatic component of electric intensity, 218
H magnetic field intensity

I electric current

J electric current density

XUl



xiv SYMBOLS USED IN TEXT

K characteristic impedance, wave impedance
(with subscripts) radiation influence coefficients, 162

L inductance, distributed inductance

radiation vector of magnetic current distribution, 542

M magnetic current density

M, N correction functions in impedance formulas for nonconical antennas,
431

N radiation vector of electric current distribution, 362
P power, power flow, radiated power

Q quality factor, 206, 287

R resistance, radiation resistance, surface resistance

radial wave function, 111

01 intrinsic resistance

S area

space factor, 33

T period

free-space transmission factor, 366

terminating resistance loss, 466

U magnetomotive force

V electromotive force, potential, voltage

quasistatic potential, 216

W power flow per unit area

Poynting vector, 22

X reactance

g£ intrinsic reactance

Y admittance, shunt admittance, transfer admittance

Z impedance, series impedance

a attenuation constant

/S phase constant

8 linear, effective lengthening of antenna

S dielectric constant

t] intrinsic impedance, 19

X wavelength

n permeability

£ phase angle of array, 145

real part of oscillation constant, 271

(p, (f>, z) cylindrical coordinates

<r intrinsic propagation constant, 83

r volume
<p phase angle

x polarizability, 576

\p cone angle, angle between two directions

radial wave function, 222

a) angular velocity

imaginary part of oscillation constant, 271

r propagation constant, 91

A angle of elevation, 202

bandwidth, 278

9 angular wave function, 111

<i> magnetic displacement, magnetic flux

radiation intensity, 141

^ complex Poynting vector, complex power, 78

fi solid angle, 79

impedance parameter in Hailen's theory, 448
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PHYSICAL PRINCIPLES
OF RADIATION

1.1 Radio communication

Electric communication is transmission of speech, music, pictures, and

other information by means of electric signals. Across short distances

speech and music are transmitted directly from their source to the

listeners by means of acoustic waves. A speaker or a musical instru-

ment causes small variations in air pressure and small, coherent displace-

ments of air particles. This disturbance of the air is propagated away
from its source and reaches the ear, the receiving instrument of the

listener. The acoustic disturbance spreads in all directions and becomes

attenuated with increasing distance. The range of transmission of

speech and music may be increased as follows. The listener within

easy reach of the speaker or the musical instrument is replaced by a

microphone, a device by which the variations in air pressure are trans-

lated into corresponding variations in electric current. The electric

signals are then transmitted to the desired place where they are recon-

verted into air vibrations within easy reach of the listener. In wire

communication the signals are transmitted with the aid of wires connect-

ing the sending and receiving terminal equipments. Radio communica-

tion is transmission of electric signals without such connecting wires.

Radio communication is theoretically possible because electric charges

exert forces on other charges no matter how distant. Variable electric

currents in electric circuits at the sending end act on " free electrons
"

(that is, easily movable electrons) in electric circuits at the receiving end,

thereby producing variations in electric current corresponding to those

at the sending end. Radio communication is made practicable by the

designing of special circuits, antennas, which are particularly effective in

creating sufficiently strong electric forces at large distances and, recip-

rocally, are particularly sensitive to the electric forces impressed on them
1
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externally. Even between these special circuits the coupling is so small

that the signals have to be amplified at the sending and receiving termi-

nals; but it would be almost hopeless to attempt radio communication

without such circuits.

As ordinary circuits are modified to make them effective antennas,

their theory loses much of its original simplicity. New physical ideas

are needed for understanding the behavior of the modified circuits and

new mathematical methods for their quantitative analysis. Much
mathematical detail appears to be unavoidable, even though in some

cases the final conclusions are fairly simple. In this chapter we intro-

duce various problems which arise in connection with antennas and

which are considered in detail in subsequent chapters. We also present

some physical ideas which explain the behavior of antennas in a general

way and which we can keep in mind during the subsequent mathematical

development. We shall even obtain some quantitative answers which

will later be confirmed by rigorous analysis. But the main purpose of

this chapter is to present a broad view of the entire subject before

attacking seriously the various aspects of the electric behavior of

antennas.

1.2 From circuits to fields

There is a major difference between the transmission media employed in

wire and those in radio communication which affects our ways of think-

TRA-NS-
MITTER V I

RECEIVER

Fig. 1.1 A two-wire transmission line connecting the transmitting and receiving

terminal equipment.

ing about them. In wire communication the signals are transmitted

via transmission lines consisting of either parallel conductors external to

each other (Fig. 1.1) or coaxial conductors, which directly connect the

transmitting and receiving terminals. The transmission lines remind

us of ordinary circuits in all respects except their length. At any point

along the line we can break into the circuit and measure either the cur-

rent in each conductor or the voltage between the conductors. The

difference between the ordinary circuits at the terminals of the wire

transmission system and the long circuit connecting them is in the dis-

tribution of capacitance and inductance. In a local circuit the capaci-

tance is confined primarily to specially designed capacitors and the
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inductance to specially designed coils. Except at high frequencies the

capacitance and inductance of the leads connecting the circuit elements

are usually negligible. But in a long circuit we have nothing but the

" connecting leads." Since these leads are long, we have to take their

capacitance and inductance into consideration. For the same reason

we should take into account the distributed character of these circuit

parameters. The current needed to charge those sections of the line

that are near the transmitting end alters the current in the more distant

sections. The voltage drop across the inductance of the near-by sec-

TRANS-
MITTER RECEIVER

Fig. 1.2 A long network of infinitesimal inductors and capacitors having the elec-

trical properties of a two-wire transmission line.

tions affects the voltage which appears across the distant sections.

It is useful to visualize long circuits as shown in Fig. 1.2. Thus no new
concepts are needed for understanding long circuits; ordinary circuit

concepts are adequate.

On the other hand, in radio communication the transmission

medium is free space, where we have no terminals to which we might

connect voltmeters and ammeters in order to study the electric effects.

What we know from basic physical experiments is that electric charges

and magnets are subject to forces when brought into the vicinity of

charged and current-bearing conductors. The customary way of

expressing this fact is to say that an electric charge is surrounded by an

electric field of force and that an electric current is surrounded by a

magnetic field of force. For a quantitative study we need practical

means of measuring the strength or the intensity of the electric and

magnetic fields. Since an electric charge placed at a given point in an

electric field is subject to a force proportional to the charge, it is natural

to define the electric intensity, usually denoted by the letter E, as the

force per unit charge. In the ratio of the force to the test charge, the

magnitude of the charge is eliminated, and we have a measure of a

property of the field. The direct measurement of the force per unit

charge is not very practical, particularly in a field that varies with time

as during the transmission of electric signals. Besides, in radio commu-
nication we are not interested in these forces as such; we are interested

in their effect on electric circuits. It would be convenient if we could

measure the electric intensity with a voltmeter. To do this we provide
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the free space with a pair of terminals by inserting a probe consisting of

two wires, each of length I (Fig. 1.3). To these terminals we can now
connect a voltmeter. It is easy to see that there will be a voltage across

these terminals. Metals contain free electrons, that is, electrons easily

detachable from atoms, which can thus be displaced by weak forces.

Hence, the free electrons will be displaced in the probe, and we should

have an induced voltage. The magnitude of this voltage will depend on

the intensity of the field and on the probe. To determine the relative

distribution of the electric intensity we merely move the probe from

(v)x>
Bo

AO

Fig. 1.3 A probe for measur-

ing electric intensity.

Fig. 1.4 A probe

with floating ter-

minals in an elec-

tric field.

place to place and record the voltages. We shall find that even at the

same place the induced voltage depends on the direction of the probe.

This is as it should be, for, if the probe is perpendicular to the force

exerted by the field on a typical free electron in the probe, this electron

is merely drawn to the surface of the probe. Only the component of

the force tangential to the probe moves the electron from one arm to

the other and thus gives rise to the voltage between the arms.

Of course, before the voltmeter is connected to the probe, the elec-

trons cannot pass from one arm to the other; they are merely displaced

between the ends ofeach arm* (Fig. 1.4). Thus there will be a voltage

between A and B.

To determine the absolute electric intensity, we should eliminate

the properties of the probe. This can be done by calibrating the probe,

that is, by observing its indication in a field of known intensity. For

instance, the field between two infinite parallel plates, with equal

charges of opposite sign, is uniform and calculable from the voltage Vo

between the plates (Fig. 1.5). If the distance between the plates is h,

* In Figs. 1.3, 1.4, and 1.5 the charges are shown merely to indicate a possible

instantaneous distribution; it is assumed that the field is alternating.
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then the voltage per unit length, that is. the intensity En, is T'o. h. If

the voltage induced in the probe is Pi, then each induced volt represents

the intensity T'o V\h volts per meter I
where h is measured in meters).

©>occc

PlG. 1.5 A cross section of a parallel-plate capacitor.

If at a given point of another electric field the induced voltage is V. the

electric intensity at that point is

E =
Vr

° •
1

Observation shows that the voltage induced in a thin probe is substan-

tially independent of the radius and proportional to the length of the

probe. In fact, in the field between the parallel plates we find

r1= AV- (2)

Substituting in equation 1. we have

E = -y- (3)

Theory discloses that this equation is exactly true only when the probe

is infinitely thin. We should also bear in mind that all these equations

give only the average intensity at points occupied by the probe; hence.

/ should be as small as possible.

The probe for measuring electric intensity is the simplest example

of a receiving antenna. The name antenna was probably suggested by

the resemblance of the thin arms of the probe to the feelers or antennae

of an insect: at present, however, this name is applied to all circuits

designed for effective long-distance coupling.

An electric current is said to be surrounded by a magnetic field of

force because a magnet brought into the vicinity of the current is subject

to a torque. Opposite forces act on the ends of the magnet. These

forces are proportional to the current. The magnetic field between two

parallel gratings consisting of wires carrying equal and opposite currents

Fig. 1.6) is more or less uniform if the width I of the gratings is large

compared with their separation h. and if the distance between the wires

is small. Between two infinite parallel plates carrying equal and oppo-

site steady currents the field is exactly uniform. When we explore the
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intensity of the field with a test magnet, we find that, if the current per

unit length perpendicular to the lines of flow I/I is kept constant, the

intensity is independent of the separation between the gratings and of

the number of wires. .This enables us to use the ratio

H = T W
as a measure of the intensity of the magnetic field between the gratings.

The magnetic intensity at any other place may then be obtained by

h l :~~l
T N

h
kH

|
KH H=i

i
s©0000000000000000

Fig. 1.6 Gratings of parallel wires carrying Fig. 1.7 A loop for measur-

equal and opposite currents. ing magnetic intensity.

comparing the torques on the test magnet. In an alternating field it is

more practicable to measure the current in a test loop (Fig. 1.7) or a test

coil of several turns.

It appears that at a point in free space the electric intensity E and

the magnetic intensity H take the place of the voltage and current at

the terminals of a circuit. The physical dimensions of E and H are

those of voltage and current per unit length. When we wish to refer to

either E or H, we shall employ the more general term field intensity. *

In the above discussion of field measurements we assumed that a

voltmeter was connected to the test probe and an ammeter to the test

loop. What would happen if we connected an ammeter to the probe

and a voltmeter to the loop? We would have to use more sensitive

instruments since the effects would be smaller. We would also discover

a difference between free space and other homogeneous media, such as

water. We would observe the same relative readings as long as they

were made in the same medium; but certain factors of proportionality

would appear if the media were changed. In this way we would discover

the dielectric constant s and the permeability \i of a medium, and two

new field quantities D = zE and B = pH; we would learn to associate

these physical constants of homogeneous media with the corresponding

capacitance and inductance in circuits. Thus we would gradually dis-

* The intensity of a wave is usually denned as the square of the field intensity.

Another term, the radiation intensity, is defined as the power radiated per unit solid

angle (see Chapter 5).
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cover a greater similarity between the electric effects in an infinite

medium and those in ordinary circuits than at first appeared to be

possible.

The above discussion shows the importance to radio communica-

tion of formulating a field theory. The next chapter is devoted to this

problem.

1.3 Maxwell's equations

The next major problem is to develop equations for calculating field

intensities. For static electric fields the intensity may be calculated

from Coulomb's law of force between two point charges q\, q2,

where r is the distance between the charges and s is the dielectric con-

stant of the medium. Thus the intensity of the field produced by q\ is

radial, and its magnitude is

Any given charge distribution may be subdivided into volume elements,

and the intensity of the field produced by the aggregate may be cal-

culated by adding vectorially the intensities of the fields created by the

individual elements. Similarly there are rules for calculating static

magnetic fields from the currents creating them. There is no interac-

tion between static electric and magnetic fields; one can exist without

the other. On the other hand, electric and magnetic fields that vary

with time interact, and we have electromagnetic fields. In order to

calculate such fields we have to know the charges and currents producing

the fields and the laws of interaction as well. In their final form the

laws of interaction were formulated by Maxwell and

are known as Maxwell's equations.

These equations form the cornerstone of field

theory and play the role of Kirchhoff's equations in

circuit theory. Maxwell's equations may be stated

as follows. Imagine a closed curve (Fie;. 1.8) in an&
.

curve.
electromagnetic field and a surface of which this

curve is the edge. Let EtSLn be the component of the electric intensity

tangential to a typical element of the curve. We shall call the product

#tan As, where As is the length of the element, the voltage along the

element. Adding these voltages around the curve and dividing the total

voltage by the length I of the curve we obtain the average tangential in-
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tensity E n̂ . The total voltage around the curve can thus be expressed

as the product E Q̂ I. Similarly we divide the surface of area S into

elements, and obtain the average normal component H^T of the mag-

netic intensity. One of Maxwell's equations may now be written as

follows

:

ESal = fi-^-S
f (7)

where t is time and the coefficient of proportionality, ju, is the per-

meability of the medium. The other equation is

r)F&v

H%nl = S-^rr-S + I, (8)
ot

where s is the dielectric constant and i" is the current crossing the surface.

In the equations above we have ignored the relative directions of the

normal to the surface and the tangent to its edge. When these are

agreed upon, one of the equations will have a negative sign. The usual

convention is such that the negative sign appears in equation 7.

These equations can sometimes be used as they stand; but they

become much more useful if expressed in terms of the Cartesian, cylin-

drical, or spherical components of E and H. In each coordinate system

we obtain six partial differential equations connecting the set of three

E components with the set of three H components. It should be stressed

that equations 7 and 8 are exact and that they apply to any closed curve,

either large or small, lying either in free space or partly or wholly on the

surface of a conductor. From these equations we can derive Kirch-

hofPs equations for electric circuits by imposing suitable restrictions on

the size and geometry of the circuits and on the time rate of change of

the electromagnetic field.

1.4 Lines of force

Even though Maxwell's equations can be stated rather simply, they

cannot be solved easily. They are very general. They must have

solutions applicable to electric circuits, wire transmission lines, wave

guides, antennas, waves in the medium between antennas, radar reflec-

tion, etc.; hence they must possess widely different solutions: some

simple and others exceedingly complex. It is much easier to discover

some of their simple solutions and then find physical problems to which

these solutions supply an answer than to start with a physical problem

and solve it in a straightforward manner. Any aid to our thinking

about electromagnetic fields will prove to be very helpful. The con-
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cept of lines of force is particularly useful.* An electric line of force is a

line tangential to E at every point through which it passes. Similarly

a magnetic line of force is tangential to H.

Electric lines may start on a positive charge and end on a negative

charge; they may start on a positive charge and go to infinity or come
from infinity and end on a negative charge; they may be closed curves

neither starting nor ending on any charge; but they may not just start

at some point in the medium where there is no charge or end at a point

with no charge. The density of the lines of force indicates the relative

magnitude of the electric intensity.

Consider, for example, a uniformly

charged metal sphere. The lines of

force are radial. They spread out

as the distance from the charged

sphere increases. If we imagine A
lines emerging from the sphere, the

number of lines per unit area at

distance r from the center is A/Awr2
.

From Coulomb's law we found that

the intensity of the field is given

by equation 6; hence, it is propor-

tional to the density of the lines of

force. In the case of two equal

and opposite charges all the lines emerging from the positive charge

must end on the negative charge (Fig. 1.9). Hence, the number of

lines crossing the upper hemisphere of radius r must decrease as r

increases, and more and more lines cross over below the equatorial

plane. Hence, the electric intensity decreases more rapidly than 1/r2 .

Magnetic lines are always closed because there are no magnetic

charges. For theoretical purposes it is sometimes convenient to con-

sider hypothetical magnetic charges, in which case the magnetic lines

behave just as the electric lines do.

Elementary books on electricity and magnetism display promi-

nently electric lines beginning and ending on charges or at infinity, as

well as magnetic lines going round conductors carrying electric currents,

and we shall not consider them further. But closed electric lines and

magnetic lines that do not surround conductors may be a novelty to the

reader. What are the conditions for their existence? Let us consider a

closed electric line. We may apply equation 7 to it. Since E is

* We are assuming a homogeneous dielectric, the case of interest to the radio

engineer. Otherwise, we should consider " tubes of displacement."

Fig. 1.9 Electric lines of force in the

field around equal and opposite charges.



10 PHYSICAL PRINCIPLES OF RADIATION 1.5

tangential to the closed curve, the left-hand side may not vanish.

Therefore, the right-hand side does not vanish, and the number of

magnetic lines crossing a surface bounded by the electric line must vary

with time. Closed electric lines must thus be linked with magnetic

lines. Similarly from equation 8 we conclude that magnetic lines must
be linked either with electric current or with electric lines or with both.

As we shall see in Section 1.8, radiation of energy into free space depends

on the existence of closed electric lines.

1.5 Waves

Leonardo da Vinci gave what seems to us the best characterization of

waves: " The impetus is much quicker than the water, for it often

happens that the wave flees the place of its creation, while the water

does not ; like the waves made in a field of grain by the wind, where we
see the waves running across the field while the grain remains in its

place."* The initial disturbance creating a wave is often localized,

and the impetus travels from it in straight lines or radii; or we might

say that the impetus radiates from the focus of the disturbance as the

spokes of a wheel from its hub— hence the term radiation. The energy

carried by a wave is called radiant energy.

That the radiant energy leaves its source is easy to understand,

when the initial disturbance is of short duration. The disturbance is

gone but the impetus created by it travels outwards; the energy asso-

ciated with this traveling wavelet moves farther and farther from its

source unless the wavelet encounters an obstacle which may send it

back or " reflect " it.

To understand the mechanism of wave propagation let us consider

a mass attached to a spring (Fig. 1.10a). If we pull the mass to the

left and let it go, oscillations take place. At first the stretched spring

pulls the mass to the right and thus accelerates it. Then the moving

mass compresses the spring and gradually produces an opposite force

eventually reversing the motion of the mass. The pull or the push

exerted by the spring on the point of attachment varies with the phase

of the motion; but, if the wall is rigid, this varying force produces no

visible effect. Next let us consider a chain of masses and springs

(Fig. 1.106). As before, a leftward pull on the mass at the left will

start accelerating it. Since the first spring is initially unstretched, it

exerts no opposite pull on the moving mass and no pull to the left on the

second mass. The full force applied to the first mass is not immediately

transmitted to the second mass. There is a delay in the transmission of

* From a lecture by T. Levi-Civita on " What are Waves? ", Rice Institute

Pamphlets, 24, October 1938, pp. 168-205.
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////////// y ;///// (a)

v> * ^0*0^ 'W-
(b)

Fig. 1.10 (a) A mass attached to a rigid wall by a spring; (6) a chain of masses

and springs.

Fig. 1.11 Distribution of motion along a long chain of masses and springs at various

times showing the movement of the wave from left to right.
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force and movement along the chain. Hence, if the mass at the left is

forced to move sinusoidally with time, the other masses also move
sinusoidally, but with a phase delay increasing with the distance from

the origin of motion. In Fig. 1.11 the arrows show the distribution of

motion in a long chain at four instants one eighth of a period apart.

If all masses and springs are identical we expect the wave profile, that is,

the distribution of motion along the chain, to be sinusoidal.* Inequali-

ties in masses and springs cause a deformation in the profile; but at

present we are not interested in the fine quantitative details of wave
propagation.

What we observe in Fig. 1.11 is the movement of the wave profile

from left to right. The distance from crest to crest is called the wave-

length and is denoted by A. The wave moves through this distance in

time T equal to the period of oscillations; hence, the wave velocity is

v = -jr •
(9)

The frequency / in cycles per second is the number of complete oscilla-

tions in one second,

/--F" ^$* (10)

Hence,
v = Xf. (11)

If the wave velocity is independent of the frequency, the wavelength and

the frequency vary inversely. Low-frequency waves are long waves,

and high-frequency waves are short waves.

At x = the phase of the wave is 2wt/T. The phase is delayed by

2tt radians in one wavelength or by 2ir/\ radians per unit length; hence,

the phase delay in distance x is 2wx/\. The actual phase at distance x

from the source of oscillations is (2irt/T) — (2wx/\), and the magnitude

of the oscillations is proportional to the cosine of the phase,

* « cos(-^- - -^) • (12)

When the motion reaches the fixed end of the chain, the reaction

of the wall starts a backward wave. In the steady state this reflected

wave is superimposed on the original wave, and standing waves are

formed. When two sinusoidal profiles are added, the new profile is also

sinusoidal; but the profile must be such that there is no motion at the

* Except when the oscillations are so fast that the full force on one mass is never

transmitted to the next, and then the motion must be attenuated along the chain.



1.5 WAVES 13

1—

-

___A u
2 n

t =
J ^"~X

\

t=J

Fig. 1.12 Stationary waves.
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fixed end x = I at any time. Therefore, the magnitude of the oscilla-

tions must be proportional to a sine function of the form

2tt(Z - x)
\f/

oc sin (13)

We cannot have a constant multiple of t between the parentheses since

that would make it impossible for
\J/

to be zero at x = I at all times.

Since yp is still varying sinusoidally with time, we must have

2t(1 - x) 2irt
y/ oc sin ^ cos —f=- (14)

Hence, the time factor affects the motion of all points equally. Fig-

ure 1.12 shows the distribution of the motion at five instants one eighth

of the period apart.

Electric oscillations in simple circuits (Fig. 1.13a) and their propa-

gation in long circuits consisting of a succession of simple circuits

(a) (b)

Fig. 1.13 (a) An electric circuit and (6) a chain of electric circuits.

(Fig. 1.136) are analogous to mechanical oscillations and waves. If an

electric charge is placed on one plate of the capacitor in the simple cir-

cuit, a voltage appears across the capacitor and the coil. Hence, an

electric current must flow. This current increases gradually until half

the charge has been transferred to the other plate. At that moment
the driving voltage disappears, but the current through the coil cannot

stop suddenly. It should take just as much time to stop this current as

was required to bring it to a maximum; in this time the entire charge

from the first plate is transferred to the second, and the sequence of

movements begins to repeat itself in the opposite direction. A voltage

applied at the beginning of the long chain of circuits (Fig. 1.136) forces

an electric current through the first coil and starts to charge the first

capacitor. It takes time for the full voltage to appear across the first

capacitor. Hence, there is a delay in the transmission of voltage and

current in a long circuit; that is, the voltage and current are propagated

with a finite velocity.

1.6 Electric waves on wires and in free space

Parallel conductors may be considered as chains of infinitely small

inductors and capacitors in tandem (Fig. 1.2). We thus expect a delay
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in the transmission of voltage across the conductors and in the accumu-

lation of charge density on one or the other conductor and of electric

current in either conductor. Electric lines of force help to exhibit the

distribution of charge (Fig. 1.14). We have clusters of dense lines of

force where the charge density is high. In the successive clusters the

lines are oppositely directed. The distance between these clusters is

X/2; the distance between the successive similarly directed clusters is X.

In a progressive wave the entire succession of clusters moves steadily in

one direction. In a standing wave the clusters remain stationary, but

their density varies sinusoidally with time.

Long circuits provide a conceptual link between ordinary circuits

and fields. It is easy to understand that there is a capacitance between

ir:-:; + +i+ +
2 :~1

Ui t A A If \1 U I! V V M V 7

+ + + + + +

Fig. 1.14 Electric lines of force between parallel conductors.

two opposite sections of long conductors. There is also an inductance

associated with a " loop " formed by such sections, provided the sections

are fairly long. In short sections it is hard to see the " loop " in its

physical sense. We have to close our eyes a little and pretend that there

is no difficulty in applying KirchhofTs equations to very short sections

of parallel conductors. Applying Maxwell's equations, on the other

hand, presents no difficulty, for the closed loops contemplated in them

may be partly or entirely in free space. We can choose the loop ACDB
(Fig. 1.14) and apply equation 7. As we add successive voltages from

A to C to D and back to A, we should find a quantity that differs from

zero and depends on the time rate of change of the average H normal to

the area of the loop. The voltage from A to C along the conductor is

small; it would equal zero if the conductor were perfect. Similarly

the voltage between B and D is small compared to that between A and B.

Hence, there is a difference between the voltages Vab and Vcd, and the

magnitude of the voltage varies along the two-conductor transmission

line.

From waves on parallel wires we may pass to waves on diverging

wires (Figs. 1.15 and 1.16); then we may expand each wire into a large

cone (Fig. 1.17). One cone may further be expanded into a plane

(Fig. 1.18). Finally we may dispense with the upper cone except for a
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Fig. 1.15 Electric lines between divergent conductors.

Fig. 1.16 Electric lines between divergent conductors.

v >r

Fig. 1.17 Electric lines between conical conductors.
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Fig. 1.18 Electric lines between a cone and the ground plane.

^
Fig. 1.19 Electric lines that have detached themselves from a vestigial cone.

Fig. 1.20 Electric lines that have detached themselves from vestigial cones.
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section near the apex (Fig. 1.19) and obtain a picture of electric waves
spreading above ground. Similarly we can dispense with both cones in

Fig. 1.17 except for sections near their apices, and draw a picture of

waves in free space (Fig. 1.20). If the conductors are removed, the

lines of force close on themselves. In Section 1.4 we found that such

closed lines of force, detached from conductors, are permitted by
Maxwell's equations. However, we should ask ourselves the question:

Why should the lines of force detach themselves from the vestigial cones?

This brings us to the consideration of short antennas. In Chapters 3

and 4 we shall return to a fuller examination of plane and spherical

waves, on conductors and in free space. Here we shall only add that

free space is a kind of " radial transmission line."

1.7 Short antennas

Antennas are said to be small when their dimensions are much smaller

than X. They are said to be short if one dimension is much greater than

the other two and yet much smaller than X. In short antennas the

charge passing through the generator reaches the ends in a very small

fraction of a period. A short antenna is primarily a capacitor. The
electric lines of force look as shown in Fig. 1.21, that is, if the charge

remains constant. Suppose, however, that we connect the antenna to

an a-c generator at some instant t = 0. During the first quarter period

Fig. -1.21 Electric lines around a short antenna.

the charge on the upper arm reaches a maximum. Let N be the number

of electric lines issuing from the upper arm and terminating on the lower

arm. The lines cross the equatorial plane within the circle of radius OP
equal to X/4. Then the discharge begins. We can think of it as a flow

of charge of opposite sign which eventually neutralizes the previous

charge. Thus during the next quarter period we have N opposite lines

of force spread over the circle of radius OP. But in this interval a

fraction kN of the original lines of force spreads to the circle of radius

OQ = X/2. Only (1 — k)N lines remain within the smaller circle;
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adding to these the N opposite lines, we have kN lines within the circle

of radius OP directed oppositely to those between the circles OP and OQ.

At the end of the first half period we have no charge on the antenna

;

hence the kN lines of force have become detached from the antenna and

must have joined the lines of force between P and Q, as shown in Fig. 1.20.

Figure 4.22 shows the exact shape of the lines at an instant of complete

discharge ST/2 sec after the antenna is connected to the generator.

Figure 4.23 shows the lines one quarter period later.

The kN detached lines move on, and new lines of force take their

place. As the lines move outward, the width of the cluster remains X/2.

Hence, the same lines spread over an area between two circles whose

radii are r — (A/4) and r + (A/4), where r is the distance from the

antenna to the center of the cluster. This area equals 2wr times A/2;

that is, 7rAr. Therefore, for large r, where the relative distribution of

the lines of force within the cluster is independent of r, the relative

density is proportional to kN/ir\r. In accordance with our conception

of lines of force this density is proportional to the electric intensity.

The number of lines N issuing from the fully charged antenna is pro-

portional to the charge and therefore to the maximum current in the

generator. The fraction k of this total number which becomes de-

tached from the antenna is proportional to the length 21 of the antenna.

The reason is that the fields of two neighboring equal and opposite

charges nearly cancel each other at distances r ^> 21 and the residue

should, for small separations between the charges, be proportional to the

separation. Hence, the electric intensity in the equatorial plane is

proportional to 2Il/ir\r. The dimensions of this quantity are amperes

per meter, whereas the dimensions of the electric intensity are volts per

meter. Thus the dimensions of the ratio are those of an impedance.

Now the only quantity having these dimensions in the part of the field

that has become completely detached from its source is the ratio t\ = E/H
of the electric to the magnetic intensity. This ratio is called the

intrinsic impedance of the medium;* the intrinsic impedance of free space

turns out to be 376.7 ohms, which is very nearly 1207T or 377 ohms.

Our formula for the electric intensity in the equatorial plane of a short

antenna becomes

where ki is a dimensionless factor.

The electric lines in the cluster are not uniformly distributed since

* The intrinsic impedance may be obtained experimentally by measuring E
with a probe and H with a loop.
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they are oppositely directed on the two sides of the center and the

density must vanish at the center. At large distances where the relative

distribution is independent of r, the density must be proportional to the

cosine of the phase (equation 12). Hence, in the equatorial plane,

E = k2
2t)Il

irKr
cos

2irt 2irr
+ <Po (16)

We have included a constant phase <po to allow for the fact that our

present argument is limited to distances that are large compared with X,

so that we cannot determine the absolute phase difference between the

Fig. 1.22 Two short antennas.

current in the antenna and the field intensity at some distant point.

This is as far as we can go at present; the numerical factor k2 may be

determined either as in Section 1.19 or by solving Maxwell's equations.

Thus we shall find that k2 = tt/4: and ^o = — ir/2. However, we shall

continue to use the indefinite factor until we actually determine its

value.

All detached electric lines cross the sphere of radius r passing through

the center of the cluster. Hence, the radial electric intensity is pro-

portional to kN/kirr2
, that is, to 211/^irr2 . As before, we have to include

the intrinsic impedance of the medium and the phase factor. Hence,

the radial intensity varies inversely as the square of the distance from

the antenna, whereas the meridian intensity varies inversely as the first
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power; the ratio diminishes as X/r, and at large distances the electric

intensity is substantially 'perpendicular to the radius drawn from the

antenna to the point under consideration.

To extend equation 16 to directions other than those in the equa-

torial plane consider two identical antennas (Fig. 1.22). When antenna

2 is used as a transmitting antenna, the electric intensity in its equa-

torial plane is given by equation 16. The voltage induced in antenna 1

is proportional to the tangential component of this intensity, that is, to

the product of equation 16 and sin 6. If now we excite antenna 1 with

the same current, the voltage induced in antenna 2 should equal that

previously induced in antenna 1. This is a very special example of

reciprocity which needs no proof; for the antennas are identical and, in

free space, indistinguishable. Hence, the meridian component of the

electric intensity of antenna 1 is

*
~^Xr~

C0S
\~f X~ + *°J

Sm
' ^ ^

where we have dropped the subscript associated with k in equation 16.

The above equations have been obtained on the assumption that r

is large compared with X. If r is very small compared with X, we have

a substantially electrostatic distribution of E. The lines of force reach

these points in a small fraction of the period, and the changes in the

intensity reflect the changes in the charge on the antennas. The electric

intensity around a single charged particle varies inversely as r2 ;
around

two neighboring equally and oppositely charged particles it varies

inversely as r3 . If this law of variation of the field intensity applied to

all distances, radio communication would be impracticable. The fields

would become too weak to be detected. But, as equation 17 shows, at

large distances the field intensity diminishes only as 1/r.

1.8 Radiation

The existence of closed electric lines has important implications which

may best be brought out by contrast with lines terminating on charges.

Imagine two long conductors connected to a generator by means of a

switch. If the switch is turned on and off for a brief interval of time,

an electric disturbance is created. This disturbance continues to exist

after the power is turned off, that is, after the initial cause has ceased to

exist. Nevertheless the traveling disturbance is associated with the

charges on the conductors, and it may be thought that the existence of

these charges is essential to the existence of the field. Now the existence

of closed electric lines implies that an electromagnetic field may exist

without the charges. Electric charges are required to excite the field;
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but they are not needed for its continued existence. This phenomenon
is analogous to the excitation of water waves by dropping a pebble in a

shallow pool or by immersing and then withdrawing the end of a stick.

The wavelet is seen moving even though the pebble that caused it rests

on the bottom or the stick is nowhere near the water. Electromagnetic

waves are just as real as the charges that cause them. Radar is a

practical method of demonstrating the existence of free electromagnetic

waves as well as their application to the detection of objects.

Any traveling wave carries some energy with it. A blow to the

first mass in the chain shown in Fig. 1.106 transfers to it a certain quan-

tity of energy, which at first appears as the kinetic energy of the mass.

Successively this energy is transformed into the potential energy of the

first spring, the kinetic energy of the second mass, the potential energy

of the second spring, etc. Thus the energy travels on. Similarly,

energy can travel through a succession of coils and capacitors or along

continuous electric transmission lines. Each cluster of lines of force

detached from the antenna contains a certain amount of energy. This

follows from the fact that the electric charge introduced into the cluster

must move under the action of E and, hence, acquire energy. The only

source of this energy is the field, at least after the oscillations in the

antenna have ceased. By such considerations as these we pass from the

idea of electromagnetic energy associated with charges and currents to

the idea of free or radiated energy.

When a wave is guided by a pair of conductors, the power carried

by it is VI, where V is the voltage between the conductors and / is the

current in one of them. From this expression we can obtain a cor-

responding formula for the power flow per unit area in a free space wave.

For this purpose, let us consider a pair of wide-angle coaxial cones

(Fig. 1.17). The electric lines follow the meridians, and the magnetic

lines are circles coaxial with the cones, that is, lines of parallel. At dis-

tance r from the apex, the length of such a line is 2irr sin 6, where 6 is

the polar angle. Between the cones of wide angle, d is nearly 90° and

the length of a magnetic line does not vary much with 6. From Max-
well's equation 8 we find that the product of the magnetic intensity H
and the length of the circle equals the electric current I in the cone at

distance r from the apex, there being no radial electric lines linked with

the circle. The voltage V between the cones equals the electric intensity

E times the length of the meridian intercepted between the cones.

Hence, the power VI carried by the wave between the cones equals EHS,
where S is the area of the sphere of radius r intercepted between the

cones. The power per unit area is thus

W = EH. (18)
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Both E and H are tangential to the sphere; they are perpendicular

to each other; and the flow of power is radial. Hence, we can express

the flow of power per unit area as the vector product,

W = E X H, (19)

which gives the magnitude and direction of flow. This vector is called

the Poynting vector. In the next chapter we shall examine the concept

of energy storage and power flow in more detail and in relation to electric

circuits. The present derivation is simple and direct; but it requires a

knowledge of the formula for the power transmitted by electric trans-

mission lines.

We have seen that at large distances from the antenna the ratio E/H
is a constant 77, called the intrinsic impedance of the medium. Hence,

the power flow per unit area may be expressed in terms of E alone,

E2

W = — • (20)
V

Since E varies sinusoidally with time, and since the average value of the

square of a sine (or cosine) per cycle is 1/2, we have

E 2

W„ = ^> (21)

where E a is the amplitude of E.

The electric intensity of a wave excited by a short antenna is given

by equation 17. Using equations 20 and 21, we have

W = V-gj cos*(^ -%- + *) sin2
9, (22)

and

Ifav = k2^WL gin 2
fl

To obtain the total power flowing through the sphere we should

multiply this equation by an element of area r2 sin 6 dd d<p and integrate,

P=k2^^ r^r 2

gin3 dded k2 1|^ , (23)
TT ^ J0 J-t/2 07rXJ

We can now express the electric intensity of the wave excited by a

short antenna in terms of the radiated power. From equation 23 we find

m = (w)
M

x - (24)
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Substituting in equation 17, we have

Ee =
virj v co\~f x" +H sin '• (25)

Note that the unknown factor k has disappeared.

If P is the power radiated by any antenna, the average power flow

per unit area must be P/^irr2
, since the same radiated power must pass

through every sphere concentric with the antenna. Since E is pro-

portional to the square root of this quantity, the average E varies in-

versely as r for any antenna; that is, far enough from the antenna so

that the lines of force have become detached from the antenna. This

remote region of the field around the antenna is often called the radiation

field to distinguish it from the local field, where we are concerned with

direct forces between the charges and currents.

1.9 Heat loss

We are now inj, position to consider the effectiveness of various circuits

as antennas. VlJie objectof a transmitting antenna is to create as strong

a distant field as possibjej and the object of a receiving antenna is to

respond as well as possible to an externally impressed field. Equation 17

shows that the strength of the distant field created by a short antenna

is proportional to the length of the antenna in wavelengths. On the

other hand, when expressed in terms of the radiated power, the electric

intensity (equation 25) is independent of the length of the antenna and

of the frequency of oscillations. Should we conclude thatUhe effective-

ness of the antenna increases with its length and with the frequency of

oscillations]]or should we assert that it is independent of these factors?

It is true that, if the currents in two antennas are equal, the longer

antenna creates a stronger field; but what is there to prevent us from

using a transformer and thus raising the current in the shorter antenna

if the same power is available? Higher current in a practical circuit

means higher dissipation of power in heat in the conductors on account

of their resistance. £jfhe resistance of a short antenna is proportional to

its length; hence, the dissipated power is proportional to the length.

The radiated power, on the other hand, is proportional to the square of

the length. Hence,[the power delivered to an extremely short antenna

will largely be dissipated in heat. As the length of the antenna increases,

the ratio of the radiated to the dissipated power also increases. Of two

antennas, the longer one will be a more effective radiator
."^J

The antenna should be as " open " as possible. Ifwe bend the

arms of the antenna in Fig. 1.21 so that they become parallel, as in

Fig. 1.23, we shall find that for the same current input the distant field
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will be considerabty weaker than before. The fields of two equal and

opposite currents nearly cancel each other. The resistance of the wires,

on the other hand, is not affected by bending. Similarly a square loop

is a more effective antenna than a narrow rectangular loop of the same

perimeter.

Ordinary electric circuits are' deliberately designed so that the

associated fields are confined to small regions and are very weak at large

distances from these regions. Capacitors, for instance, are made of

closely spaced metal sheets, and strong fields are confined to the regions

between the plates. This design increases the capacitance without

increasing the size of the capacitor and at the same time diminishes the

direct coupling between capacitors in dif- ^
ferent parts of the network. The capaci-

tor becomes an effective antenna only when
it is open as in Fig. 2.16.

There are no perfect conductors in na- ^ x _ __J

ture; but in theory it is often desirable to _ ,„„..«,.
I . . .- , . Fig. 1.23 An ineffective di-

consider perfectly conducting antennas.
le antenna

This does not mean that we neglect their

resistance altogether; it means merely that we intend to consider it sepa-

rately. Equation 23, for example, gives the radiated power irrespective

of the antenna resistance. This is the entire power delivered to the an-

tenna if the antenna is perfectly conducting and only a fraction of it

otherwise. Perfectly conducting short antennas of different lengths are

equally effective.

1.10 Antenna impedance

Power is delivered from a generator to a transmitting antenna or con-

veyed from a receiving antenna to a load by means of a feeder trans-

mission line. The terminals of the antenna where it is connected to the

feeder may be either as clearly defined as those of an ordinary circuit or

as ill defined as those in some microwave antennas, which appear to be

inseparable from their feeder lines. In any case, however, if we go along

the feeder toward the generator (or the load), we shall usually find a

place where it is possible to measure the voltage and current and thus

determine their ratio, the impedance. As far as these measurements

are concerned, the antenna, or the antenna together with a part of the

feeder, is indistinguishable from a network of resistors, capacitors, and

inductors. To an observer ignorant of the details of the physical

structure, the antenna appears as a concealed circuit whose electrical

characteristics are given completely by its impedance. The conven-

tional diagram for a concealed circuit is a box (Fig. 1.24) with a pair of



26 PHYSICAL PRINCIPLES OF RADIATION 1.10

exposed or accessible terminals. In the presence of an external field

there is an open-circuit voltage at the terminals of the receiving antenna

analogous to the open-circuit voltage at the terminals of any electric

network containing generators. As far as the voltage and current at the

SOURCE
OF

POWER
OR
LOAD

B

TRANSMITTING
OR

RECEIVING
ANTENNA

R g + j X
g

OR
R L +jX L

R A + j

X

A

A

Fig. 1.24 An antenna as a concealed electric network.

terminals are concerned, we cannot distinguish the receiving antenna,

or any other circuit, from an electric generator with a certain internal

impedance.

Let Ra + jXa be the impedance of the antenna and V be the

amplitude of the open-circuit voltage. Let R L + jXL be the impedance

of the load. The current through the load is then

V
1

\(Ra + Rl)+J(Xa + Xl)

The power transferred to the load is

RlV2

P = hR LP =
2[(Ra +Rl) 2 + (Xa + Xl )

2
]

(26)

(27)

This power increases as Xa + XL decreases in magnitude. Let us

make
XL = -XA ) (28)

then,

RlV2

P =
2(Ra + Rl) 2 (29)

This power vanishes when Rl = and when R L = oo
;
hence, for some

Rl the power transferred to the load is maximum. To obtain this

maximum we differentiate P with respect to Rl and equate the deriva-

tive to zero. Thus we find the second condition for maximum power

transfer from the antenna to the load,

Rl = Ra. (30)

Substituting in equation 29, we have

P =l max
V2

SRa
(31)
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To summarize : For maximum transfer of power the impedance of the load

should be the conjugate of the impedance of the antenna,

Rl + jXL = (RA + jXA )* = RA - jXA ,

or

Rl = Ra, Xl = —XA . (32)

If the antenna is perfectly conducting, the resistive component of

its impedance is due solely to the loss of power by radiation and for this

reason is called the radiation resistance. For a short antenna, for

instance, the radiated power is given by equation 23. On the other

hand, this power is given by

P = iRAI
2

; (33)

hence,

^ = *2w- ^
The reactance of a short antenna comes primarily from the capacitance.

As I increases, however, the inductance begins to play an increasingly

important role.

Short antennas will be considered further in Chapter 10. Here we
shall add only one concluding remark. Equation 34 gives the radiation

resistance. To obtain the total input resistance we must include the

ohmic resistance representing the loss of power in heat. The maximum
power transferred to the load is then

V2

-* max = Q /p i r> \"
*

\J*V)

The ohmic resistance is proportional to I. The induced voltage V is

proportional to I. When I is so small that the radiation resistance is

negligible compared with the ohmic resistance, the maximum received

power is proportional to I; but, when I is so large that the radiation

resistance is the controlling factor, then the maximum received power is

independent of I.

1.11 Current distribution in thin antennas

We have seen (Section 1.5) that in a mechanical chain of masses and

springs a progressive wave reaching a fixed point is reflected. When
added to the incident wave, it forms a standing wave with a node for

the displacement (and velocity) at the fixed point. Similarly, we may
have standing waves in a finite chain of inductors and capacitors. The
current node will be at the open end of the chain. In the case of an

antenna the situation is complicated by the fact that the field is dis-

tributed in three dimensions and there is no place where the electrical
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disturbance " terminates." The current must vanish at the open end

of a wire, and, if we assume that the reflected current wave is similar to

the incident current wave, we shall have standing waves (Fig. 1.25).

Near its nodes, the sine wave is nearly straight; hence, if i<\, the

current distribution is approximately linear (Fig. 1.25a). If I = X/4,

the current distribution is given by a full half-wave (Fig. 1.256). If

I = x/2, we have two half-waves (Fig. 1.25d). These distributions are

gradually approached as the radius of the antenna is diminished; for

then the electric and magnetic fields are concentrated more and more in

the immediate vicinity of the wires, and we have a more nearly one-

dimensional form of wave motion.

No matter how thin the antenna is, the current distribution deviates

from the perfect sine wave. This is particularly evident if we consider

-o o
(b)

-o o -^ -*=— o o
(c) (d)

Fig. 1.25 Approximate forms of current distribution in dipole antennas: (a) short

antenna, (b) resonant antenna, (c) intermediate between resonance and antiresonance,

(d) antiresonant antenna.

the case shown in Fig. 1.25a
7

in which the input current apparently

vanishes. Since some power is radiated, it must be delivered to the

antenna. This power is given by equation 33 where I is the amplitude

of the input current; hence, the input current cannot vanish. The

actual current distribution in a thin antenna of this length is shown by

the solid line in Fig. 11.13. The deviation from the perfect sine wave is

greatest near the input terminals. The various factors affecting current

distribution in antennas are considered in Chapter 8. The simple

sine-wave approximation, however, gives the magnitude of the distant

field with sufficient accuracy for many practical purposes. It is only

in impedance calculations that we need various corrections, and even

then only in the input current.

1.12 Calculation of radiation fields

In order to calculate the radiation field we subdivide the antenna into

elements of length dz (Fig. 1.26). An element differs from a short

antenna in that the current in the element is substantially constant
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along its length, whereas in the antenna it tapers off linearly toward the

ends. The electric intensity of the wave generated by the current

element is therefore of the form of equation 17, but with a different value

of k. We can, however, obtain an expression with the same numerical

factor k by properly interpreting the product

211 of the length of the antenna and the input

current in relation to the corresponding prod-

uct for the element. In the element the cur-

rent is constant, and, hence, twice as effective

as in the short antenna; we compensate for

this by letting the length dz of the element be

equal to one half of the length 21 of the short

antenna, so that II = I(z) dz. The electric

intensity of the wave generated by a current

element is, therefore,

I(z)dz

dE e = k
2r)I(z) dz

ir\r
X

cos
2wt 2irr

A
+ <po ) sin 6.

Fig. 1.26 A linear an-

(36) tenna and a typical current

element of moment I (z) dz.

Let ro be the distance from the center of the antenna to some distant

point; then the distance r from a typical current element to the same

point equals ro minus the projected distance between the center and the

element,

r = ro — z cos 6. (37)

Substituting in equation 36, we have

dE e = k
2t]I{z) dz

tX(tq — z cos 6)
cos

2irt 2irrQ + <PQ +
2-kz cos 6

The product z cos 6 in the denominator of the amplitude factor is

negligible compared with ro. In the phase factor, however, the product

of 2irz/\ and cos 6 is not negligible, for, if the antenna is long, this product

may be comparable to t or even be greater than t. The remainder of

the phase

2irt 2ttTq

X
+ <po

is the same everywhere on the sphere of radius ro and for all current

elements. Hence, if we are not interested in the absolute phase of the
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field, we may omit this part of the phase and write the following expres-

sion for the element of electric intensity,

,„ . 2nl(z)dz 27rzcos0 Q
dE e = k ^ cos sin 6.

7rXro A
(39)

If we substitute the sine wave approximation for I(z) and integrate, we

obtain the total electric intensity.

If the current elements are not all situated on the same straight

line, their fields must be added vectorially. As shown in Chapter 12 the

calculation of distant fields may be reduced to a simple routine.

1.13 Directive radiation

Equation 36 shows that, if the distances of two elements to a distant

point differ by X/2, the phases of their fields differ by t and the ampli-

tudes are substantially the same. Hence, the two fields cancel in that

particular direction. In some other

direction the waves may arrive at

a given point in phase and reinforce

each other. The greatest reinforce-

ment takes place when the phase

difference is an integral multiple of

2tt, and there is total annihilation

when the phase difference is an

odd multiple of t. In between

there is either partial reinforcement

or partial cancelation. We assume,

of course, that the currents in the two elements are in phase; if they

are not, we should allow for the difference.

In this way we can direct radiation in some preferred directions.

Suppose, for example, that we have two current elements or two short

antennas perpendicular to the plane of the paper, distance a apart

(Fig. 1.27). Each antenna radiates uniformly in all directions in the

plane of the paper. If the currents are the same, the amplitudes of the

waves arriving at some distant point are the same and the resultant

depends on the relative phases. If the phases of the antenna currents

are the same, the phase factors are

a—>1

Fig. 1.27 An array of two antennas

COS
2wt 2ttTA + <po ) and cos

2wt 2irrB + <Po) (40)T A

The total intensity is proportional to the sum of these factors, which is

2wt 27r rA + tbir(rB - rA ) /2 COS —* : COS
T + <P0

J
(41)
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Since rB — rA = a cos \p, where a is the distance between the antennas

and yp is the angle between a typical direction and the line joining them,

the field intensity is proportional to

2 cosf-y- cosA (42)

If a = X/2, this vanishes when \j/ = and equals 2 when \p = w/2 ; that

is, the line of zero radiation is AB and the line of maximum radiation is

perpendicular to it.

As we have just seen, the relative distribution of the field at some

great distance r from the sources of radiation does not depend on the

actual phases of the waves arriving from separate sources but only on

the differences in phase. If EA is a complex number representing the

electric intensity of the wave from one source (Fig. 1.27), the intensity

of the wave arriving from the other source is

EB = EAe
j(2vam cos

#, (43)

where the exponential function expresses the phase lead arising from the

shorter distance traveled by the wave from B compared with the dis-

tance traveled by the wave from A. Figure 1.28 expresses this relation-

ship graphically as is frequently done in a-c problems. The diagonal

of the parallelogram represents the resultant field intensity. Field

intensities from any number of

sources can thus be added graphi- / ^/
cally. / Ea

v
E3^^^ /'

The second factor in the expres- e bA ^^
sion 41 shows that, as far as the phase / \^^
is concerned, the mid-point between / ^Tnk/ ^y^ ^" d cos U/ /
the radiating sources at A and B is /^^ x 1 /

acting as an effective point of radia- £a

tion; for i(rA + rB ) is the distance FlG L28 Addition of distant fields

from the mid-point. We can illus- of two antennas.

trate this graphically as shown in

Fig. 1.29. The phase of the wave originating at A and arriving at some

distant point is retarded with reference to a similar wave originating at

while the phase of the wave originating at B is advanced by the same

amount. If the sources at A and B are of the same strength and are

operating in phase, the resultant electric intensity at a distant point is

given by the diagonal of a rhombus (Fig. 1.296). The phase is the same

as if the source of the wave were located at 0, Clearly, the magnitude
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Fig. 1.29 As far as the distant field is concerned, any system of sources may be

replaced by an appropriate effective source of radiation at any point somewhere

within the system. If two sources are identical, their mid-point is a particularly

convenient location for the effective source.

of the resultant intensity is twice that of the projection of either com-

ponent on the diagonal,

I
\EA + EB \

= 2\EA \

cos(-^-cos*) (44)

For a continuous linear radiator (Fig. 1.30) we assume that the

field intensity from a differential element is E\(s) ds. If the source is

s=-f ds'

Fig. 1.30 A continuously distributed source of radiation.

symmetric about the mid-point 0, Ei( — s) = E\(s) and the resultant

field intensity from two elements equidistant from is

2E\ (s) cos I cos \p ) ds.

For the entire source, we have

E = 2j Ei (s) cosf —r— cos \p j
ds. (45)

For example, if our source is uniformly distributed and if Eo is the inten-

sity that would exist at a distant point when the entire strength of the

source is concentrated at 0, then E\ = Eo/a, and equation 45 gives

sin[(7ra/\) cos \p]E — Eo
(xa/X) cos y

The solid curve in Appendix II shows E/Eq.

(46)
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The calculation of distant fields of two-dimensional arrays is facili-

tated by the product rule. Suppose that we have six identical sources

arranged in a rectangular pattern (Fig. 1.31). As far as distant points

are concerned, we can replace the rectangular array by either a linear

vertical array in which the elements represent the radiations from the

horizontal rows or a linear horizontal array in which the elements repre-

sent the radiations from the vertical columns. Hence, E = (EoSh)Sv or

B, B 2 B3 B, + B,+ B3
• • • ¥r

O O O
• • • y.

A,+ B, A 2 + B 2 A3+B3
A

t
A2 A 3 A,+A2 +A3

Fig. 1.31 A rectangular array is a linear array of linear arrays.

E = (EoSv)Sh, where Sh is the multiplying factor when we gather each

horizontal row in a single point of effective radiation and Sv is a similar

" space factor " for the elements in the vertical columns; that is,

E = E S hSv . (47)

For example, for a uniform rectangular array of area ab, we have

E = E sin[(WA)cosiA a] sin[(7r&/\) cos^ b ]
^

(xa/X) cos \J/ a (irb/\) cos fa

where yj/a and fa are the angles made by a typical direction in space with

the sides of the rectangle indicated by the subscripts.

Clearly, with several antennas at our disposal we can arrange them
so that their fields add in some particular direction and, to a large extent,

interfere destructively in directions outside a certain main beam. Non-
uniform distribution of radiation means a gain in the signal strength for

a given radiated power, since the power that is not radiated in some
directions is available for other directions. We can define the direc-

tivity g as the ratio of the maximum power flow per unit area to the

average power flow at the same distance,

W
3 = -^- (49)

Hence, if P is the radiated power, then,

P PW*v = "4^2- aIld Wmax = 9 -4^2- •

(50 )

If g = 1, Wm&x = W&v. The power is radiated uniformly in all

directions. Such a radiator is called the isotropic radiator. The direc-



34 PHYSICAL PRINCIPLES OF RADIATION 1.15

tivity g of an antenna is the gain in power over an isotropic radiator in

the sense that the radiated power P/g is sufficient to obtain the same
power flow per unit area at a given distance from the antenna as that

from an isotropic radiator emitting the power P. A uniformly heated

sphere is an example of an isotropic radiator of electromagnetic waves.

However, such a sphere is not a source of coherent radiation, that is,

radiation characterized by a definite phase at a given instant at a given

place. Heat is emitted by various molecules in wavelengths with

random phases. There are no isotropic sources of coherent radiation.

In theory, however, it is convenient to employ such radiators as reference

standards in defining the directivity of antennas.

1.14 Directive reception

In the case of two receiving antennas at A and B (Fig. 1.27) the wave
arrives at these points with different phases. The phase difference

depends on the projected distance a cos
\f/
between the antennas. The

outputs of the antennas can be combined in phase or in some other

mutual phase relationship. For a given connection between the

antennas the outputs tend to reinforce each other in some directions and

cancel in others. Thus several nondirective antennas can be arranged

for directive reception.

One obvious advantage of directive reception is the signal-to-noise

gain when noise is arriving more or less uniformly from all directions.

If the antenna receives poorly from waves arriving in some directions,

it does not receive much noise arriving from those directions.

There is an obvious reciprocity between directive radiation and

directive reception. If the antennas at A and B (Fig. 1.27) are con-

nected by lines of equal length to a common generator, the antenna

currents are in phase. Hence, the maximum radiation takes place at

right angles to AB; and, if a = A/2, there is no radiation along AB.
If now we replace'the generator by a load, then the outputs of the

antennas arrive with equal retardations. Hence, for waves arriving

perpendicularly to AB the outputs reinforce each other, and for waves

parallel to AB the outputs cancel. Thus the directivity of a given antenna

used as a transmitting antenna equals its signal-to-external-noise gain

when used as a receiving antenna.

1.15 Transmission of power between antennas in free space

The ratio of the power received by the antenna when its impedance is

matched to the load (that is, when their impedances are conjugate com-

plex) to the power per unit area in the incoming wave is called the
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effective area of the antenna,

It is usually understood that the receiving antenna is oriented for best

reception with respect to the incoming wave.

If the transmitting antenna is so oriented that its main beam is

directed toward the receiving antenna, W = Wmax in equation 50;

hence,

p p fftr^-rec ( eS>\r rec — ^tr *n ' {O*

)

The directivity g can always be determined from the relative dis-

tribution of the field for various directions in space since the factor of

proportionality cancels from equation 49. The power radiated by a

short antenna, for example, is given by equation 23; therefore,

^av = * 3
7J
.2^2r

2 ' (53)

To find Wmax we let 6 = w/2 in equation 17, substitute in equation 20,

and take the time average,

Wmax = K
^2^2r2

" (^)

Hence,

= "^=- = !«• 05)

To obtain the effective area of a perfectly conducting short antenna

we note that the amplitude of the induced voltage is EJ, where Ea is the

amplitude of the electric intensity and I is the length of the antenna arms.

By equations 31 and 32 the maximum received power is

E a
2P Sir\2E a

2

SRA 25Qvk
2

'
W

The incoming power per unit area is given by equation 21,

E 2

W = ^- (57)

Hence, the effective area is

A ~ W -
128fc2

{b*>
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Thus, we cannot find the effective area without first calculating k

Section 1.19 we shall find that k2 equals x2/16 so that

A = 3X2

8tt

1.16

In

(59)

and, for two short perfectly conducting antennas,

(60)

Equation 59 shows that, irrespective of its length and radius, a

short perfectly conducting antenna is capable of collecting from a plane

wave the power passing through a rectangle whose sides are equal

approximately to X/4 and X/2. This power is collected only if the load

is matched to the antenna; otherwise the received power may be very

small. The ohmic resistance of practical short antennas tends to reduce

the received power still further.

1.16 Large radiating, reflecting, and absorbing surfaces

In the preceding sections we have considered small radiators and systems

of small radiators. Since a large radiator may always be subdivided into

small parts, we have a general

method for obtaining the radia-

tion fields of known current dis-

tributions. In some respects, how-

ever, large radiators are much
simpler than the small ones, and

we can learn much if we consider

them from a different point of

view. Let us take an infinite

plane sheet of electric current of

density C amperes per meter per-

pendicular to the flow lines (Fig.

1.32). Let us assume that the

current is distributed uniformly

so that C has the same value at

all points. According to the

Ampere-Maxwell law, magnetic

lines of force encircle the cur-

rent. In the present case the magnetic intensity must have equal

and opposite values on the opposite faces of the current sheet. The
magnetomotive force around a narrow rectangular circuit just encircling

a strip of current of unit width is 2Ho, where Ho is the magnetic intensity

^0 - 2"C

Fig. 1.32 A section of an infinitely large

radiating electric current sheet.
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at either face of the sheet. By the Ampere-Maxwell equation 8, this

mmf should equal the encircled current C. Hence, Ho = iC. If C is

alternating with some frequency /, H will also alternate, and these

alternations will be propagated in both directions from the sheet. We
shall have the usual phase retarda-

tion proportional to the distance

from the sheet. In order to sup-

port the current against the re-

action of the wave it originates,

we have to apply an electric in-

tensity equal and opposite to the

electric intensity of the wave.

Since the applied intensity must

be in the direction of the current,

the electric intensity Eq of the

wave must be in the direction op-

posite to C (Fig. 1.32). Note

that on either side of the sheet the

waves travel in the direction of

advance of a right-handed screw

whose handle is turned through 90°

from Eq to Ho. We have already

noted that the ratio of E to H in

a progressive wave with straight

lines of force is a constant 77, called

the intrinsic impedance of the medium, and that in free space this con-

stant equals approximately 1207r ohms. Hence Eo = \t]C The in-

stantaneous work per unit area done by the applied electric inten-

sity is \v\C<? vos2 {2irt/T) dt, where Ca is the amplitude of the current

density. The average of the square of the cosine is $; hence, the

average emitted power is \t\C<?. Half this power travels one way and

half the other way. The radiation from an area S is lrjCa
2S.

Consider now a perfectly conducting plane surface and a uniform

plane wave (such as that generated by the current sheet) traveling per-

pendicularly to it (Fig. 1.33). The electric intensity Eo impressed on

the conductor will start a current of density C. We have just found

that Eo = \r\C so that C = 2Eo/y = 2Ho. The magnetic intensity

produced by the induced current is seen to be such that behind the

conductor it annihilates the magnetic intensity of the incident wave,

while in front of the conductor the intensity is doubled. The annihila-

tion of H is complete at all distances behind the conductor because the

wave generated by the induced current is traveling in the same direction

as the incident wave and with the same phase retardation. Hence, if

Fig. 1.33 A section of an infinitely

large perfectly conducting surface serv-

ing as a reflector.
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these waves annihilate each other just behind the conducting sheet, they

will continue to annihilate each other at all distances. In front of the

conductor the wave generated by the induced current is traveling in the

direction opposite to that of the incident wave, and a standing wave is

formed. Since H is maximum just in front of the plane, it vanishes at

the distance A/4 from it; E vanishes at the plane and is maximum where

H vanishes.

What we have just said seems to imply that behind the conducting

sheet there exist two waves, the incident wave and the wave generated

by the induced current, and that these waves annihilate each other be-

cause they are of equal intensity and 180° out of phase. We have been

forced to make this implication because we have been thinking in terms

of steady state. If we were to consider a thin plane wavelet impinging

on the conducting plane, we should come to the conclusion that the

wavelet does not penetrate the plane but is merely reflected by it. Any
wave is a succession of wavelets; hence, any wave is just reflected by

the conducting plane. We can use this picture to obtain the intensity

of the reflected wave in the steady-state case considered in the preceding

paragraph. A perfect conductor is so defined that the electric intensity

tangential to it vanishes. Hence, at the conducting plane the electric

intensity of the reflected wave must be equal and opposite to that of the

incident wave. Using the rule of the right-handed screw, we find that

the magnetic intensities of the incident and reflected waves are equal at

the surface of the conducting plane. This is the picture we would

normally use when considering sound waves impinging on a rigid barrier.

However, in making calculations it is permissible (and sometimes

convenient) to consider the rigid barrier as a system of sources of sound

waves which, behind the barrier, annihilate the waves incident on it.

Physically this is not a natural way of thinking; but mathematically

it is permissible. On the other hand, we do not have the same feeling

against considering conducting reflectors as systems of secondary

sources because electric currents actually flow in them and we are used

to the idea that such currents always produce fields.

Let us now return to the current sheet which generates the wave and

place a reflecting sheet a quarter wavelength behind it (Fig. 1.34). We
have seen that H vanishes at a quarter wavelength in front of a reflecting

plane. In the present arrangement this means that H vanishes just

behind the generating current sheet, or the emitter, irrespective of the

density of its current. Therefore, the magnetic intensity Ho just in

front of the emitter equals the current density C. Hence, Eq = rjHo = rjC.

The average work done by the impressed electric intensity and, hence,

the power radiated per unit area is \r\C<?. The power radiated by an
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area S is

= hCa2S. (61)

The phase of the wave arriving at the reflector from the emitter is re-

tarded by 90°, and, if it is to be annihilated in its further course by the

wave generated by the current in the reflector, the current density Cr

must be 180° out of phase with the incident H, that is, 90° ahead of C.

Hence, in front of the emitter the waves from the emitter and reflector

are in phase.

ABSORBER

/' /A

sc

Fig. 1.34 A radiating current sheet

backed by a reflector.

Fig. 1.35 A resistive sheet backed by

a reflector and serving as a perfect

absorber.

Lastly, let us consider a resistive sheet backed by a reflector

(Fig. 1.35). If the distance between these sheets is X/4, H vanishes just

behind the resistor. Let the surface resistance of the front sheet be

such that the incident wave is completely absorbed. In this case the

current density C in the sheet must equal the incident magnetic intensity

//o. Hence, the surface resistance is Eq/C = Eq/Hq = rj {120t ohms
in free space). Such a resistive sheet absorbs all incident power, and

its effective area as a receiving antenna equals its actual area.

Throughout this section we have been assuming infinitely large

emitting, reflecting, and absorbing plane sheets. But we expect that the

properties we have been discussing are shared by large sheets. Thus we

expect that the effective area of a receiving antenna consisting of a

resistive sheet with surface resistance equal to 1207r ohms and a reflector

behind it at a distance of a quarter wavelength will be approximately

equal to its actual area. There will be an edge effect since the current

perpendicular to the edge must certainly vanish, while in the ideal case
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we are assuming that it is the same throughout; but the edge effect will

depend on the perimeter of the resistive sheet and the main effect on the

area.

1.17 Pine-tree antennas

The waves emitted by various elements of a large uniform radiating

current sheet add in phase in the direction perpendicular to the sheet,

and almost in phase in directions making small angles with the perpendic-

ular. In other directions there is substantial destructive interference.

Fig. 1.36 Transmitting and receiving curtains of dipole antennas backed by re-

flectors, or " pine-tree " antennas.

Hence, such sheets are highly directive antennas. Practical antennas

with properties similar to those of large current sheets are curtains of

half-wave antennas, the so-called " pine-tree antennas " (Fig. 1.36).

In these arrays, however, the distances between the feed points of the

adjacent antennas (either in a row or in a column) should not greatly

exceed X/2. Otherwise the waves emitted by the individual dipole

antennas will add constructively in some directions other than the per-

pendicular to the plane of the array, and there will be several large beams.

Let the distance between the feed points be X/2, and imagine that

the current in each dipole is spread uniformly over the area |X X JX.

If the maximum amplitude of the current in each dipole is Io, the average

value along the dipole is (2/tt)Io, and the average density over the area

(2/tt)7 divided by X/2,

C = \h. (62)
7rX
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The power radiated by the area allotted to each antenna is

p - *"c2 (t)
2

= -5-^
Equating this to

P = iRIo2
,

where R is the input resistance of the dipole, we find

4?j 480
R =

IT' T

41

(63)

(64)

(65)

Near the edges of the pine-tree antenna the resistance will naturally be

different.

1.18 The directivity of a large radiating surface backed by a

reflecting plane

To obtain the directivity of a large radiating current sheet, we have to

calculate the distant field, the maximum power flow per unit area, and

the average power flow. Let the radiating current sheet be in the xy

Fig. 1.37 Illustrating the calculation of the directivity of a large radiating

surface.

plane (Fig. 1.37). Equation 48 gives the distant field. In this equa-

tion Eq is the field we would have if the entire current were concentrated

at the center 0. If C is the current density, the total current is Ca.

If we multiply this by b, we obtain the moment of the current distribu-

tion Cab. Equation 36 gives the electric intensity of a current element
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of moment I(z) dz. The angle in this equation is the angle between a

typical direction in space and the axis of the element. In the present

case this is the angle \f/y between the y axis and direction (0, <p). Hence,

if we drop the phase factor, we can write equation 48 as follows

:

2kt]Cab sin \f/ y sin[(7ra/X) cos \J/ X ] sin[(7rfr/X) cos \j/ y ]
.

xXr (wa/X) cos \p x (wb/X) cos \f/ y

We are interested only in the region where E\ is large, that is, where is

small. Let u be the angle made by OP with the yz plane. This angle

is complementary to ty x \ therefore, cos \p x = sin u ^ u. Similarly

cos \j/y = sin v — v, where v is the angle made by OP with the xz plane.

Hence, in the region where E\ is significant, we have

„ 2kr\Cab sin(7raw/X) sin(7r6v/X) , _.

irXr irau/X irbv/X

The radiating current sheet and the reflector a quarter wavelength

below it form an array of two sources. We have seen that the phase of

the current density in the reflector is 90° ahead of that in the emitter.

Hence, in the forward direction the direct and reflected waves arrive in

phase. In directions making small angles with the z axis the waves

arrive very nearly in phase. Thus the electric intensity produced by

the emitter backed by the reflector is

E = 2Ei. (68)

The maximum radiation is along the z axis, and

£_ = i^™. (69)
irXr

The maximum power flow per unit area is

ffmax
2 Sk2

vC2a2b2HW-
2rj

-
7r2x2r2

' UUj

To obtain the total power flow we integrate (E2/2rj) dS over the

sphere of radius r. In the region where u and v are small the element of

area is dS = r2 du dv, and

8k2r)C2ab f"o Sm2 (Tau/X) , f v
* sm2 {Trbv/X) , m .P= 2^2 / / A\2 du

I / 7 A n 2
dv, (71)

tt
2X2 J-u (irau/Xy J-v (irbv/Xy

where the limits of integration are small and yet large enough to include

most of the radiation. We now change the variables of integration. In

the first integral we let t = wau/X, and in the second t = irbv/X. Hence,

Sk2rjC2ab /•*««o/x sin2
/ ,,

f'^o/x s [n2 t

P = 5 / —f2— dt —^— dL (72 )
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As the size of the current sheet increases, the limits of integration tend

to infinity. Hence, the limit value of P is

Sk2
vC2ab

7T
4 [i:^<I-

The bracketed integral equals* ir; hence,

p = J* k2
vC2ab. (74)

7T
2

Hence, the average power flow per unit area of the sphere of radius r is

2k2r)C2abW*v = ^2 (75 )

To obtain the directivity we divide equation 70 by equation 75,

4:irab , .

9 = -jr '

(76 )

1.19 Transmission of power between a large radiating surface

and a large absorbing surface

We have seen that a large resistive sheet, backed by a reflector, is ca-

pable of receiving all power incident on it. Therefore, the effective area

of our sheet as a receiving antenna is A = ab. Consequently, we have

the following relationship between the directivity (and the signal-to-

external-noise gain) and the effective area,

Q = —^2— * (77 )

Hence, for large antennas of the type considered, equation 52 for

the transfer of power becomes

A. A
r rec — Xtr ^2

f
2 ' y*°>

This equation is symmetric in the effective areas, and we have the reci-

procity theorem for transmission of power between two large antennas.

If we assumef that the reciprocity theorem applies to all antennas,

then from equation 52 we find

gUi-gUi, 4^ = f~- (79)

* For details of integration see Section 5.17.

t Later in our discussion we shall be able to prove it.
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Hence, the effective areas are proportional to the directivities', and equa-

tion 77 is general. Therefore, the transmission formula 78 is also

general.

The reader will not fail to notice that it was easy to obtain the first

transmission formula 52 and rather difficult to obtain the second for-

mula 78. The reason is that the directivity is a natural concept for trans-

mitting antennas and the effective area is natural for receiving antennas.

In the microwave antenna art, however, antennas are large, and the

second formula is more useful. One might even say that it is as useful

as Ohm's law in circuit engineering.

For an isotropic radiator g = 1, and from equation 77 we obtain

its effective area,

Ao=~- (80)

Having made the foregoing calculations, we find ourselves able to

determine the unknown constant of proportionality k in the expression

for the distant field of an electric current element. Thus, the power

radiated by the current sheet is given by equation 74. It is also given

by equation 61, where in the present notation Ca = C. Hence,

k = ix. (81)

Had we known this value in the first place, we could have obtained the

directivity (equation 76) more simply from equations 61 and 69. The
latter equation can be derived without obtaining the complete radiation

pattern (equation 67), since in the forward direction the fields of all

current elements add in phase and thus act as if they were all in the

center of the current sheet. But we know of no other methods of ob-

taining k except that above and that of solving Maxwell's equations

(see Chapter 4). It is really remarkable that so many results are

obtainable from elementary physical ideas and from mathematical

calculations requiring only relatively simple integration. It should be

noted, however, that these results have been obtained from physical

considerations expressed by Maxwell's equations. In a sense we found

partial solutions of these equations by direct reasoning rather than by

formal mathematical manipulation. Some of our conclusions depend

on general properties of waves (of any kind) and thus should be ob-

tainable without any reference to Maxwell's equations. We shall con-

sider these properties in Section 1.22.

1.20 Magnetic current sheets

An infinitely large uniform electric current sheet generates uniform plane

waves traveling perpendicularly to the sheet. Let us now take two such
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sheets (Fig. 1.38) with equal and opposite currents. If the distance s

is very small compared with A, the magnetic intensity between the sheets

is distributed uniformly. Each current sheet contributes \C to the

magnetic intensity; hence, H = C. The magnetic flux density is nH,

where n is the permeability, and the magnetic flux per unit length along

the vertical edges in Fig. 1.38 is ^xHs. The time rate of change of this

flux we shall call the density M of the magnetic current. Hence,

M = jufxHs. Since H = C, we have M = jcofiCs. Let us assume that

H =^M^

Fig. 1.38 A double electric current sheet or a simple magnetic current sheet.

s is infinitely small and C infinitely large while the product Cs is finite.

According to the Faraday-Maxwell equation 7, the electromotive force

around a narrow rectangular circuit encircling the magnetic current M,
as we have just defined it, is M. Therefore, the electric intensities at

the external faces of the double electric current sheet are oppositely

directed but equal in magnitude to Eo = \M. The magnetic inten-

sities are similarly directed and are equal to Hq = Eo/rj = M/2rj.

The magnetic current between the electric current sheets has the

same direction everywhere. It is analogous to a plane electric current

sheet. That is, a double electric current sheet may be considered as a

simple magnetic current sheet. The concept of magnetic current sheet

is particularly convenient because its ability to generate waves depends

not only on the electric current in the current sheets but on several other

factors; it depends, in fact, on the voltage required to produce the given

time rate of change of magnetic flux M .

Comparing simple electric and magnetic current sheets, we find that

in passing across the former the electric intensity is continuous but the
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magnetic intensity reverses its direction, while in passing across the

latter the electric intensity reverses its direction but the magnetic

intensity is continuous. Hence, if we combine two such sheets, we can

reduce the field on one side to zero. We have only to choose C and M
perpendicular to each other and make M = r]C. Then on one side we
shall have E = M, Ho = C, and on the other E = Ho = 0. The
field-free half-space is indicated by the direction in which a right-handed

screw will advance if its handle is turned through 90° from M to C. We
shall leave it to the reader to verify these conclusions by superposing

the fields generated by the two current sheets.

1.21 Wave propagation

If we drop a pebble in the center of a large, shallow pool of quiescent

water, we shall observe an expanding circular wavelet long after the

pebble comes to rest on the bottom. The size of the pebble determines

the intensity of the wavelet; but, once the pebble comes to rest, all

further connection between it and the wavelet is terminated. We can

forget about the pebble. Now, if we start dropping pebbles in rapid

succession, our attention is once more drawn to them as the source of

waves. In the past the radio engineer has been thinking so habitually

in terms of static fields and steady-state oscillations that he naturally

came to feel that electromagnetic waves were " attached " to the charges

and currents producing them. He has tended to think more about the

charges and currents than about the waves. It was only with the coming

of pulse techniques that the waves began to attract his attention. And
in designing microwave antennas it is often preferable to think more

about the waves than about the charges and currents producing them.

From this point of view a perfectly conducting plane is a barrier to

the forward progress of waves impinging on it. Reflected electromag-

netic waves originate at this barrier as reflected water waves do at a

rigid boundary. A perfectly conducting plane is a convenient abstrac-

tion approximating^ metal plate. There is a great difference between

waves in free space (and other perfect dielectrics) and waves in media

of high conductivity. In free space the ratio of the electric intensity to

the magnetic is large; for waves at large distances from conductors the

ratio is 1207r = 377 ohms. On the other hand, in good conductors a

weak electric intensity produces a strong current and, hence, a strong

magnetic field. The conductivity of copper is 5.8 X 107 mhos per

meter. Hence, one volt produces a current density of 5.8 X 107 amperes

per square meter. In a plate one millimeter thick the linear current

density produced by one volt is 5.8 X 104 amperes per meter. The

magnetic intensity on each side of such a plate is half this value. The
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intensity of one ampere per meter will thus be produced by about a third

of 10~4 volt. This is to be compared with 377 volts in free space. This

disparity in the relative magnitudes of E/H ratios causes the reflection

of waves from a metal plate (Fig. 1.39a). At the surface of the plate

the electric intensity of the reflected wave must be opposite to that of

/ 7\
E

J
(a) (b)

Fig. 1.39 Shielding effect of metals.

the incident wave and must be nearly equal to it in order that the ratio

of the total E to the total H be consistent with the small value in the

conductor.

A very small fraction of the incident energy enters the conducting

plate. As it progresses further into the plate, this energy is transformed

into heat, and a very insignificant amount is left for generating waves on

Fig. 1.40 A pulse traveling through a shielded transmission system can reach the

external space only through an open aperture.

the opposite side of the plate. This is the shielding principle familiar to

circuit engineers. Of course, once we have calculated the electric cur-

rents in the shield (Fig. 1.396), we can " explain " the weak field outside

the shield as due to the neutralization of the original field of the circuit

by the induced currents. But, in general, there is no way of determining

the induced currents except by following mathematically the progress
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of the wave from its source through the successive parts of the sur-

rounding media.

Thus, as we follow the progress of an electromagnetic pulse through

the transmission system into a horn (Fig. 1.40), we conclude that the

energy escapes through the aperture of the horn and not through the

walls. The field in the aperture excites the waves in the external space.

In Chapter 16 we shall consider more thoroughly the mechanism of

wave propagation through apertures. However, in the important

practical case of large apertures we need not know this mechanism

precisely.

1.22 Radiation through large apertures

Suppose that we have a source of power Pi and a means of expanding

the wavefront over an area Ai in such a way that the electric intensity

has the same magnitude and phase at all points of this area just before

the wave escapes into the unlimited medium (Fig. 1.41). Huygens

/". AREA A,

l->T7^ I

T (
2

)

0)

Fig. 1.41 Radiation from an aperture.

originated the idea that each element of the wavefront of any wave acts

as a new source of waves. In our case it is the electric and magnetic

forces in each element of the aperture that excite waves in the surround-

ing medium. The wave from each point source is spherical, but there

is no reason to suppose that the pattern of radiation is uniform in all

directions. Since waves tend to progress forward, the pattern of each

elementary source-must be heart-shaped. If the aperture is large, its

radiation pattern is determined primarily by the interference pattern

of waves arriving from different points in the aperture and not by the

pattern of the elementary source. This pattern is given by the factors

depending on \p a and \pb in equation 48 or by the corresponding factors

depending on u and v in equation 67. The power flow per unit area at

distance r is proportional to the square of the electric intensity; hence,

sin2 (7rau/X) sin2 (7r^/X) . ^W ~ W2
(7rau/A) 2 (7r^/\) 2

'

{ }

where u and v are the angles made with the edges of the aperture and W2

X
X
\
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is the power flow on the axis, where we have a receiving antenna. The
total power flow is

ft _jrKfe.**_»gL£ -.*/_--** (83)

where the infinite limits of integration have been substituted for very

large limits. The value of each integral is w, and

Pi - ~^r~ - ~sr~
'

(84)

If the aperture of the receiving antenna is also large and such that it

permits a uniform inphase distribution of E, all power incident on the

aperture is directed to the load, and the received power is

p2 = A2W2. (85)

Hence,

p2 __ A±A 2 , .

Pi ~ XV '
(8b)

To obtain the power flow W2 from an isotropic radiator we must
supply to it the power

P = 47rrW2 . (87)

Hence, the gain in power of a large aperture is

9
Pi X2 (88)

The ideal large-aperture antenna of the type assumed in the pre-

ceding derivation may be closely approximated by a sector of a large

biconical antenna (Fig. 1.42a), with a lens (Fig. 1.426), producing a

uniform phase distribution. The magnitude of E over the aperture is

constant without the lens, but the wavefront is curved, and, unless it is

straightened, there will be a reduction in the power flow W2 at the re-

ceiving antenna and a consequent decrease in the effective area of the

aperture.

Another possible cause for the decrease in the effective area of the

aperture is a nonuniformity of distribution of the aperture field as in a

pyramidal horn with four metal faces. At a metal surface the tangential

electric intensity must be very small; hence, there is little radiation

through parts of the aperture in the vicinity of the edges parallel to E.

In the case of a dominant wave in the horn, the aperture field is dis-

tributed uniformly in one direction, sinusoidally in the other. Since the

average value of one half-cycle of a sine wave equals 2/t times its maxi-
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mum value, the distant electric intensity on the axis of such a horn with

a correcting lens is 2/tt times that of an ideal aperture with uniform

illumination. The power flow per unit area is (2/ir) 2 times the power

Fig. 1.42 An antenna with a uniform distribution of E over the aperture is ob-

tained if we (a) take a sector of a large biconical horn and (6) insert a lens to straighten

the wavefront.

flow from the uniform aperture. On the other hand, the power flow

through the aperture is proportional to the square of the sine, and thus

is half of the flow through the uniformly illuminated aperture. Hence,

the effective area is only 8/ir2 times the actual area.

(a)

AREA A,

0^<^
AREA A 2

(')

(b)

(2)

Fig. 1.43 Two ideal antennas: (a) facing each other; (b) far apart.

Let us compare the transmission of power between two ideal an-

tennas facing each other (Fig. 1.43a), with that between a well-separated

pair (Fig. 1.436). In the vicinity of the aperture the wavefront is sub-

stantially plane ; hence, in the first case most of the power will pass into

the second aperture. A transmission loss of less than 1 db has been

measured for large horn-reflector antennas facing each other. The

reader may easily construct a graphic picture of a change from a plane

wavefront at the aperture to a spherical front at large distances by

taking a segment of a straight line and drawing circles of ever-increasing
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radius with the centers at closely spaced points on the line. Thus for

large distances between two antennas in free space the transfer of power

becomes inversely proportional to the square of the distance. When the

antennas are near the earth, reflections from it may greatly increase the

transfer loss.

1.23 Parabolic reflectors

Parabolas have a property useful for directive radiation. The distance

from the focus F of a parabola (Fig. 1.44) to a point on the parabola and

from there to a perpendicular to the axis of the

parabola is the same for all points on the parab-

ola. Thus FP + PQ = FP' + P'Q'. Sup-

pose now that we place a point source of

radiation at the focus of a large paraboloidal

conducting surface (or a line source along the

focal line of a large paraboloidal cylinder).

The impressed field will induce electric currents

in the surface in proportion to the intensity

of the field at all points except near the edge.

In view of the above property of the parab-

ola the secondary waves excited by the in- „ , .. A , ,. ,J J Fig. 1.44 A parabolic (or

duced currents will add in phase at any paraboloidal) reflector,

distant point in the direction of the axis AB
of the parabola. In other directions the secondary waves from the

various elements of the paraboloidal reflector tend to interfere with

each other destructively. Thus we can obtain directive properties

comparable to those of a horn with the same aperture. There will

be some loss in directivity because the " illumination " of the reflector

is not uniform. To prevent interference between the secondary waves

and the primary wave a small reflector may be placed behind the pri-

mary source.

1.24 Lenses

The speed of electromagnetic waves in solid dielectrics is smaller than

their speed in air. This property may be utilized to increase the direc-

tivity of a relatively nondirective source by placing a lens in front of it

(Fig. 1.45). When a wave travels rapidly, the distance from crest to

crest is large. If this wave enters a medium that forces it to move more

slowly, the distance from crest to crest is diminished. Hence, in this

medium the phase change in the direction of propagation is more rapid

than in the medium with higher speed of propagation. Consider now a

symmetric lens and a source F on its axis. We can make the total
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phase change along a path FPQR from the source to a distant point R
equal to the phase change along the axis FABC by properly shaping the

lens. Since FA + BC < FP + QR, the phase change along FA + BC
is smaller than it is along FP + QR. We compensate for this by making

PQ < AB, where PQ and AB are

the distances traversed by the waves
through the medium of more rapid

phase change.

Fig. 1.45 A lens.

1.25 Wide-band linear antennas

Figure 1.25 shows approximate cur-

rent distributions in thin wires. If

the total length of the antenna is

X/2, the current is large at the in-

put point, and the input impedance

must be relatively small. We can calculate the radiation field as ex-

plained in Section 1.12 and obtain the power flow per unit area and

the total radiated power. This power is proportional to the square of

the input current. From the coefficient of proportionality we find the

input resistance. To the extent to which the sinusoidal form of current

distribution is a good approximation to the actual form, the input resist-

ance of the half-wave antenna is independent of the radius of the antenna.

Calculations show that this resistance equals 73 ohms.

\
AB

y
c

is)

(a)

Fig. 1.46 Two biconical antennas.

To the present order of approximation the input current in a full-

wave antenna is zero, and its impedance is infinite. This indicates that

the actual input impedance is large. We can obtain a general idea of

its dependence on the radius from the following considerations. Let us

take a thin biconical antenna (Fig. 1.46a). Initially, as the waves

spread from the input point, the electric lines are circles. The maximum
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electric intensity is at the surface of the antenna and is normal to it.

At points C, D on the opposite sides of a cone, the electric intensities are

in opposite directions. However, they are shielded from each other by

the cone, and they excite a strong wave in the forward direction. When
the cones are terminated, the shielding is withdrawn, and at points such

as M, N the wave will be weak. Only in the equatorial plane the wave

beyond the spherical surface S will be comparable in intensity to that

inside S. But in this plane E is not as strong as it is near the cones. If

we make the cones thinner and keep the same voltage along the merid-

ians, the greater part of this voltage will be concentrated near the cones

where it is ineffective for exciting a wave in the external space. Thus

less power will be radiated, and the input impedance must be greater.

Thus, while the resonant impedance does not vary much with the

change in the antenna radius, the antiresonant impedance increases

indefinitely as the radius approaches zero. Hence, as the frequency of

oscillations is varied, impedance fluctuations in a thin antenna are

greater than in a fat antenna. Ina " wide-band " antenna impedance

fluctuations must be relatively small, and the cone angles must be

large (Fig. 1.466).

1.26 Antennas for various purposes and in various frequency

ranges

The earliest antenna, used by Hertz to confirm Maxwell's theory and

the existence of electromagnetic waves predicted by it, consisted of two
rods, each about 30 cm long, connected to two plates about 40 cm square

(Fig. 1.47). The oscillations were excited by connecting the rods to an

induction coil and utilizing the spark discharge between the spheres

A, B Sit the ends of the rods.

Later Hertz devised a system,

shown in Fig. 1.48, in which the

dipole antennas were placed along

the focal lines of parabolic reflec-

tors about 2 meters in height. Fig. 1.47 A dipole antenna.

The transmitting antenna on the

right consisted of two cylinders, 12 cm long and 3 cm in diameter.

The. arms of the receiving antenna were wires 50 cm long. The
frequencies of the oscillations generated by Hertz were very high,

and the waves were short. Hence, he was able to demonstrate reflection

and interference of electromagnetic waves within the confines of a large

room. He produced standing waves and could measure the distance

between the adjacent nodes in the field intensity.

Much lower frequencies were originally used for long-distance radio
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:4;
h

Fig. 1.48. Dipole antennas with para-

bolic reflectors.

communication. For instance, Marconi used waves 5000 and 7000

meters long in his first experiments with transmission of signals across the

Atlantic Ocean. His vertical antennas had to be very short compared

with the wavelength. Horizontal antennas seemed to be impracticable,

since the earth currents are in opposite direction to the current in a

horizontal wire and thus tend to

neutralize the field of the wire. We
have already seen that short an-

tennas are inefficient because of the

relatively large heat losses. There

are still greater heat losses due to

earth currents, since the conductiv-

ities of soils are poor. This led

to problems of improving ground

conditions by means of buried wires.

Additional advantages were secured

by using multiple radiators (Fig.

1.49a), and thus reducing the den-

sity of the ground currents. Even at higher frequencies short anten-

nas have to be used whenever space is limited, as in ships, airplanes,

railroad cars, apartments, etc. Chapter 10 will be devoted entirely to

short antennas.

The frequency range allotted to domestic broadcasting stations

using amplitude modulation is between 500 and 1600 kc/sec. In round
figures, X is between 200 and 600 meters. Antennas become towers

(Fig. 1.496), sometimes self-supporting and sometimes not. Some of

these towers are still short (in the electrical sense), whereas others are

comparable to X/4 and even to X/2. Chapters 11,12, and 13 are devoted
to such antennas.

If the earth were perfectly conducting, horizontal antennas at

heights small compared with X/10 would be impracticable, irrespective

of their length. Over a poor ground, however, there exists a fairly

substantial horizontal component of E which can induce currents in

wires parallel to the ground. These currents can be made to add in

phase in the load. The signal will then increase with the length of the

wire. A wave antenna (Fig. 1.49c) operates on this principle.

At frequencies so high that it is practicable to construct antennas

with dimensions comparable to and even greater than the wavelength,

the variety of antenna types is restricted only by the engineer's imagina-

tion. Horizontal antennas become useful because they can be elevated

and thus freed from the influence of the ground. There are two main
types of short-wave antennas: (1) omnidirectional antennas which
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radiate equally in all horizontal directions and are used for broadcast

purposes and (2) beam antennas for point-to-point communication.

Figure lA9d shows an omnidirectional loop antenna. The loop is

energized at four equidistant points in order to make the current dis-

-1250'

DIRECTION OF SIGNAL

Fig. 1.49 Representative antennas.

tribution more nearly uniform round the loop and thus maintain the

omnidirectional property even for a fairly large loop.* Figure 1.49e

shows two examples of highly directional antennas: a horn and a

parabolic reflector. The horn is analogous to a square curtain of dipole

* A small loop in a horizontal plane is always omnidirectional.
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radiators operating in phase, whose fields add in the forward direction

while interfering destructively in the directions sufficiently off this

particular direction. The underlying principle is that each element of

the wave in the aperture of the horn acts as a source of waves beyond

the aperture. This idea was first put forward by Huygens as a physical

principle; later it was substantiated mathematically.

Short-wave omnidirectional antennas may be stacked vertically

in order to increase the field near the ground and conserve power.

Figure 1.49 shows just a few antennas to exhibit the variety of types.

These and many other antennas are discussed in Chapters 8 to 19, some
in more detail than others. Space does not permit our consideration of

all antennas that have been proposed at one time or another, but a suf-

ficient number of examples will be analyzed in this book to enable the

reader to understand the general principles and to appraise any antenna

that he may design himself or encounter in periodic literature or in a

handbook. There is no essential difference between antennas for

amplitude-modulated waves and those for frequency-modulated waves,

or for ordinary voice broadcasts and for television. The operational

frequency, or rather the wavelength, is the most important factor affect-

ing the practicability of a given antenna type. If / = 1,000,000 cps,

X = 300 meters; hence, horns, whose apertures must equal several

square wavelengths in order to be effective, are not practical. The
purpose for which a given antenna is to be used determines the required

directional characteristics. Generally the radiation pattern should be

omnidirectional in broadcasting and highly directional in point-to-point

communication and should possess a sharp null in direction finding.

However, the nature of the terrain affects the radiation pattern, and the

radiation characteristics of the antenna may have to be made nonuniform

in order to obtain a more uniform distribution of signal strength at some

distance from the antenna. And, if a broadcast antenna is too far off

center of the area to be covered, it may be desirable to make its radiation

pattern nonuniform for the most effective coverage. In some cases, a

nonuniform pattern may be required in order to reduce interference

between two stations on the same frequency serving adjacent areas.

1.27 Earth and atmosphere

The earth and the atmosphere modify the performance of antennas. At

large distances from a tower antenna the signal on the surface of the

earth is much weaker than it would be in free space at the same distance,

or in the ideal case of a perfectly conducting plane earth. The narrow

beams of highly directive microwave antennas may be bent in passing

through the atmosphere and may miss the receiving antenna. This
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might not be very serious if the atmosphere were stable; but the atmos-

pheric characteristics vary and thus impose an upper limit on the direc-

tivity of practicable antennas. For simplicity we have to design

antennas on the assumption that they are in free space; then we have to

evaluate the effects of the earth and the atmosphere and either allow

for them or try to remedy them.

1.28 Theory and practice

How much theory does one need to design a practical antenna? Some-

times very little and sometimes a great deal. A city apartment dweller

who is seeking a private antenna for reception in the standard broadcast

range of frequencies (550 to 1500 kc/sec) has a simple problem. He
should know that in this frequency range the voltage picked up by a wire

antenna is nearly proportional to its length. Practical considerations

and diminishing returns impose a limit on the length. It is much more

sensible to determine this length, about 30 ft, experimentally than to

try to calculate it. This is an example in which the experiment is simple

and cheap while the calculations are impossible.

On the other hand, theory will save money in the design of broad-

cast towers. It may not be complete enough to give all the required

information, and it may have to be supplemented by model experiments,

but its value is unquestionable. Theory is needed in planning good

experiments, and it can be equally useful in discouraging other types of

experiment which are bound to fail.

It is difficult to overstress the importance of good judgment in

theory as well as in practice. Good judgment is obviously needed in

making idealizations, simplifications, and physical approximations with-

out sacrificing the practical value of the conclusions. Wrong conclusions

have sometimes been drawn even from meticulously rigorous mathe-

matical analysis solely from a lack of good judgment.

The principal problems before us are: (1) to develop basic field

concepts, (2) to obtain equations for calculating fields and to examine

their principal implications, (3) to derive the expressions for the electric

and magnetic intensity of the wave excited by an element of electric

current in free space, (4) to examine directive effects of spatial arrange-

ments of current elements, (5) to obtain formulas for transmission of

power between antennas, (6) to derive current distributions in antennas

with given connections to generators, (7) to examine the reciprocity

between transmitting and receiving antennas, (8) to evaluate antenna

impedances, and (9) to apply the general principles to selected examples

of practical antennas.

In this book we consider these problems in the following order. In
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Chapter 2 we develop the essentials of field theory and explain Maxwell's

equations. In Chapter 3 we apply this theory to plane waves. In

Chapter 4 we consider spherical waves on wires and in free space; there

we derive the most basic formula of all: the formula for the field of a

differential current element. In Chapter 5 we present the principle of

directive radiation and its application to antenna arrays and also two

methods for calculating the radiated power when the current distribution

is given. In Chapter 6 we consider the problem of transmission of

power between two antennas. In Chapter 7 we discuss the basic quan-

titative theory of wave propagation and reflection; we apply this theory

to the problem of reflection of radio waves from a hypothetical plane

earth. In Chapter 8 we discuss the current distribution in thin antennas

:

a simple sinusoidal approximation to it, various factors affecting it, and

the relative importance of these factors in calculating radiation patterns,

radiated power, and impedance. Chapter 9 is devoted to those aspects

of antennas in which they are merely " concealed electric circuits," in

fact, to those aspects in which antennas are merely linear dynamical

systems and in which their behavior is independent of Maxwell's equa-

tions. In Chapter 10 we consider short antennas and in Chapter 11

self-resonant antennas. Chapters 12 and 13 present an elementary

theory of more general linear antennas and some conclusions of the more

advanced theory. The following chapters deal successively with rhom-

bic antennas, miscellaneous systems of linear antennas, horns, slot

antennas, reflectors, and lenses.

PROBLEMS

Elsewhere in this book the answers to the problems are given as an aid to the

student and for future reference. However, some of the questions asked below would

lose their point if the student could see the answers. These questions are intended to

stimulate the student to think broadly and to encourage him in his efforts to obtain

the maximum information from incomplete data. The questions are answered later

in the book; but the student is asked to forbear the temptation of looking at the

answers until he feels that he has done all he can.

1.7-1 How does the radial component of E vary with the angle between the

radius and the short antenna?

1.7-2 Discuss the waves excited by an alternating current in a small loop.

1.7-3 Obtain as complete an expression as possible for the magnetic intensity

of the field at large distances from a small, single-turn loop of area S, carrying an

alternating current of amplitude /.

1.7-4 How does the field of a small loop depend on the number of turns?

1.7-5 Consider two identical short antennas forming a cross. Assume that

the current amplitudes are equal and that the antennas are operated in phase. What
is the electric intensity along the line perpendicular to the antennas?
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1 .7-6 What is the answer to the preceding problem if the antennas are operated

in quadrature? What is the locus of the ends of the electric vector?

1.7-7 What are the answers to the questions in the preceding problem if the

amplitudes of the antenna currents are unequal?

1.8-1 What is the electric intensity at large distances from a small loop?

1.8-2 Calculate the power radiated by a small loop of area S having n turns.

1.9-1 What are the factors affecting the effectiveness of a small loop as an

antenna?

1.10-1 Obtain the radiation resistance of a small loop.

1.13-1 Consider two identical vertical antennas, distance X/2 apart. Draw
a polar diagram showing the variation in the electric intensity in the ground plane on

the assumption that the antenna currents are equal.

1.13-2 Solve the preceding problem on the assumption that the antenna

currents are equal in amplitude but 180° out of phase.

1.13-3 Solve Problem 1.13-1 on the assumption that the distance between the

antennas is A/4 and that the magnitudes of the antenna currents are equal while the

phases differ by 90 .

1.13-4 What is the directivity of a small loop? Ans. 1.5.

1.13-5 What is the directivity of a hypothetical antenna that radiates uni-

formly in all directions between the cones making 45° angles with the axis of the

antenna and does not radiate in other directions? Ans. V2.
1.13-6 Calculate the power radiated by a current element of moment / dz.

Ans. P = 640fc
2
(7 dz/X) 2

, where k has the same value as in equations 17

and 36.

1.13-7 Consider an antenna of length X/2, and assume that the current dis-

tribution is sinusoidal. Let the maximum amplitude be Jo- Make a simple approxi-

mation with regard to the pattern of radiation and find the radiated power and the

radiation resistance.

„ 640£ 2
/o

2
„ 1280A;2

AnS. P = g
i ^rad = £ "

IT IT

1.13-8 Consider two colinear current elements, that is, elements of the same
straight line, distance d apart. Find the ratio of the power radiated by them to the

power radiated by an isolated element.

Ans.

. . , / X Yr sin(27rd/X) 2ird
sin

3 ddd = 2 + 6 ) ,/ - cos
\ 2ird J 2*-d/X X

Note that the second term represents the ratio of the mutual radiated power to the

power radiated by an isolated element.

1.13-9 Consider a full-wave antenna, and assume the sinusoidal current dis-

tribution shown in Fig. 1.25<i. Use the results of the two preceding problems to

obtain the radiated power. Ans. lQ70k 2
Io

2
/ir

2
.

1.13-10 Consider an array of n identical, short, vertical antennas, arranged on

a horizontal line distance I apart. If the phases of the currents in the successive

antennas from left to right are 0, 2wl/\, 4-n-Z/X, •••, 2(n — 1)-ttZ/X, then the waves
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from these antennas reinforce each other in the direction of the array (from left to

right). If Eo is the field at some distant point from one antenna, nE is the field of

the entire array. At some angle \p with the array the field is Eq + Eq/& + Eo/2d +
. . . + E /(n - l)t?, where d = (2ttZ/X)(cos <A

- 1).

Suppose now that the antennas are fed by means of a transmission line loaded

with series capacitance so that the wave velocity along the line is higher than that of

light. Let Xi be the wavelength along the line so that the phase retardation from one

antenna to the next is 27rZ/Xi. Find the angle \p between the line of the array and the

direction in which the waves arrive in phase.

-i x
Ans. \p = cos •

Xi

1.13-11 Equation 42 gives the radiation intensity of two identical short

antennas, distance a apart, carrying equal currents in phase in the equatorial plane.

Show that if each antenna is replaced by a directive radiator whose field intensity is

E(\p), the field intensity of the pair is 2E{\p) cos[(-7ra/x) cos \p]. Use this result to

show that the field intensity of three equidistant short antennas on the same straight

line, carrying currents in phase but with their amplitudes in the ratio 1, 2, 1, is

{2Eq cos[(7ra/X) cos \p)\
2 where Eq is the field of either of the end antennas. Extend

this formula to four antennas with the amplitudes of the currents proportional to

1, 3, 3, 1; then to five antennas with the amplitudes of the currents proportional to

1, 4, 6, 4, 1.

1.13-12 Show that for an antenna extending from z = — I to z = I equation

39 may be reduced to

Ee = k-—^- E (-)Mn '
,

cos2n 0sin0,
xXro n=o (2n)!

1.13-13 Calculate the first two terms of the series in the preceding problem

for the half-wave antenna shown in Fig. 1.256.

Ans. Ee = k(2r)/Tr
2
ro)Io[l — (|tt

2 — 1) cos 2
0] sin 6, where To is the maximum

amplitude of the antenna current.



MAXWELL'S EQUATIONS

2.1 Electromagnetic field concepts and equations

Circuit and field theories are both necessary for an understanding of

antennas. The first antenna used by Hertz in his famous experiments

with electromagnetic waves was nothing but a capacitor, with its plates

spread apart so that the " interior " of the capacitor became indistin-

guishable from the space around it (Fig. 1.47). The relation between

the voltage and the current at the terminals of this antenna is just as

important as in the case of any circuit; but we are forced to pay more

attention to the electrical conditions at points in the " interior " of the

circuit, which has become the exterior of the antenna including the earth

and the space around it.

In the capacitor with charges -\-q and — q on its plates, the electric

field is confined primarily to the region between the plates; but, around

the antenna, this field is distributed more freely. Since the magnetic

field is strongest near the leads, the electric and magnetic fields in the

capacitor are well separated and independent, but around the antenna

they penetrate each other and interact. The magnitude of this inter-

action increases with the frequency. In the capacitor the magnetic field

is spurious and is deliberately kept small; but the antenna capacitance

is inherently smaller, and the magnetic field becomes important. These

factors make the antenna impedance different from the impedance of an

ordinary capacitor. Still more important is the difference between the

mutual capacitance between two ordinary capacitors a short distance

apart and the mutual impedance between " capacitor antennas " far

from each other. To evaluate these differences we have to study distrib-

uted electric and magnetic fields.

There is a close parallelism between circuit and field concepts. The
differences arise from practical considerations. When considering the

performance of an electric circuit as a whole, we are interested only in

the quantities that can be measured at its terminals. Thus we are

61
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interested in the total current I entering the circuit through one terminal

and leaving it through the other. This current is defined as the quantity

of electric charge passing through the terminals per unit time; thus, if a

charge dq passes in time dt, then,

'--£ <!)

On the other hand, in the interior of the circuit the conditions may vary

from point to point, and the total current gives no indication of local flow

of charge. Instead we have to consider the current density J" at a typical

point P, which is defined as a vector in the direction of the current at P
whose magnitude equals the current per unit area perpendicular to the

direction of flow. If the current / is distributed uniformly in a wire

whose cross section is S, the current density is simply

j = 4" (2 )

In dealing with the electric circuit as a whole, we are not concerned

with forces acting on the charge at various points. We are interested

only in the total effect. Thus the electromotive force, frequently called

the " voltage " V between the terminals, is defined as the total work done

by the electric forces per unit charge passing through the circuit. In the

interior the work done on a moving charge may vary from one part of the

circuit to the other. There we are interested in the electric intensity E
at a given point P defined as a vector in that direction in which the

voltage per unit length is maximum. The magnitude of E equals this

maximum voltage per unit length. If the voltage between the ends of

a wire of length I is V and if this voltage is distributed uniformly along

the wire, the electric intensity at various points is simply V/l. In good

metals the current density is proportional to the electric intensity,

J = gE, (3)

where g is the conductivity of the medium.

The electric intensity may also be defined as the force per unit

charge. This definition is equivalent to that given in the preceding

paragraph. If F is the force acting on a charge q, the work done by F
when the charge is displaced through a small distance s from point P to

point Q is FPQs, where FPQ is the component of force in the direction PQ.

The voltage from P to Q is, by definition, the work per unit charge

Vpq = FpQs/q. The voltage per unit length is EPQ = FPQ/q, that is,

the component of force (in the direction PQ) per unit charge. The

maximum voltage per unit charge is F/q.
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Throughout this book we shall use the meter-kilogram-second-

coulomb (mksc) system of units. In this system all electric units are

the practical units commonly used in laboratory measurements. The
unit of work is the practical unit called the joule (equal to 107 ergs).

The work done in raising one kilogram (2.205 lb) to a height of one meter

against gravity is approximately 9.8 joules. The unit of electromotive

force (" voltage ") is thus the joule per coulomb, called the volt. The
unit of electric intensity is the volt per meter (that is, the joule per

coulomb per meter). The mksc unit of force is the joule per meter,

called the newton. The newton is equal approximately to the pull of

gravity on 0.102 kg (or 0.225 lb); it is also equal to 105 dynes. The
unit of electric intensity, the volt per meter, is also the newton per

coulomb.

To describe the performance of an electric circuit we need two
quantities: the current through the terminals and the voltage across

them. Similarly two quantities are needed in order to specify electrical

conditions at a point in an electric

field. In conducting media these c
•«

—

quantities are the current density

and the electric intensity. In non-

conducting media, between the v
|

plates of a capacitor, for instance, we i

also need two field quantities. One ^~

... . O 1 SEARCH PLATE
of these quantities is the electric

~f~**
(area as)

intensity. Inside a capacitor formed FlG . 2 .i A parallel plate capacitor.

by two large closely spaced parallel

metal plates the electric field is uniform except near the edge. The

electric intensity is perpendicular to the plates, and is equal to V/l. The

other quantity is defined in terms of the electric charge displaced by the

electric intensity from one face of a thin metal plate to the other (Fig.

2.1). The electric intensity acts on free electrons in the plate and dis-

places them relatively to the positively charged nuclei until the field

produced by the displaced charge just cancels the original field in the

space occupied by the search plate. The electrons must continue their

motion until the net forces acting on them in the interior of the search

plate vanish. Just outside the plate these forces must be perpendicular

to the plate since the tangential forces would still be able to move the

electrons. The charge displaced across such a plate can be measured

if the plate is made of two separable halves. These component parts

must be pulled apart in the field where the field keeps the displaced

charges from recombining. For a sufficiently small area AS of the

search plate the displaced charge is proportional to the area and, at a
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given point P, is maximum for a particular orientation of the plate. The
vector D in this direction whose magnitude equals the displaced charge

per unit area is called the electric displacement density. In noncrystalline

media D is parallel and proportional to E; thus,

D = eE, (4)

where the constant of proportionality e is called the dielectric constant of

the medium. In crystalline media the Cartesian components of D are

linear functions of the Cartesian components of E.

Between the plates of the capacitor the magnitude of D equals very

nearly the ratio q/S of the positive charge to the area of one plate. This

relationship is exact for two infinitely large, uniformly and oppositely

charged parallel planes.

If V is varying with time, E and D are also varying. Since D has

the dimensions of charge per unit area, its time derivative dD/dt has the

dimensions of electric current density. This derivative is called the

electric displacement current density.

dD dE ,_.
Jd =

-nr
= t^f (5)

It is equal to the electronic current per unit area that will exist between

the faces of the search plate placed perpendicularly to D. The impor-

tance of displacement current was first recognized by Maxwell. He was

led to make the hypothesis that displacement currents generate magnetic

fields just as electronic currents do. Maxwell's hypothesis is best con-

firmed by radar waves which continue to exist after the electronic

currents, which generate them in the first place, subside.

In Section 1.2 we defined the magnetic intensity H between two

large parallel current sheets, carrying equal and opposite steady currents

(Fig. 1.6). It is a vector perpendicular to the current, and its magnitude

equals the current per unit length. The definition depends on the

experimental fact that the magnetic field between such current sheets,

as indicated by its action on a thin magnetic needle, is uniform and that

its intensity depends solely on the current per unit length, irrespective

of the distance between the current sheets. Experiment shows that the

magnetic field is also uniform inside a long closely wound solenoid

(Fig. 2.2a). Of course, it is assumed that measurements are not taken

too close to the winding where there are gaps in the current. To obtain

exact uniformity of the field we should have an infinitely long solenoidal

current sheet (Fig. 2.26). Then, if I c is the circulating current in a

length I of the solenoid (J c
= nl where / is the current in the winding

and n is the number of turns in the length I), the intensity of the magnetic
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field depends only on the circulating current per unit length, I c/l. Neither

the size nor the shape of the cross section of the solenoid affects the

intensity of the field. In actual solenoids the intensity near the ends is

smaller than it is in the middle. Furthermore, the intensity throughout

the middle part is slightly smaller than IJ I.

Fig. 2.2 (a) Inside an infinitely long, closely wound solenoid, the magnetic intensity

H is parallel to the axis of the solenoid and is equal to nl/l, where n is the number of

turns in a length / along the axis; (6) inside a sheet of circulating current, H = Ic/l,

where Ic corresponds to nl in (a)

.

To state the exact relationship between the magnetic intensity and

the current, we shall define the magnetomotive force along a specified

curve AB,

U = f H s ds. (6)

Experiments suggest that the magnetomotive force round a closed curve

equals the enclosed current,

/U = <t>H.ds = /. (7)

This is Ampere's law. Of course, the experiments show only the pro-

portionality between U and I; the equality is a matter of definition.

In this respect our definitions of E and H are different. We cannot

define H as the force per unit magnetic charge because magnetic charge

does not exist. We can either define H directly in terms of electric

currents, as we have done, or develop a concept of " magnetic pole "

which could play the part of magnetic charge for the purpose of defining

H. In the end, however, we would have to relate H to the current

producing it, irrespective of the particular definition we may wish to

choose. For a thorough experimental discussion of electromagnetic

concepts the reader is referred to R. W. Pohl, Physical Principles of

Electricity and Magnetism, Blackie and Son, Ltd., 1930.
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In the case of an infinitely long straight current filament the

magnetic lines of force are circles coaxial with the filament (Fig. 2.3).

From symmetry we conclude that H depends only on the distance p

from the axis of the filament. Hence, from equation 7 we have

2-kpH = I, H =^ (8)

Figure 2.3 exhibits the relationship between the positive direction

of the magnetomotive force and the positive direction of the current.

A
/ p ,'----S

/V-^N \ i

I I

\

\

\

\

i

i

I

i
i

NORMAL

Fig. 2.3 A straight current filament Fig. 2.4 Illustrating the convention re-

and magnetic lines around it. garding the relation between the positive

direction around a closed curve and the

positive direction of the normal to the

plane of the curve.

There will be other occasions when we shall have to relate quantities

representing current or flux across an area and line integrals round the

edge of the area involving quantities in the nature of force. We need

therefore a convention that relates the positive direction of the normal

to the area and the positive direction of integration round the edge.

This convention is^shown in Fig. 2.4.

Ampere's law (equation 7) refers to the magnetomotive force round

a closed curve " enclosing " electric current. This requires that the path

of integration and the path taken by the current be linked as two closed

links of a chain. Otherwise the equation is meaningless. Now steady

currents must flow in closed conducting paths, and there is no difficulty

with equation 7. Varying currents, on the other hand, can exist in any

conductor. A charge may fluctuate between the ends of a short wire.

Such currents generate magnetic fields, but in its present form equation 7

cannot be applied to them. Maxwell put forward the following hypoth-

esis: Electric displacement currents generate magnetic fields and equation



2.1 ELECTROMAGNETIC FIELD CONCEPTS AND EQUATIONS 67

7 remains true if I includes displacement currents. The difference between

the original Ampere's law for steady currents and the Ampere-Maxwell

law for varying currents is illustrated in Fig. 2.5. In the steady case

the right-hand side of equation 7 represents the current linked with the

path of integration. In Fig. 2.5a this current equals nl. In the

general case we have to imagine a surface whose edge is the path of

integration (Fig. 2.56). This surface may be partly inside a conductor

J n AS = gE n AS
Dn AS = € E n AS

Fig. 2.5 Illustrating the application of the Ampere-Maxwell equations: (a) a

steady current linked with the path of integration, (6) the general case.

and partly outside. In the conductor the current across an element of

area AS is J n AS = gE n AS, where n denotes the normal to the element.

In the dielectric there is a displacement D n AS = zE n AS across the

element. By integration we obtain the total displacement through the

surface and the corresponding displacement current. This we add to

the conductor current to obtain the total current,

/ =ffgEndS + ^ffadS, (9)

to be used in equation 7; thus the Ampere-Maxwell equation is

$H S ds =JfgE n dS +
-jfff*

E » dS. (10)

More generally there may be free charged particles in the dielectric

medium (electron streams in vacuum tubes, for instance) and we should

include the charge carried by them across the surface S; but in antenna

design we are not concerned with this case.

Equation 10 obviously implies an assertion that the total currents

crossing all surfaces having a common edge are equal. In particular

the total current leaving (or entering) a closed surface is zero,

ffgE.dS + -lrffd!.dS
= 0. (ID
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Let us transfer the first term to the right side of the equation and

integrate with respect to t from t = to to t = t\,

CfeE n (h) dS - CfeE n (to) dS = - P dtCfgE n dS. (12)

If our surface integrals are taken in the direction of the normal pointing

out of the volume enclosed by S, then the left-hand side of equation 12

represents the change in the outward electric displacement across S
whereas the right-hand side represents the quantity of electric charge

that has entered the volume enclosed by S. If at t = to the field is zero

(macroscopically) because equal and opposite charges are well mixed,

and if at t = h the movement of charge has stopped, then equation 12

becomes

//%E n dS = q, (13)

where q is the charge enclosed by S. While this equation follows from

the Ampere-Maxwell equation 10, it should be noted that it was first

'1

-Ml ,' E,

V-

7

[./

2a

--/>—H dp

\
~-p

(a) (b)

Fig. 2.6 Illustrating the field (a) around a charged sphere and (b) around a uni-

formly charged cylinder.

established experimentally by Faraday, and, in fact, it suggested to

Maxwell the close relationship between the movement of electric charge

and the time rate of change of electric displacement in the surrounding

medium. This led him to amend Ampere's law and make it general.

If the charge q is distributed uniformly on the surface of a sphere

of radius a, the electric intensity is radial (Fig. 2.6a). Applying

equation 13 to a concentric sphere of radius r > a, we have

Er =
<1

Airzr
n = zEr =

47rr2
' r > a. (14)

Inside the charged sphere the field is zero. Similarly for a charge
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distributed uniformly on the surface of a cylinder of radius a (Fig. 2.66),

we have

E„ = -£— , D p = ^-, P >a, (15)

where q is the charge per unit length of the cylinder.

The Ampere-Maxwell equation 10 connects the magnetic intensity

of a given field with the electric current in conductors (conduction

current) and the displacement current in the nonconducting part of the

field. There is a corresponding equation which connects the electric

intensity with the time rate of change of the magnetic intensity. To
formulate this equation we require magnetic concepts analogous to

electric displacement, electric displacement current, and their densities.

First let us consider a static magnetic field generated by permanent

magnets or by steady currents. Let a small single-turn search loop,

connected to a voltmeter, be brought into the field. The voltmeter will

record a voltage while the loop is moving. The voltage disappears

when the loop stops. The voltage depends on the magnetic intensity

and the speed of motion; but there is no voltage if the loop is moving

through a uniform field provided the angle between H and the plane of

the loop is kept constant. The voltage depends on the time rate of

change of the component of H normal to the plane of the loop. The

same phenomenon is observed if the search loop is stationary while the

source of the magnetic field is moving, or if both are stationary but the

current generating the field is varying. For sufficiently small loops the

voltage is substantially proportional to their areas, assuming, of course,

that the time rate of change of H is kept constant. These phenomena

are consistent with the idea that the voltage in the search loop is due to

some kind of flow through the area of the loop. This flow is called the

magnetic displacement current. The voltage is taken as its measure.

Thus the electric displacement current is measured by the electronic

current across a metal search plate, whereas the magnetic displacement

current is measured by the voltage acting round a search loop. The

time integral of the magnetic displacement current is the magnetic

displacement (or magnetic flux). Its unit is the volt-second, called the

weber. Note the correspondence between this unit and the ampere-

second or the coulomb, the unit of electric charge and electric dis-

placement.

Let us now return to the original static field and assume that the

search loop is connected to a long period ballistic galvanometer which

measures the time integral of the voltage. If the loop is withdrawn from

a given point P of the field into a field-free region, the time integral of



70 MAXWELL'S EQUATIONS 2.2

the voltage does not depend on the path taken by the loop nor on the

speed of its motion. It depends only on the original orientation of the

plane of the loop. For some particular plane the time integral of the

voltage is maximum. The vector B, perpendicular to this plane, whose

magnitude equals the maximum time integral of the voltage per unit

area of the search loop is called the magnetic displacement density at P.

If B is varying with time, dB/dt is called the density of magnetic dis-

placement current at P. Since magnetic current in the sense of moving
"magnetic charge " does not exist, we can omit the qualifying word
" displacement."

In many media B is proportional to H; thus,

B = nH, (16)

where /x is called the permeability of the medium. In iron and other

ferromagnetic substances this equation is approximately true for suffi-

ciently weak fields.

We are now in a position to formulate an equation analogous to the

Ampere-Maxwell equation. Consider a surface with a hole (Fig. 2.56).

The magnetic displacement through an element of this surface is B n AS,

where B n is the component of B normal to the element of area AS.

Integrating over the surface, we obtain the total magnetic displacement

through the surface. Differentiating with respect to t, we obtain the

magnetic current through the surface. Then we take the voltage along

an element As of the edge of the surface. This voltage is E s As, where

E s is the component of E tangential to the edge. Integrating round the

edge, we obtain the total voltage round the edge. If the positive

directions of the normal to the surface and of integration round the edge

are related as shown in Fig. 2.4, then the voltage round the edge of the

surface equals the negative of the magnetic current through the surface,

j>E s ds= - -jfffBn dS = - JLff^ dS. (17)

This is the Faraday-Maxwell law.

2.2. Maxwell's equations— general and steady state

The Ampere-Maxwell equation,

j>H. ds =JfgEn dS + 4rffzEn dS
>

(18)

and the Faraday-Maxwell equation,

j?E 8 ds= - -jfff^Hn dS, (19)
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express the laws of interaction between electric and magnetic fields.

They should be considered as hypotheses suggested and confirmed by

certain basic experiments. No set of experiments can prove them

completely, for they are supposed to apply to any closed curve and any

surface for which this curve is the edge. We can choose this curve

ABCD completely on the surface of a closed conducting loop (Fig. 2.7a)

;

partly in free space and partly on the surface of a conductor (Figs.

2.7b, d); or completely in free space (Fig. 2.7c). Our confidence in

(d)

Fig. 2.7 Maxwell's equations are applicable to any closed curve ABCDA, which

may be located either completely on the surface of a conductor, or partly on such

a surface and partly in the dielectric medium, or completely in the dielectric medium.

these equations is great because numerous conclusions obtained from

them have later been confirmed by observation, and no experiment has

so far contradicted them.

It should be recalled that the current represented by streams of

charged particles, not confined to conducting, media, was not included

in equation 18. Hence, in its present form equation 18 is not valid

inside vacuum tubes. This restriction is not important in antenna

theory which is concerned with electromagnetic phenomena outside

electric generators. Such generators may enter antenna theory only

as " boundary conditions. " A given generator is surrounded by a

closed surface, and some information is given or assumed about the

field on this surface. Maxwell's equations enable us to extend this

field from this surface into the surrounding region. Physically these

equations govern propagation of the electromagnetic field from a

generator into the surrounding medium.

The electric and magnetic intensities at point P(x, y, z) are functions

of the coordinates of the point and of the time t. These functions,



72 MAXWELL'S EQUATIONS 2.3

E(x, y, z, t) and H(x, y, z, t), are restricted only by equations 18 and 19

and by the conditions at the boundary of the generator producing the

field. If the forces producing the field vary harmonically with time, the

field will eventually settle into a steady state in which E and H will also

vary harmonically with time. In the steady state we express E(x, y, z, t)

and H(x, y, z, t) as the real parts of the exponential time functions,

E(x, y, z) exp(jo)t) and H(x, y, z) exp(jut), where co = 2irf and / is the

frequency. Substituting these functions in equations 18 and 19 and

canceling the exponential time factor, we obtain the steady-state form

of Maxwell's equations,

j>H s ds =ff(9 + J^)En dS, (20)

£e s ds = - ffjawH n dS. (21)

In these equations E and H are functions of spatial coordinates only.

To obtain the instantaneous values we should multiply these functions

by exp(jo)t) and take the real part.

Note that in the steady state the electric conduction current density

is gE, the electric displacement current density joozE, and the total electric

current density (g + jooe)E. The magnetic (displacement) current

density is juiiH. In metals the conductivity g is very large, and jue is

negligible at all radio frequencies. In good copper g = 5.8 X 107 so

that only small electric intensities are needed to drive large currents.

In vacuum, s ^ (l/367r)10-9
, h = 47rl0-7 , hence, local variations in

E and H due to displacement currents are very small until the frequencies

become very high.

2.3 Differential equations and boundary conditions

Frequently in solving problems we shall apply equations 20 and 21 to

infinitesimal circuits to obtain differential equations. No difficulty

arises if the electromagnetic parameters g, n, £ of the medium are con-

tinuous functions of position or constants. If, however, these parameters

change abruptly across some surface (Fig. 2.8), we obtain two sets of

differential equations, one set for each medium. Neither set applies to

any region, however small, that includes the interface between the

media.

To obtain the boundary equations we apply equations 20 and 21

to a narrow rectangular circuit whose long sides are parallel to the inter-

face and are on the opposite sides of it (Fig. 2.8). Then we let the

narrow sides, AD and BC, approach zero. The electric and magnetic
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currents through the rectangular area will vanish in the limit. Hence,

the magnetomotive and electromotive forces round the rectangle will

also vanish. Since AD and BC are vanishingly small, they contribute

nothing to either the magnetomo-

tive or the electromotive force.

Hence, the electromotive force from

A to B must be equal and opposite

to the electromotive force from C
to D. The electromotive force

from A to B is thus equal to the
FlG

\
2 -8 gating the proof of the

, „ i. t\ sy continuity of the tangential components
electromotive force from D to C

of E and H across the boundary betWeen
for an arbitrary length AB. As two media with different electromag-

AB approaches zero, these elec- netic properties,

tromotive forces approach E/ {AB)

and E t"(AB). Hence E/ = E t"; that is, the component of E tan-

gential to the interface between two media is continuous. Similarly, the

tangential component of H is continuous.

These boundary conditions enable us to connect the solutions of

the differential equations for the two media.

2.4 Electric circuits

An electric circuit, in the conventional sense of the term, is a physical

structure in which electric and magnetic fields are well separated from

each other and largely concentrated in relatively small regions. The
field separation is obtained by using substances whose conductivities,

dielectric constants, and permeabilities differ greatly from those of the

surrounding medium and by properly distributing these substances in

space. The most important of these substances are metals which have

very high conductivities. The conductivity of copper, for instance, is

about 5.8 X 107 mhos per meter. Hence, small electric intensities will

cause strong currents in thin wires. According to equation 8, the

magnetic field in the vicinity of such wires will be strong. By winding

the wires into coils the magnetic fields of the various turns are super-

imposed, and the resultant fields are made still stronger. If the coils

are wound on toroidal cores, the magnetic fields are confined almost

entirely to their interior. Such structures are called inductors, and the

electric fields associated with them are concentrated in the vicinity of

their terminals.

A strong electric field in a small region may be created by stacking

thin metal plates and alternate thin layers of dielectric and then con-

necting the alternate metal plates together by means of good con-

ductors. If V is the voltage between the two groups of plates and I the
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distance between the adjacent plates, the electric intensity between the

plates is V/l and can be made large by making I sufficiently small.

Outside such a " capacitor " the electric field is small because the effects

of the opposite charges on the adjacent plates tend to cancel each other.

The displacement density inside the capacitor is eV/l. The dielectric

constant of air is 8.854 X 10

~

12 farad

per meter. The dielectric constant

of mica is six to seven times as

large. In spite of the strong elec-

tric intensity, the density ueV/l of

the electric displacement current is

very small even at high frequen-

cies; hence, the magnetic field in-

side the capacitor is weak.

When electric and magnetic

fields are widely distributed and

penetrate each other, the problem of

their calculation requires application

of Maxwell's equations at all points

of an unlimited region; but in an electric circuit (Fig. 2.9) we are not

interested in the weak field distribution outside the circuit elements, and

we need to apply Maxwell's equations only to the circuit itself. For

example, applying the Faraday-Maxwell equation to the closed curve

ABCDEFGHA which is partly on the surfaces of the connecting leads

and partly between the terminals of the circuit elements, we obtain

Fig. 2.9 A simplified diagram of an

electric circuit consisting of a resistor

R, a capacitor C, and an inductor L.

Vab + Vbc + Vcd + VDE + Vef + VFG + Vgh + VHA
d$>

dt
(22)

where <£> is the magnetic displacement through the area ABCDEFGHA.
Since the leads are good conductors, the voltages Vab, Vcd, Vef, Vgh
are small and for this reason may usually be neglected. The magnetic

displacement <£ is also small so that d$/dt may be neglected except when

the time rate of change of I is exceptionally large. Hence, considering

that Vha = —V, equation 22 becomes

VBC + VDE + VFG = V, (23)

where V is the voltage across the terminals of the generator. If the

generator had no internal resistance, inductance, or capacitance, this

voltage would be equal and opposite to the internal electromotive force

V { developed by the generator. In actual generators V 1
t^ V, the dif-

ference depending on the generator.
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If the medium surrounding the circuit is not a perfect dielectric,

there will be some conduction current from one lead AB to another HG
in response to the voltage between them. Such leakage currents are

deliberately kept small by the choice of good dielectrics. In any case,

however, there will be displacement currents between the leads. At low

frequencies these currents are extremely small, and very nearly the same

current / flows through each circuit element ; then equation 23 becomes

L
dJ_

dt
+ fI dt

C
+ RI = V. (24)

This simplified circuit equation may be made more exact without

essentially complicating it. In equation 24 it is assumed that the

resistance Rl of the coil is negligible, but its inclusion involves only

adding Rrf to the left of equation 24. Similarly, the resistances of the

leads affect only the total resistance

in the circuit. The principal effect

of d$/dt in equation 22 is to add a
" stray inductance " to L in equa-

tion 24. We can also include " stray

capacitances " between the leads,

but then the one-mesh circuit in Fig.

2.9 becomes the more complicated

network shown in Fig. 2.10. This

network however will represent the

behavior of our physical circuit ac-

curately at much higher frequencies

than the original simple equation 24.

This idea of representing the small

effects of the medium surrounding a physical network by extra circuit

elements in the corresponding electric network diagram is used fre-

quently, and is very advantageous as long as stray fields in the medium
are largely in the vicinity of the physical network. When properly

understood this device may be used even in the microwave range.

The stray capacitance between the terminals of a generator, a

resistor, an inductor, or an antenna is often negligible, even at high

frequencies, because the distance between the terminals is usually large

compared with the diameters of the leads; but in the microwave range

these terminals may sometimes be so close that the stray capacitance

will tend to short-circuit the terminals. This is important to remember,

for the practice of neglecting stray capacitances has created an impres-

sion that the size of the gap between the terminals of a physical structure

Fig. 2.10 A diagram of the circuit in

Fig. 9 showing the stray capacitances

between the leads.
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is unimportant and, in theoretical investigations, may be made equal to

zero. This mathematical simplification is permissible only when the

terminals are assumed to be tapered to mere points.

The device of representing the electric behavior of physical net-

works by idealized networks, which include the effects of the stray fields

in the surrounding medium, may be extended to represent the structure

and the medium exactly by an equivalent network with infinitesimal

meshes.* On a limited scale this is usually done in the study of " electric

transmission lines," although in this case some approximations are still

retained. In the general three-dimensional case this network repre-

sentation of the medium does not simplify the mathematical solution of

electromagnetic problems, but it makes it easy to understand why certain

network theorems, such as the reciprocity theorem and the Helmholtz-

Thevenin theorem, are applicable to electromagnetic fields, and it affords

insight into electromagnetic phenomena to those who are familiar with

electric networks. Furthermore, it provides a method for the experi-

mental solution of electromagnetic problems, t

2.5 Energy flow

Let us consider a circuit (Fig. 2.11) in which a conducting medium is

localized between two parallel, perfectly conducting plates, C and D.

Fig. 2.11 Illustrating the flow of energy in space.

We assume that the generator and the connecting leads, AD and BC,

have no resistance. By definition, the electromotive force between two

points is the work done by the electric force on a unit charge displaced

between these points; hence, in the time interval (0, t) the work done

by the impressed emf V 1 against the opposing emf V produced by the

* Gabriel Kron, Equivalent circuit of the field equations of Maxwell, IRE Proc,

32, May 1944, pp. 289-299.

t J. R. Whinnery and Simon Ramo, A new approach to the solution of high-

frequency field problems, IRE Proc, 32, May 1944, pp. 284-288.

J. R. Whinnery, C. Concordia, W. Ridgway, and G. Kron, Network analyser

studies of electromagnetic cavity resonators, IRE Proc, 32, June 1944, pp. 360-367.
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displaced charge is

&=f
t

V i
dq, (25)

where dq is an element of charge displaced from B to A in the generator.

By definition, dq = I dt; hence,

6 = [* V*I dt. (26)
Jo

The power P is the time rate of doing this work,

P = -^- = V'l. (27)

Now in the resistor it is the emf V of the field that is doing work in

moving the charge between the plates. This work and its rate are

g = r VI dt, P = VI. (28)
Jo

If the generator has no internal resistance, capacitance, or inductance,

V 1 = V, and the work done by the generator is equal to that done by

the field between the plates ; thus the energy has been transferred with-

out loss from the generator to the resistor. Experience shows that in

the resistor this energy is transformed into heat.

Expressing the voltage and current in terms of the field quantities,

we obtain

p = ISEJ = EJt, (29)

where r is the volume of the resistor and I is the distance between the

electrodes (Fig. 2.11). Hence the power dissipated in heat per unit

volume is

— = EJ = gE2
. (30)

T

Since V — IE and / = sH, where s is the circumference of the

resistor, the expression 28 for the power may also be written as follows:

P = IsEH. (31)

The product Is is the lateral surface of the resistor. Since there is no

question that the energy leaves the generator and enters the resistor,

equation 31 strongly suggests that the flow of power takes place per-

pendicularly to E and H and at the rate W = EH per unit area. In

the present example E and H are perpendicular to each other. In the
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general case, the power flow per unit area may be expressed as the vector

product,

W = E X H, (32)

of the electric and magnetic intensities. The absolute value of this

product is EH sin xj/, where
\f/

is the angle between E and H. The vec-

tor W is called the Poynting vector. It accounts for energy transfer

anywhere in space.

In the steady-state case E and H are sinusoidal quantities. The
average value of the product EH is \EJH a cos #, where E a and H a are

the amplitudes of E and H and # is the phase difference. If now E and

H are represented by complex exponentials, we have

E = Eae
iat+j*, H = H ae

j^, (33)

where d is the phase difference between E and H. Taking the product

of E and the conjugate H* of H, we have

EH* = E aHae'»
t+j*e-'» t = EaHae

i&
. (34)

The real part of this product is

re(EH*) = EaH a cos 0. (35)

Therefore, the time average of the power flow per unit area W is the real

part of the complex Poynting vector,

* = %E X H*; (36)

that is,

W = Jre(# X#*). (37)

PROBLEMS
2.1-1 Obtain the resistance of an annular disk of thickness h. Let the inner

radius be a and the outer b.

b
Arts. R = (2irgh)

l log— •

a

2.1-2 Obtain the resistance between two circles of parallel on a thin spherical

sheet of radius a and thickness h. Let the distances to these circular electrodes from

one of the poles be $i and ,S2 > «i.

Ans. R = i^irgh)" 1 log! cot tan
J

•

y 2a 2a f

2.1-3 A uniform field in vacuum, 100 volts per centimeter, disappears at a

uniform rate in one microsecond. What is the displacement current through a square

10 cm on a side? (See Appendix IX for necessary constants.) Ans. 0.8854 milli-

ampere.
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2.1-4 Assuming that a current / is distributed uniformly in a wire of radius a,

find the magnetic intensity at distance p < a from the axis of the wire.

Ip
Ans. Ha =

2ira*

2.1-5 Find the magnetic intensity between the closely spaced circular plates

of a capacitor (Fig. 2.11). Assume that the frequency is low and that the charging

current is /.

Ans. H& =
'* "

2ira
2

2.2-1 Consider a uniform magnetic field varying with the frequency

/ = 1 Mc/sec. Let the amplitude of its intensity be one ampere per centimeter.

What is the amplitude of the voltage round a square, 10 cm along a diagonal, inclined

to the field at 30°? Ans. w 2
/5 volts.

2.2-2 Consider a uniform electric field varying with the frequency

/ = 1 Mc/sec. Let the amplitude of E be 100 volts per meter. What is the ampli-

tude of the magnetomotive force round a square, of side 10 cm, normal to E: (a) in

vacuum, (6) in sea water? Ans. (a) 3^8 milliampere, (6) 5 amperes.

2.2-3 Consider a square, of side 10 cm, normal to a uniform magnetic field

varying with the frequency/ = 10 Mc/sec. Let H = 10 cos 2wft amperes per meter.

What is the difference between the voltages between adjacent vertices directly along

the connecting side and round the square? Ans. (8?r
2/l0) sin 2irft volts.

2.3-1 A charged sphere of radius a is surrounded by a concentric spherical

shell, of outer radius b, whose dielectric constant is ei. The dielectric constant of the

medium outside the shell is S2. Find E and D.

q q
Ans. Dr

= 5- ; Er = 5- > a < r < b,

Er = —^ 1 r>b.
4:TrS2T

2.3-2 A charged sphere is surrounded by two dielectrics whose interface is a

conical surface with its apex at the center of the sphere. Let fl be the solid angle of

the region whose dielectric constant is ei. The dielectric constant of the other region

is £2. Find E and D.

Ans. Er = g[Osi + (4x — fi)e2]
-1

r
-2

; in region 1, Dr = eiEr , and, in region 2,

Dr = 62-^7-

2.3-3 Solve the preceding problem on the assumption that the voltage between

the sphere and a point at infinity (the potential of the sphere) is Vq. What is the

charge on the sphere?

Ans. Er = Voa/r2
; in region 1, Dr = eiVoa/r2

, and, in region 2, Dr = ezVoa/r
2

;

q = [Qei + (4tt - fi)e 2]F a.

2.3-4 An infinite cylinder of radius a and carrying current I is surrounded by

a coaxial cylindrical layer whose permeability is m. The outer radius of the layer is

b, and the permeability of the medium outside the layer is ju2. Find H and B.

I ixil
Ans. Hp = -—

; Bv = —— if a < p < b,

2-wp 2-wp
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and

B«,=-^- if P > b.

2.3-5 An infinite cylinder of radius a is carrying current / and is surrounded

by two media whose permeabilities are mi and ^2- The boundaries between the media

are half-planes which, if extended to the axis of the cylinder, would form a wedge.

Let \p be the angle of the wedge containing the medium with the permeability m.
Find H and B.

Ans. By = pin2l[4/V2 + (2?r — ^)mi]
-1

p
_1

;
in medium 1, H^ = Bv/m, and,

in medium 2, Hv = B
<p/p2-



PLANE WAVES

3 .

1

Classification of waves

Let us consider an electric charge in a small region of a homogeneous

medium. If this charge is forced to oscillate about its original position,

an oscillating magnetic field is created around it in accordance with the

Ampere-Maxwell law. In accordance with the Faraday-Maxwell law,

this field in its turn creates an electric field which modifies the original

electric field. After a certain lapse of time the field settles into a self-

consistent steady state, self-consistent in the sense that the time varia-

tions in the electric intensity E produce the magnetic intensity H of just

the right magnitude for its time variation to produce E. If the oscil-

lating charge generates a wave, this wave must spread in all directions

since there can be no preferred direction in a homogeneous medium.

Such waves are called spherical waves. Suppose now that an infinitely

long uniformly charged cylinder is oscillating in the direction of its axis

(or perpendicularly to it). From symmetry considerations we expect

the wave to spread in all directions perpendicular to the axis. We
expect no wave motion parallel to the axis. Such waves are called

cylindrical waves. A uniform plane distribution of sources will produce

a plane wave traveling away from the plane. More precise definitions

can be given only after a more detailed consideration of the various

types of waves.

In the case of some electromagnetic waves, we shall find that the

magnetic vector is perpendicular to the direction of propagation; such

waves are called transverse magnetic waves (TM waves). If the electric

vector is perpendicular to the direction of propagation, the wave is said

to be transverse electric (TE). If both E and H are perpendicular to the

direction of propagation, the wave is transverse electromagnetic (TEM).

3.2 Uniform plane waves

Let us imagine an infinite plane sheet of uniformly distributed current

parallel to the xy plane (Fig. 3.1). If the current is parallel to the x

81
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axis, the magnetic intensity is parallel to the y axis. As far as the

electric field is concerned, there are two cases. The entire sheet may be

uniformly charged. In this case there will be two components of E,

one perpendicular to the sheet and the other parallel to its motion. If,

however, the sheet contains equal charges of opposite sign moving with

respect to each other, there can be no component perpendicular to the

sheet. In this case the only nonvanishing component of E is E x . Both

^\\\^\^\\\\\\\\\v#

y/
/b"

M< /
Ev +dE,

//Hy+ dH,

1l\^^\^\^x

Fig. 3.1 Illustrating the derivation of transmission equations for uniform

plane waves.

E x and H y are independent of x and y. These conditions are highly

idealized, but they approximate actual conditions in front of a large

current sheet. Also such uniform plane waves approximate spherical

waves in limited regions at large distances from the centers of disturb-

ance. Furthermore, uniform plane waves exhibit most of the essential

characteristics of all waves without unnecessary mathematical com-

plications.

Thus we shall consider an electromagnetic field in which the only

nonvanishing field components are E x and Hy , both independent of

x and y. The equations of propagation are obtained by applying Max-
well's equations to rectangular circuits, one parallel to the yz plane and

the other parallel to the xz plane. There is no need to consider a circuit

parallel to the xy plane; from such a circuit we could obtain information

only about the field distribution in the xy plane, and this we already

have. Since the field is independent of x and y, we can simplify our

calculations by assuming AM = AD = 1. The vertical sides are

infinitesimal, of length dz. The magnetomotive force round the circuit

AMNBA is Hy
— (Hy + dHy )

= —dHy . According to the Ampere-

Maxwell equation 2-20 this magnetomotive force must equal the electric

current crossing the rectangular area in the direction shown by the cur-

rent density J x . Since J x = (g + jue.)Ex and the area is dz, this cur-
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rent is (g + jue)E x dz, and one equation of propagation is

= -(g+jue)E x . (1)
dH y

dz

The electromotive force round the circuit ABCDA is (E x + dE x)
—

E x = dE x . According to the Faraday-Maxwell equation 2-21, this

must equal the negative of the magnetic current crossing the rectangular

area in the y direction. The magnetic current density is justly, and the

area is dz; hence, the total current is jcoiiHy dz, and the second equation

of propagation is

% = -**r (2)

Eliminating E X) we obtain

d2Hy = a2Hy) (3 )

dz2

where
o- = [jw(g + i«e)]* (4)

Solving equation 3, we have

H = Ae~ ffZ + Be° z
, (5)

where A and B are arbitrary constants of integration. Substituting in

equation 1, we find

E x = rjAe-az - -qBe™, (6)

where

, =—f_ = i^-=(-^-)H .

(7 )

g + jwz a \ g + jcos )

Since g, e, and /x are normally positive, j'co/x is on the positive im-

aginary axis and g + jcoe is either in the first quadrant or on its bound-

aries (Fig. 3.2). Hence, the product juii(g + Jcoe) is in the second quad-

rant or on its boundaries. There are two square roots, differing only in

the algebraic sign. Since the phase of the product is between 90° and

180°, the phase of one square root is between 45° and 90°. This square

root will be denoted by the letter a; the other square root is —a. By
this definition, the real and imaginary parts of the complex number

* = a + jp (8)

are, in general, positive. In nonconducting media g = 0, and, there-

fore, a = 0. The phase of the second parameter rj is 90° minus the

phase of a; since 45° < ph(o-) < 90°, we have < ph(?j) < 45°.
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Suppose that the source of the wave is at z = 0. As z —» + oo

,

the last terms in equations 5 and 6 approach infinity exponentially

(assuming that g 9^ 0) unless B =

0. Infinite current densities imply

infinite dissipation of power. On
the other hand, at z = both E and

H are finite, so that the power flow

from the source per unit area is

finite. The law of conservation of

energy will be violated unless B =
below the plane where z is positive.

Hence,

Fig. 3.2 The intrinsic propagation con-

stant <r of a medium lies in the first

quadrant of the complex plane or on

its boundaries.

H + = Ae- E x+ = VHy+,

< z < 00 (9)

Of course, if the medium does not

extend to infinity, our argument

does not apply and both terms in equations 5 and 6 should be re-

tained. Similarly,

Hy
- = Be ffZ

,
E x

~ = -rjBe", -oc < Z < 0.

Let us now reintroduce the time factor in equation 9,

H v
+e i03t = Ae-az

e Ho3t
-^ z)

.

(10)

(ID

The first exponential factor on the right side of the equation affects only

the amplitude of the wave, and the second only the phase. The quantity

a is called the attenuation constant and /3 the phase constant. The entire

complex quantity a = a + j(3 is the propagation constant.

The phase of the wave is

<p = ut - (3z, (12)

except for a constant phase associated with A . The period T of oscilla-

tions is the time required for the phase to change by 2t radians at a

given point; hence,

uT = 2tt, T = :x

CO /

2tt
CO = (13)

The wavelength X is the distance in which the phase changes by 27r

radians at a given instant; hence,

/3X = 2tt, X = \TV

=
:t

(14)
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Suppose that t and z vary in such a way that the phase remains

constant. Differentiating equation 12, we obtain

co dt - (3 dz = 0, "^- = 4 (15)
dt (3

Therefore, to an observer traveling with the velocity

v=j=f\, (16)

the phase of the wave will have a constant value. This velocity is called

the phase velocity. In nondissipative media,

= co(Me)*, v = fo«)-K. (17)

The ratio

E x
+ E x

Hy+ Hy
= v (18)

is called the intrinsic impedance of the medium. In other types of waves

the corresponding ratio of E to H depends on 77 and on the geometry of

the wave; then the ratio is called the wave impedance. From equa-

tion 2-36 we conclude that in the present case the complex Poynting

vector has only the z component

*. = iEJIy*. (19)

For the waves on the two sides of the current sheet, we find

*. = WVWO* = h\Hy+\
2

,
< z < 00,

(20)

*. = -hHy-(Hy
-)* = -h\H y

~\ 2
,

- 00 < z < 0.

Since the real part of 77 is positive, the average power flow per unit area

represented by the real part of ^z is in each case away from the current

sheet.

In vacuum,

nv = 4tt X 10-7 = 1.257 X 10" 6 henry per meter,

ev = 8.854 X lO"12 ~ (1/36tt) X 10"9 farad per meter,

/„ \H (2D
Vv = (£1 \ = 376.7 ~ 120tt ohms,

vv = (nv*v) -* = 2.998 X 108 ^ 3 X 108 meters.

The electromagnetic parameters of air are substantially the same.

From equation 16 we obtain the wavelength corresponding to a given

frequency,

108

\ v = 3 X -y- • (22)
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Hence, the phase of uniform plane waves in air changes slowly except

at very high frequencies.

In copper g = 5.8 X 107
, and in comparison coe is negligible at all

radio frequencies. The permeability of copper is the same as that of

vacuum. Hence,

er e = (firtfg)* = 0'46.4/)^7r, a c = (3 C = 15.1/*

'• =
(^f~T

= 2w
(J^T x 10

~7 = 2 '61 x io_7/h(i +j)
-

(23)

Even at fairly low frequencies, the wave in copper is attenuated very

rapidly. Electromagnetic waves do not penetrate deeply into copper

or other metals. The reciprocal of the attenuation constant is called

the depth of penetration,

h = — . (24)
a

At this depth from the surface of the metal, the field intensity decreases

to 1/e = 0.368 fraction of its value at the surface.

The conductivity of sea water is 5, and the dielectric constant

relative to that of vacuum is 80. The depth of penetration is consid-

erably greater than in metals but is still relatively small. The conduc-

tivities of soils vary considerably; they may be as low as 0.002 or as

high as 0.02. The dielectric constants depend on moisture content.

In dry soils the dielectric constant may be 10 times that of vacuum, and

in wet soils it may be 30 times that of vacuum. The depth of pene-

tration is thus greater than in sea water.

If g approaches infinity, the attenuation constant approaches

infinity and the intrinsic impedance zero. Hence, electromagnetic

waves cannot penetrate perfect conductors, and the electric intensity

tangential to them vanishes. The normal component of the Poynting

vector also vanishes, and the energy flow must necessarily be parallel

to the surface of ajperfect conductor and almost parallel to the surface

of a good conductor. A perfectly conducting closed surface or an

infinite perfectly conducting plane divides the medium into electro-

magnetically independent regions. A field may be excited in one

region while the other region remains field-free. Good conductors are

effective shields. Any field excited in one region is attenuated so

rapidly in passing through a conducting wall that its intensity on the

other side of the wall is extremely weak. At first it may appear that

low-frequency waves will go through an imperfect conductor since the

attenuation constant decreases with frequency. However, the intrinsic

impedance also decreases, and, in consequence, low-frequency waves are

more strongly " reflected " from conducting surfaces.



3.3 WAVES BETWEEN PARALLEL STRIPS 87

3.3 Waves between parallel strips

In the uniform plane wave considered in the preceding section, the

electric lines of force are parallel to the x axis and the magnetic lines

parallel to the y axis. Two perfectly conducting planes may be intro-

duced into this field perpendicularly to the electric lines without dis-

turbing the field. Since such planes divide the medium into electrically

Fig. 3.3 A strip transmission line with guards to keep its field uniform.

independent regions, we can remove the portions of the current sheet

outside the region enclosed by the planes without disturbing the field

between them. Next we can cut the planes in the direction of wave
propagation, as shown in Fig. 3.3. Electric and magnetic lines still

remain substantially undisturbed. If the side portions of the planes are

removed the field will spread out from the region between the parallel

strips. Those magnetic lines that are nearer to the top strip than to the

bottom will encircle the top strip. The remaining magnetic lines will

encircle the bottom strip. If the width a of the strips is large compared

with the distance b between them, the densities of electric and magnetic

lines outside the strips are small compared with the densities between

the strips. Most of the energy flow is confined to the region between

the strips. The field between parallel strips with the " guard strips
"

on either side is a good approximation to the field between wide and

closely spaced strips without guards and is much simpler.

The voltage V between the strips and the current I in the bottom

strip (considered positive in the positive z direction) are

V = bE x, I = aH,

Substituting in equations 1 and 2, we have

dl „„ dV
dz

= -TV,
dz

= -zi,

(25)

(26)

where the " series impedance per unit length " Z and the " shunt
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admittance per unit length " Y are

Z-if-, Y=(g+M)±. (27)
a o

3.4 Waves guided by parallel wires

Consider a pair of parallel wires (Fig. 3.4). In the case of the two

generators impressing the same voltage Vi in " push-push," the currents

at the same distance from the generators must be equal and similarly

directed. The charge densities must also be equal. If equal voltages

are impressed in " push-pull," the

.«_£. __1*. currents in the wires will be equal
©""© and opposite. Likewise the charge

densities must be equal and opposite.

~@~@|" In the first case the magnetic in-

v2 v, tensities generated by the currents

t? o a t- ™ a ( t.-
in the wires oppose each other be-

Fig. 3.4 two modes ot propagation ^^

on parallel wires of equal radius in free tween the wires and strengthen each

space. other outside. In the second case

they add between the wires and tend

to cancel outside. The same is true of the electric intensities. Thus, in

the second case the field will be concentrated in the vicinity of the paral-

lel pair whereas in the first case it will spread to greater distances. The
lines ,of electric force in the push-pull case run directly from one wire to

the other since these wires are equally and oppositely charged. In the

push-push case the charges on both wires are of the same sign at equal

distances from the generators on the same side of the generators. At the

same distance on the opposite side of the generators the wires are op-

positely charged. Hence, in the push-push case the electric lines run

outward from both wires on one side of the generators and gradually

bend to meet the wires on the other side. In this case the waves are

substantially spherical and will be considered in the next chapter. In

the push-pull case the waves are substantially plane and will be con-

sidered in this section. In the general case we have a combination of

these two types of waves. The total voltages impressed on the wires

may always be decomposed into push-push and push-pull combinations.

Thus, Vi is half the sum and V2 half the difference of the actual voltages

impressed on the wires. This decomposition of the total wave into

symmetric and antisymmetric components is useful at distances from

the generators substantially greater than the distance between the wires.

Close to the generators we have two spherical waves, centered at each

generator.
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It will be found that at low frequencies the spherical wave generated

by the push-push distribution of voltage is very weak. Hence, any

distribution of voltage will generate a wave of substantially push-pull

type. Since in this wave the field is concentrated near the wires, we

conclude that pairs of parallel wires are effective transmission lines for

conveying energy from one place to another.

Let the distance between the axes of the parallel wires (Fig. 3.5) be

s and the radius of each wire be a. Let us assume that the wires are thin

so that any small nonuniformity which may exist in the distribution of

current round the periphery of each wire has a negligible effect on the

distribution of the magnetic field. Equation 2-8 gives the magnetic

intensity as a function of the distance from the axis of the wire. It was

derived on the assumption that the current in the wire was steady so

^'""""1
BT D

ifv |fv+AV S

4—

£

;

2a
- [

I I + AI

Fig. 3.5 Parallel wires.

that there could be no longitudinal displacement current. However,

the longitudinal electric intensity at the surface of the wires is small

(zero if the wires are perfect conductors). In the push-pull case it

must reverse its direction (unless it is identically zero) as we pass from

one wire to the other because the currents in the wires are opposite. To
obtain the displacement current density, we have to multiply this small

electric intensity by a very small quantity cos. Hence, the effect of the

longitudinal displacement current (if any) on the distribution of mag-

netic intensity in the vicinity of the wires is negligible. As a matter of

fact, in the push-pull case there is no reason to expect any longitudinal

electric intensity except near the ends of the parallel pair, since the wires

are equally and oppositely charged and the electric lines are expected to

run from one wire to the other. Hence, we may use equation 2-8 to

calculate the magnetic displacement through the rectangular circuit

ACDBA. The density of the displacement due to the current in the

lower wire is p.I/2-irp where p is the distance from its axis. We integrate

it from p = a to p = s to obtain the displacement per unit length along

the wires,

<j> =jr£*-£»*T- <»>
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The magnetic displacement due to the current in the upper wire is aiding;

and the total displacement is 2$. Hence, the magnetic current passing

through the area of circuit ACDBA is 2jw$ Az, and its direction is

toward the reader. According to the Faraday-Maxwell law, the

negative of this current must equal the voltage round the circuit in the

counterclockwise direction. Hence,

VAC + Vcd + VDB + VBA = - ^- Az log— • (29)
7r a

If the conductors are perfect, VAC = VDB = 0. If V is the transverse

voltage from the lower wire to the upper Vcd + Vba = AV. Substitut-

ing in equation 29 and passing to the limit, we obtain

dV ry-r _ . COLL , S ,„.= -ZI, Z =j-^\ g-r (30)
. dz

' J
7T

& a

Thus, the wires force the field to vary in the direction parallel to them by

annihilating the longitudinal component of E. If the wires are not

perfect conductors, the voltages VA c and Vdb depend on the internal

impedance of the wires (resistance at low frequencies and some reactance

at high frequencies). If Zi is the internal impedance of each per unit

length,

Z = 2Z; + i^-log—

.

(31)
7r a

To obtain the second transmission equation we note that, if q is the

charge per unit length of the lower wire, then the charge on the segment

AC is q Az. The time rate of increase of this charge is jcog Az. If the

dielectric is perfect, this must equal the difference — Al between the

current entering the segment at A and the current leaving it at C.

Hence, as Az approaches zero,

§ = -m- (32)

Now, equation 2-15 gives the electric intensity due to a charged filament.

Half the voltage from A to B is due to the charge on one wire. Hence,

We express q in terms of V and substitute in equation 32,

%---YV, F =
r
^L

T
- (34)

dz log (s/a)

If the dielectric medium between the wires is not perfect, there will
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be transverse leakage current which will account for a part of the de-

crease in the longitudinal current between A and C. In this case,

Y =
<f
+y

'

(35)
log (s/a)

3.5 One-dimensional transmission equations

Maxwell's equations are the most general equations governing propaga-

tion of electromagnetic waves in three dimensions. Under various

special conditions they reduce to the one-dimensional form 26, in which

both wave functions depend on some one coordinate and in which the

coefficients Y and Z are, in general, functions of this coordinate. If

Y and Z are constants, the general solution may be expressed in terms of

exponential functions. Comparing equation 26 with equations 1 and 2

and replacing (g + jcoe) and j'co/x by Y and Z, we obtain this solution

from equations 4, 5, 6, and 7. Thus,

I = Ae~Tz + Be T
; V = KAe~ Yz - KBe Tz

, (36)

where the propagation constant r and the characteristic impedance K
are

r = (ZF)*, K = Uf\ • (37)

If Z and Y are functions of z, there is no simple general solution.

Each equation has to be considered individually. It is only in the special

case when Z and Y are slowly varying functions of z that there exist

general approximate solutions.*

3.6 Reflection

If infinitely long parallel wires are energized in push-pull at z = 0, either

A or B in equations 36 must vanish, depending on whether z < or

z > 0. This is required by the law of conservation of energy, when
there is dissipation of energy either in the wires or in the medium
between them. This, of course, is always the case in practice. In

theory it is often convenient to consider idealized nondissipative trans-

mission lines for which the propagation constant is a pure imaginary

and both terms in equation 36 remain finite at infinity. This case can

be treated as the limit of the general case in which dissipative parameters

approach zero. Then it is obvious that the terms that had to be omitted

in the dissipative case must also be omitted in the idealized nondissipa-

tive case. We have seen that B = when z > 0. In this case the

* S. A. Schelkunoff, Applied Mathematics, D. Van Nostrand, New York, 1948,

pp. 218-220. In subsequent references only the title of this book will be given.
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amplitude of the wave is attenuated and the phase retarded in the posi-

tive z direction. Similarly, we find that on the other side of the gen-

erator the amplitude is attenuated and the phase retarded in the

negative z direction. Hence, on both sides of the generator the ampli-

tude is attenuated and the phase retarded with increasing distance from

the generator. In the nondissipative case the amplitude remains con-

stant but the phase is retarded.

Suppose now that the wires extend only from z = to z = I and
that the generator is at z = 0. In this case we must keep both A and B
in equation 36. If the wires are simply terminated at z = I, the current

must vanish there, and we obtain a relation between A and B. If the

voltage across the generator, that is, F(0), is given, we have another

relation between A and B. Hence, the constants of integration are com-

pletely determined. More generally the wires may be terminated at

z = I into some " load impedance." If this impedance is known, we
know the ratio V(l)/I(l); hence, we have a relation between A and B.

Comparing the waves in this finite section of the transmission line with

those in the infinite line, we conclude that the first terms in the wave
functions (equation 36) represent a wave generated at z = and

incident on the load, or more generally on some discontinuity, at z = I.

The second terms represent the wave originating at the discontinuity

and traveling back to the generator. This wave is called the reflected

wave.

The ratio of the reflected and incident wave functions at the dis-

continuity is called the reflection coefficient', we denote it by q with a

subscript indicating the particular wave function. Thus,

qtd) =
-f-

e>", qvd) = -
-f"

«
2n

- (38)

If Z is the impedance at z = I,

V(l) Ae~" - Be" 1 + qyZ ~ TW ~ Ae-™ + Be" ' K T~^ ' W
The ratio

k =\ (40)

is called the normalized impedance (" normalized " with respect to the

characteristic impedance) at z = I. Solving equation 39 for qv ,
we

obtain

Z-K fc-1 „-*
qv = Z+"K

=
k+1

' (41)
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Equation 39 is often used in impedance measurements, particularly

in microwave transmission lines and wave guides in which it is usually

impossible to measure the necessary V and I (or E and H) at the dis-

continuity. For this purpose we define the apparent reflection coefficient

qv(z) = -
-J-

e2r *
(42)

at a typical point z < I. Taking the ratio of equations 38 and 42, we
have

qv(l) = qy(z)#™-\ (43)

In good transmission lines the attenuation constant is small, and its

effect for small distances may be neglected. Hence,

qv (l) = qv (z)e2jW- zK (44)

Therefore the magnitude of the apparent reflection coefficient is constant

along the line but the phase changes. At some points the phase is zero,

the incident and reflected waves are in phase, and the voltage is maxi-

mum. A quarter wavelength from these points the incident and

reflected waves are 180° out of phase, and the voltage is minimum. The
standing wave ratio n defined by

re = fe = r^f| (45)

can be determined experimentally at some distance from the discon-

tinuity. From equation 45 we obtain the magnitude of the reflection

coefficient

From equation 44 we find that, if the voltage is maximum at z = z, the

phase of the reflection coefficient at z = lis

Vh[qv(l)} = 20 (Z - z), (47)

since ph[gF(z)] = at the maximum point.

It is evident from equation 41 that there is no reflection if the load

impedance equals the characteristic impedance.

It should be noted that all the foregoing equations have been ob-

tained on the assumption that Z and Y are independent of z. In particu-

lar, the expression for the reflection coefficient is somewhat more compli-

cated in the general case.* The foregoing theory of reflection has been

* S. A. Schelkunoff, Electromagnetic Waves, D. Van Nostrand, New York, 1943,

p. 226. In subsequent references only the title of this book will be given.
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(R 2 )

developed for waves that are one-dimensional in the sense that only one

coordinate is required in describing their propagation. In the next

chapter we shall consider spherical waves generated by an infinitesimal

current element, and find that the

field distribution as a function of

the angular coordinates is independ-

ent of the electromagnetic parame-

ters of the medium. Hence, if the

element is at the center of a sphere

(Fig. 3.6) which is the boundary

between two different homogeneous

media, we may confine our atten-

tion to a typical radius. The tan-

gential components of E and H,

and, hence, their ratio which is

called the wave impedance, must

be continuous across the boundary.

Once this condition is satisfied at

one point of the boundary, it is satis-

fied automatically over the entire

boundary because, as we have noted, the relative dependence of the field

on the angular coordinates is the same for both media.

Fig. 3.6 An electric current element

concentric with the spherical boundary

S between two homogeneous media,

Ri and R2.

(a) (b)

Fig. 3.7 Coaxial cones: (a) of infinite length, (b) of finite length.

If, however, the source of waves is not at the center of the sphere

separating the media, then the nature of reflection becomes more com-
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plicated. Reflection is no longer uniform. Another situation in which

reflection is nonuniform is illustrated in Fig. 3.7. Waves may be gen-

erated by a voltage impressed between the apices of the cones. If the

cones are infinitely long, the field distribution as a function of the

angular coordinates is independent of the electromagnetic parameters of

the medium between the cones. Hence, if these parameters change

abruptly across some sphere concentric with the apices of the cones, we

have an essentially one-dimensional case of reflection. But, if the cones

are of finite length, reflection at the sphere of discontinuity S is non-

uniform, even if the electromagnetic parameters of the regions Ri and

R2 are the same. The boundary conditions become essentially three-

dimensional because the dependence of various fields on the angular

coordinates is different in the free-space region from that in the cone

region R\. The solution of the problem of reflection in this case depends

on the decomposition of the fields in both regions into " modes of

propagation."

PROBLEMS

3.2-1 Show that the field given by

H<p = — > Ep
= yHp, Ez = E^ = Hp

= Hz = 0,
2wp

is consistent with Maxwell's equations and the boundary conditions at the surface of

perfectly conducting cylinders coaxial with the z axis.

3.2-2 Using the result of the preceding problem, calculate the characteristic

impedance of a coaxial pair of perfectly conducting cylinders whose radii are a and
b > a.

i) b
Ans. K = log — •

2ir a

3.2-3 Using the result of the preceding problem show that

T]S

K =
2ttc

where s = b — a and c = \{a + 6).

3.2-4 Calculate the power carried by the wave described in Problem 3.2-1

outside a single cylinder of radius a. What is the important practical conclusion

from the result?

3.5-1 Express the voltage and current in a transmission line in terms of their

values at z = I.

Ans. V(z) = V{l)cosp(l - z) + jK I (I) sin {I - z),

I(z) = 1(1) cos/S(Z - z) +jK~ x V(l) sinp(l - z).
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3.5-2 Show that the input impedance of a nondissipative transmission line of

length I, terminated into an impedance Z«, is

„ Zt cos 01 + jK sin 01 1 + qe-W

K cos 0Z + jZt sin # 1 - qe~2]fil

where q is the voltage reflection coefficient.



SPHERICAL WAVES

4.1 Introduction

In the precedi ng chapter we have considered plane waves which may be

generated under certain conditions. No matter what precautions are

taken, it is rarely possible to avoid generating spherical waves as well,

although the intensity of these waves may be small. An a-c generator

(a) (b)

4k.
N

M
-Q-

,7^

W
/ c \

Fig. 4. 1 Spherical and plane waves : (a) an electric generator with floating terminals

generates a spherical wave — a feeble wave if the distance between the terminals is

a small fraction of a quarter wavelength; (6) when the generator is connected to a

pair of closely spaced wires, it generates a strong plane wave guided by the wires

and a feeble spherical wave. The other end of the transmission line is also a source

of a spherical wave as well as a sink of the plane wave; and, as far as the generator

is concerned, the energy carried away by the spherical wave will appear as a change

in the resistance R.

with its terminals floating (Fig. 4.1a), generates a spherical wave,

although at low frequencies its intensity is exceedingly small. If the

generator is connected to a pair of wires, the wave is guided — as we
have found in the preceding chapter — to the load at the far end

(Fig. 4.16). Weak spherical waves are still generated at both ends;

they are also generated at intermediate points where some device may be

97
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connected to the transmission line. In such cases spherical waves are

of practical interest only as parasitic end effects.
*

Radio communication, on the other hand, actually depends on

spherical waves. In this chapter we consider spherical waves under two

extreme conditions. First we consider waves on infinitely long diverg-

ing conductors; then, we consider the case in which the conductor is

very short and the wave is entirely in free space.

4.2 Maxwell's equations in spherical coordinates

Spherical waves may be expressed most conveniently in terms of spheri-

cal coordinates, in which the position of a point P (Fig. 4.2) is given by

the distance r from a fixed point 0, called the origin of the coordinate

)i\^:£j£*

z V

*e

oJL-

Fig. 4.2 Cartesian (x, y, z), cylin-

drical (p, <p, z), and spherical (r, 6, <p)

coordinates.

Fig. 4.3 Spherical components of a

vector.

system, by the polar angle between OP and the axis OZ of the coordi-

nate system, and by the azimuth <p, that is, by the angle between the

meridian passing through P and the principal meridian in the plane XOZ.
Any vector F may be resolved into three mutually perpendicular com-

ponents Fr, Fe, F^ as shown in Fig. 4.3. The r component is in the

direction of the radius through P, the 6 component is tangential to the

meridian, and the <p component is tangential to the circle of latitude.

The positive directions of these components are chosen to coincide with

the directions of increasing coordinates.

* C. Manneback, Radiation from transmission lines, AIEE Jour., 42, February

1923, pp. 95-105.
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Fig. 4.4 An elementary cell in spherical coordinates is bounded by two nearly

equal spheres concentric with the origin 0, two nearly equal cones coaxial with OZ,

and two half-planes issuing from OZ and forming a small angle. The dimensions

of the cell for assigned coordinate differences, Ar, A0
;
A<p, depend on the position

of the cell.

^tsinG &<f

To express the field equations in spherical coordinates, we shall

consider an elementary cell (Fig. 4.4) formed by two concentric spheres

whose radii are r and r + Ar, by

two coaxial cones whose angles with

the axis are and + Ad, and by

two half-planes whose angles with

the XOZ plane are <p and <p + A^>.

To obtain the complete set of equa-

tions, we must apply Maxwell's

equations to each of a set of three

mutually perpendicular faces of the

cell. Take the face ABCD bounded

by the r lines and 6 lines (Fig. 4.5)

;

it lies in a half-plane given by a con-

stant p coordinate. By the Faraday- FlG -
4 -5 Maxwell's differential equa-

,, .,, ,, .. , , j. tions in any coordinate system are ob-
Maxwell law the anticlockwise emf

tained by applying the lawg of electro_

around ABCD must equal the mag- magnetic induction to the faces of a

netic displacement current through typical elementary cell.
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the area of the circuit in the direction away from the reader. Since this

current is equal to the product of its density jconH^ and the area r Ar Ad,

we have

Vab + Vbc + Vcd + VDA = j<*nH vr Ar Ad. (1)

The four voltages on the left may be expressed in terms of the voltages

Vmn and VPQ as follows

:

Vab = VPQ - -^p- (i Ar), VDC = VPQ + ^^ (| Ar);

VBC = Vmn + ^p (i Ad), 7A1 > = VMN - ^™ » Ad).

Therefore,

VAB + Fcd = Vab - VDC = ~ -^- Ar,
dr '

Vbc + 7z>a = F5C - Vad = ^~ Ad.

Substituting in equation 1, we obtain

dVpQ SVmn
Ar + ~^r Ad =

j^H "r Ar Ad - (2)

The voltage VPQ is the product of the electric intensity Ee and the

length r Ad of PQ ; similarly, Vmn is the product of Er and Ar. Sub-

stituting in equation 2 and canceling Ar Ad, we have

d(rE e ) dE r .

&T +
~~dd~

=wrH*- (3 )

Similarly, computing the mmf around the circuit and equating it to

the electric current through the area of the circuit, we obtain

d(rH e ) ,

dH r (
. .

^T- + -£0- = - to + 3<*)rE9 . (4)

A similar pair of equations will be obtained for the circuit A'B'C'D'

formed by circles of latitude and meridians on a sphere of radius r

(Fig. 4.5). And, finally, the third pair of equations is obtained from a

circuit drawn on a cone of angle d. Thus, we obtain the following com-

plete set of Maxwell's equations in spherical coordinates for a steady-
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state electromagnetic field

:

- (rE B ) -zz~ = -jwnrH,,
dr

x " dd

— (rH°) - ^r = to + M)rE„
dr

v " dd

— (sm 6 Ev,) — = -jowr sin 6 Hr ,

r) dTJ
(sin 6 H v )

— = (g + jaejt sin 6 Er ,

(5)

dd
v *'

d<p

— sm —\ = —juiir sm ii 9.
dip dr

— sin \ = (g + jwe)r sin (9 E*.
dip or

4.3 Circularly symmetric fields

If the field is independent of <p, the partial derivatives with respect to <p

vanish, and equations 5 reduce to two independent sets of equations.

One set contains Er, Ee, Hv ; thus,

(sin 6 H v ) = (g + j^)r sin 6 E r , (6)
dd

d

dr
(rHJ = -(g+jo>e)rEe, (7)

(rEe ) ~^-= -junrH,. (8)
dr

v " dd

The magnetic lines are circles coaxial with OZ, and the electric lines lie

in planes passing through OZ. These waves are called circular magnetic

waves.

The other set contains Hr , He, E^; thus,

d

dd

d

(sin Ev) = —junr sin 6 H r , (9)

(rEp ) = jwrH 9 , (10)
dr

(rH,)-2±= (g+j«e)rE r . (11)
dr

v "
dd
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In this case the electric lines are coaxial circles, and the magnetic lines

are in axial planes. These waves are called circular electric waves.

4.4 Fields depending only on the distance from the origin

If the field depends only on r, equation 6 reduces to

H<p cos 6 = (g -f- jo)z)rE r sin 0,

rE,
— (Q + jwe) tan 6.

This result contradicts our initial assumption that the field depends only

on r; hence, there are no uniform spherical electromagnetic waves

analogous to uniform sound waves generated by a pulsating sphere. *

4.5 Spherical waves at great distances from their origin

Substituting Er from equation 6 in equation 8, we obtain

(rE,) - 7-
,

*
o~ f-^T 4" l(rH9 ) sin 0]\

dr
K " (g + jue)r2 dd [ sin 6 dd

= -janrH,. (12)

Thus, we have two equations, 7 and 12, for rEe and rH v . As r increases,

the second term in equation 12 diminishes in comparison with the first,

and the two equations approach with increasing accuracy the following

set:

(rEe) = -jMrHJ, 4r (rH 9) = -(g+ju>e)(rEd ). (13)

Eliminating rEe, we obtain

d2

dr2

where

(rff,) - o*(rH 9), (14)

a2 = jwig + jcoe), a = \jan(g + j^)] Vi
- (15)

The propagation constant is seen to be the same as for uniform plane

waves.

The general solution of equation 14 is

rHv = Ae~ ffr + Be", (16)

where A and B are arbitrary constants as far as r is concerned but are

functions of 6. The first term in equation 16 decreases exponentially

* Electromagnetic waves radiated by a uniformly heated sphere are uniform

but only on the average. They consist of a large number of waves in arbitrary

phase relationships with arbitrary orientations of the principal planes of radiation.
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with increasing distance from the origin (as long as the medium is dis-

sipative, g 9^ 0). The second term increases exponential y with in-

creasing r ; that is, it decreases with decreasing r. Hence, the first term

represents a wave coming from the origin and the second a wave going

to the origin from "infinity.

From equations 13 and 16, we find

rEe = r]Ae-ar - qBe**, (17)

where 77 is the intrinsic impedance, already defined in the preceding

chapter,

v = ^- = —r^- = (-i^-Y (18)

Similarly from equations 9, 10, and 11 we obtain, for large r,

rHe = Ae~r + Be ffr

,
rE^ = -t\Ae- aT + qBe*r

. (19)

The last terms in equations 16, 17, and 19 become infinitely large at

infinity. Hence, for waves generated inside a sphere of finite radius,

Fig. 4.6 Relative directions of E and H in outgoing traveling waves at large dis-

tances from their centers.

B must be zero. Thus, from equations 16 and 17 we find

rH„ = Ae-° r

,
Ed = vH„. (20)

Similarly, from equations 19 we have

rH e = Ae~° r
,

E* = -r)H B = n(-H9 ). (21)

Figure 4.6 shows that in both cases the direction of propagation is that
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in which a right-handed screw advances when its handle is turned

through 90° from E to H.

4.6 TEM spherical waves

By definition, the radial components of E and H in TEM spherical

waves vanish,

E r = 0, H r = 0. (22)

For fields with circular magnetic lines the second equation is satisfied

automatically ; but the first reduces equations 6, 7, and 8 to a simpler

set. Thus, equation 6 becomes

dd
(sin dHv) = 0, sin 6H V = Hf(r), (23)

where, as indicated by the notation, H v {r) is a function of r only.

By the Ampere-Maxwell law, the mmf round a typical magnetic

line must equal the radial electric current. In the present case there is

Fig. 4.7 Coaxial conical conductors (a plane 6 is a special case of a conical surface).

no radial displacement current, and, hence, there must be a conduction

current; otherwise, U^ would have to vanish, and with it the entire

field. The assumed symmetry of the field requires that this current be

distributed on coaxial cones (Fig. 4.7a) and that its density be inde-
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pendent of <p. Since Er = 0, the cones must be perfect conductors.

The electric lines run along the meridians from one cone to the other.

Let I(r) be the current at distance r in the cone 6 = 6\ (Fig. 4.7a)

;

then, by the Ampere-Maxwell law, we have

2irr sin 6H 9 = I, H9 =
7

. - . 0i < 6 < 62 . (24)
2-kt sin 6

The same current flows in the cone 6 = 02 but in the opposite direction.

Equations 7 and 8 are identical with 13; hence, their solutions are

of the form given by equations 16 and 17 with the constants of integra-

tion inversely proportional to sin 6. Thus,

Io+e— r + Ip-e° r

2irrsmd
(25)

Ee =
2wr sin 6

where the constants of integration have been expressed in terms of the

currents (7o
+

, the outgoing current, and 7o~, the incoming current)

associated with the two traveling waves.

The transverse voltage V(r) along a typical meridian from = B\

to 6 = d2 is

V(r) = P rE e dO = KI +e—' - KI -e' r

,
(26)

Jdi

where the characteristic impedance K of the " biconical transmission

line " is

r e
* do 7] r*i de _ t) r 9 * d t&nje

m

VJ 6l 2w sin 2ir J6l
2 sin \B cos \6

=

2tt J$l tan \6
'

that is,

K = -£- log (tan \d2 cot \B{). (27)

In particular, for a cone above a conducting plane (Fig. 4.76),

02 = Jr, tan \$2 = 1, and

K = -K- lo§ cot i^ = 60 log cot W- (28 )

The numerical value is for cones in free space.

For two cones with equal angles (Fig. 4.8), we have

K = — log cot \} = 120 log cot \i>. (29)
7T
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If 0i and 62 are both small, then cot §0i ^ 2/0i, and tan §02 ^ §02

;

hence,

K = -7T- log—
57T

(30)

Let a and 6 be the radii of the cones at distance r from the apex ; then,

0i = a/r, 02 = 6/r, and

^ 1 i
&

(31)

As 0i and 02 approach zero, the cones approach a pair of coaxial cylinders,

and equation 31 gives the value of the corresponding characteristic

impedance.

Fig. 4.8 Two equal coaxial cones.

It should be noted that, while the field intensities increase indefi-

nitely as r approaches zero, the voltage and current remain finite.

Equations 7 and 8 can be expressed in terms of V and I, since, by equa-

tions 24, 25, and 26, we have

H
* 2irr sin

Ee = VV
2wrK sin

Thus, we obtain

dV
dr

= -juLI,
dl_

dr
= -(G+jaC)V,

(32)

(33)

where the distributed inductance, conductance, and capacitance of the

biconical transmission line are

L = -£- log (cot |0i tan §02 ),

G =

C =

2*0

log (cot §0i tan §02)

2*6

log (cot §0i tan §02)

(34)
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TEM waves with circular electric lines are obtained from equa-

tions 9, 10, and 11 by letting Hr = 0. In this case the magnetic lines

run along the meridians, and the cones must be perfect magnetic con-

ductors. No such conductors have been observed, and this case is

impossible to realize in practice.

4.7 Principal waves on nonconical wires

In the case of nonconical wires (Fig. 4.9), strictly transverse electro-

magnetic waves cannot exist. However, there exist waves which are

very nearly transverse and in which electric lines of force still run prin-

cipally from one wire to the other. For reasons that will become clear

' ' ' X N. \
/ / s

fit \ \ \

III \ \ \lj \ \ |

/ ' / \ \

i
; i \ \

f
4w
T

Fig. 4.9 Coaxial cylindrical conductors with tapered ends and electric lines of force

in principal waves.

later, these waves, as well as TEM waves, are grouped together under

the name " principal waves." When the wires are thin, we shall assume

that the field distribution, as a function of 8, is still given by the equa-

tions of the preceding section.* This field does not quite satisfy the

boundary condition that the tangential electric intensity should vanish

on the surface of the wires. Thus, where the wires are cylindrical

(Fig. 4.9), this field component is

E, = -Eesint, (35)

where \p is the " cone angle " at distance r. In the exact expressions

there must be another small term which reduces Et on the wires to zero.

This term we shall neglect when we integrate Ee to obtain V, and H? to

obtain / in equations t 33. In this way we shall obtain L, G, C as given

* For a mathematical justification of this assumption, see S. A. Schelkunoff,

Principal and complementary waves on antennas, IRE Proc, 34, January 1946,

pp. 23-32.

t Because of this integration, the errors in our final results will be of the second

order of magnitude.
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by equations 34, but with di = \[/ and 02 = ir — ^ varying with r. Since

we have already assumed that ip is small, we may also use this approxi-

mation to simplify equations 34. Thus, noting that \p = a/r where a(r)

is the radius of the wire at distance r, we obtain

L = JL log *L, C = —Z-, G = ^V- (36)
t a , 2r . 2r

logT log T"

When g = 0, the characteristic impedance becomes

the numerical coefficient applying as usual to free space. If the radii

a\, d2 of the two wires are different, the same equations apply with

a = \/a\d2. To the present order of approximation r is equal to 2.

In the above approximations, we must assume that the wires are

tapered when r is comparable to or less than the diameter of the wires.

This region will be considered in Section 12.10.

4.8 TEM waves on coaxial cylinders

We have already discussed in Section 4.6 the possibility of considering

a pair of coaxial cylinders as a limiting case of two coaxial cones whose

angles 0i and 62 approach zero, and thus we obtained the characteristic

impedance of the coaxial pair. To obtain the expressions for the field

we note that, as 6 approaches zero, r approaches z ; also,

r sin 6 = p, (38)

where p is the distance from the axis of the cylinders. Hence, equa-

tions 24 and 25 become

JT
I Io+e-°* + Io~e ffZ

* 2irP 2ttP

(39)
rilo+e-" - ylp-e"

2

Ep= 2^p~ -'

at any point between the cylinders (a < p < b).

4.9 TEM waves on parallel wires

Let us assume that the radius of the outer cylinder in the preceding sec-

tion is very large, so that equations 39 are approximately true, even if

the two cylinders are not quite coaxial. Let us insert a second inner

cylinder parallel to the first (Fig. 4.10) and assume that the interaxial

distance I is fairly large compared with the sum of the radii oi, a>2 (at
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least twice as large). There will be a " proximity effect " consisting of

a displacement of the electric charge across one cylinder due to the

tangential electric intensity of the charge on the other; but this effect

will diminish as a\, 0,2 become

smaller or I becomes larger. If the

currents in the inner cylinders are

equal and opposite, the total cur-

rent in the distant " coaxial
"

cylinder will vanish. Since there

will be some magnetic intensity

tangential to this latter cylinder,

some current will flow in it ; but it FlG 110 Cross section of two parallel

will have to be in one direction on cylinders,

one side and in the opposite

direction on the other. As the distances pi, P2 to a point P on the

outer cylinder become larger and larger, the fields of the two cylinders

tend to cancel more completely, and the currents induced in the outer

cylinder will become smaller and smaller. In the limit we have just

two parallel wires.

By equation 39 the electric intensity on the line A1A2 joining the

axes of the wires, between A\ and A2 (Fig. 4.10) is

7]Io
+e- ffZ — r]Io-e ffZ — 7?/o

+e~ga + nl -e c

27rpi 2wp2
jr

" ° ~ v ° — v °
' '

°
(40)

provided E P1 is positive in the direction A1A2. Integrating from a point

on the surface of one wire to a point on the surface of the other, we
obtain the transverse voltage between the wires. It is better, however,

to let pi vary from a\ to Z, so that the corresponding voltage is taken to

an average position on the second wire. Similarly we let p2 vary from

I to a,2. Thus, we obtain

where

V = Ce pi dPl = KIo+e-° 2 - KI -e° z
,

Zir \ a\ a2 / ir \Zaia2

It is not very difficult to obtain the exact formula* for K, but the

above approximation is sufficient for our purposes.

4.10 Principal waves on diverging wires

Comparing equation 37 for the characteristic impedance of principal

* Electromagnetic Waves, pp. 283-285.
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waves on wires diverging at an angle of 180° with equation 41 for

parallel wires, we find that the equations are the same. This is not a

coincidence, for it can be shown* that both formulas are special cases of

a more general equation,

K = A log k, k =
r ,

d
^

r
] , 1V > (42)

for two diverging wires (Fig. 4.11) whose radii are a\ and a^ while d is

the distance between the corresponding elements of the wires.

Fig. 4.11 Diverging wires connected to parallel wires.

4.11 Principal waves on cage structures

It can also be shown by the method given elsewheret that for a " cage "

(Fig. 4.12) consisting of 2n conical wires equidistributed on the surfaces

of two coaxial cones with angles \p and t — $, the characteristic im-

pedance is given by the same equation as for solid cones with an effective

angle determined by

tan(i^)=tan(W)[^^]
1 '"

> (43)

where \f/o is the angle of each conical wire.

When the wires are thin and \j/ is small, the effective radius of the

cage may be obtained from equation 43 ; thus,

( na \
lln

,AA ,

am = a( ——
J

» (44)

where ao is the radius of each wire and a is the radius of the cage. In

this form we may use the equation to obtain the equivalent radius of a

* Ibid., p. 293.

t Ibid., pp. 292-293.
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cage formed by wires equispaced on a cylindrical surface. When

n = 2, the formula gives a ett = Vaos, where s is the interaxial distance

between the wires.

Fig. 4.12 A conical cage formed by thin conical conductors equispaced on a

conical surface, n = 6.

4.12 Higher modes of propagation

So far we have been considering the principal waves in which the electric

lines of force run from one conductor to the other, or from one group of

conductors to the other, and in which the electric intensity in the direc-

tion of propagation is either exactly equal to or nearly equal to zero.

In this section we shall examine more general circularly symmetric

waves in which the radial field does not vanish.

First let us conside • circular magnetic waves given by equations 6,

7, 8. From these equations, we have

Er =
1

(g + jo)e)r sin 6 dd
(smdHf),

En = — 1

(g -f jwe)r dr

Substituting in equation 8, we obtain

d f 1 d

(rH,).

(45)

(46)

-£r W.) +
r2 dd sin 6 dd

[(rH 9)8mO]\ = (r
2 (r^). (47)

Let us now assume that rHv is a product of a function of r and a function

of 6,

dB(0)
rH* = R(r)

dd
(48)

The second factor is represented as the derivative of a function merely in

anticipation of mathematical simplifications. Substituting in equa-
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tion 47 and integrating with respect to 0, we have

^d2R . R d (dO \

arJ H sin 6 dd \dd )

Multiplying by r2 and dividing by Re, we obtain

r2 d2R 1 d-/dO \ 99

The second term is not a function of r (by our initial assumption), and
it cannot be a function of because the remaining two terms are inde-

pendent of ; hence, it must be a constant,

1 d /dO A

Inserting this constant in equation 49, we have

r2 d2R
R dr2

+ k = a2r2 . (51)

These two equations may be expressed as follows

:

d2 df)
sin -p- + cos 6 -r k sin 6 = 0, (52)

dr2 (*
2 " £) «• (53)

To obtain equation 52 we multiply equation 50 by 6 sin 0, perform the

indicated differentiation, and transpose all terms to the left-hand side

of the equation ; to obtain equation 53 we multiply equation 51 by R
and divide by r2 .

From equations 48 and 45, using equation 50, we find

E
' = ( • N 2

'

(54 )

Also from equations 46 and 48, we have

tp
\ dR dO ,__.

te " ~
(g + jcoe)r ~dF ~W (55)

Thus, the entire field has been expressed in terms of R and 0, which

must satisfy equations 53 and 52.
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Similarly, in the case of circular electric waves, we find

„ D/ , dO(0) „ 1 dR de
rE^ = R(r) —-77— > rH e = -

;
=r-

* v
dd jufi dr dB

kRQ
11 r • o

(56)

TEM waves are obtained by letting k vanish; higher modes of

propagation are obtained when k ^ 0. The parameter k is not arbi-

trary but takes on a set of values depending on the cone angles. Thus,

for circular magnetic waves Er must vanish at the surface of each cone

at all distances ; therefore must satisfy the boundary conditions,

6(0i) = 0(02 ) = 0, (57)

in addition to being a solution of equation 52. It is found that these

conditions cannot be satisfied unless k is restricted to a certain set of

values.

In free space there are no boundary conditions similar to equation 57,

and at first sight it appears that the parameter k is unrestricted. It is

found, however, that, unless

k = -n(n + 1), n = 1,2,3, ••, (58)

the solutions of equation 52 become infinite either for 6 = or for 6 = t

or for both values. Since there is no physical reason for the field to

become infinite at a point in free space, the " permissible " values of k

are those given by equation 58 ; that is

:

k = -2, -6, -12, ••.

However, there is an easier method of calculating the " proper

values " of k for free-space modes of transmission. Equation 52 does

not involve the frequency; in equation 53 the frequency becomes un-

important as r approaches zero. Therefore, the functions are the same
for static and alternating fields, while the R functions are nearly the same
sufficiently near the origin. Thus we may start with static fields, which

can be examined by elementary methods, and then generalize the results.

This is the method we shall use in the following sections.

The significance of the higher-order modes of propagation is easy to

understand. In the case of TEM waves between coaxial cones, the

electric lines follow the meridians. If the cones are of finite length,

such waves alone cannot possibly give the complete field. Some charge

will be pushed to the ends of the cones, and the electric lines will bulge

out into free space. This will cause a change in the shape of the lines
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between the cones. Hence, Maxwell's equations must provide solu-

tions to express the end effect : that is, the change in the field caused by
the termination of the cones. The waves expressing this effect are the

higher-order waves.

In free space there can be no waves with electric lines strictly along

the meridians for there are no conductors on which these lines could

terminate. Again Maxwell's equations must provide solutions express-

ing the waves of the type that can travel in free space.

4.13 A point charge, a doublet, and an electric current element

Conductors are not essential to the existence of electromagnetic waves,

although, as we shall subsequently see, they play a very important role

in the process of generating these waves. A charged particle is sur-

rounded by an electric field. If the particle oscillates back and forth,

the field also oscillates. Our next problem is to calculate this field.

To solve this problem we must find an appropriate solution of equa-

tions 52 and 53. These equations possess infinitely many solutions

since they must be satisfied by all waves whose magnetic lines of force

are circles coaxial with the z axis, and such waves may be produced by

an arbitrary distribution of oscillating charged particles on the z axis.

The particular solution we want is that which corresponds to a single

particle oscillating near a fixed particle having an equal charge of oppo-

site sign. This is the solution which may be used to examine the

oscillations of electrons in electrically neutral conductors under the

influence of impressed electromotive forces.

As indicated at the end of the preceding section we shall obtain the

required solution in two main steps

:

1. First we shall solve our problem for the static case in which

a = 0; this will represent the limiting form of the general solution of

equations 52 and 53 as <rr approaches zero.

2. This solution we shall then generalize to all values of or. For

simplicity we shall assume at first that the medium is nondissipative

(9 = 0).

When the particle is stationary (Fig. 4.13a), its field is radial, and,

in a nondissipative medium, equation 2-14 gives

i-ik*' (59)

An electric doublet is a pair of equal and oppositely charged particles

(Fig. 4.136), an infinitesimal distance s apart. The product qs is called

the moment of the doublet. The field of the doublet may be obtained by

adding vectorially the fields of the two particles. It is simpler, how-
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ever, to make use of a certain scalar function which will enable us to

replace vectorial addition by ordinary addition. This function is called

the potential V and is defined as the work done by the forces of the electric

field when a unit charge is transferred from a given point P to a fixed point

Q which is usually taken at infinity. Since the electric intensity E is the

,^p

(a)

Kt)

(d)

Fig. 4.13 (a) The electric field of a point charge; (b) a dipole formed by two equal

and opposite point charges; (c) a dipole with varying end charges; (d) an electric

current element.

force per unit charge, the total force on a charge q is Eq. The component

of this force along the tangent to an element ds of the path of the particle

(Fig. 4.14) is E sq; hence, the work done when the particle travels

through distance ds is E sq ds, and

the total work is the integral of this

quantity. By definition q = 1 in

computing the potential of point P
;

thus,

V = fJPQ
E s ds. (60) Fig. 4.14 In a static electric field the

integral of the tangential component Es

of the electric intensity E from a given

point P to a point Q at infinity is inde-

pendent of the path of integration and

is called the potential of the field at P.

Obviously, this definition has amean-

ing only if the integral is independ-

ent of the path between P and Q;
otherwise, V would not be a property

of the point P but rather a property of the path PQ. By the Faraday-

Maxwell law the above integral is independent of the path of integration

only when the field is static* In Section 8.4 we shall define a potential

function for nonstatic fields, but the definition will be different from

* If we are interested only in small regions, use only short paths of integration,

and avoid regions of strong magnetic intensity (interiors of coils), we can define

approximate potentials of various points. In this approximate but highly useful

sense, the concept of potential is used in a-c network theory.
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equation 60 and will reduce to it only in the limiting case of fields that

vary infinitely slowly. The present definition, however, is sufficient for

the purposes of this section.

The fixed point Q, which we shall take at infinity, is at zero po-

tential by definition; hence, the work done in carrying a unit charge

from P to infinity is equal to the potential drop from P to infinity. More
generally, the work done in carrying a unit charge from Pi to P2 is the

potential drop from Pi to P2. If Pi and P2 are infinitely close, this

work may also be expressed as E s As, where E s is the electric intensity in

the direction P1P2 , and we have an equation,

E s As = -AV,

where AV represents the increment of potential from Pi to P2. There-

fore, E8 is the negative of the directional derivative of V,

w v AV dV fa^E s = -lim——- = (61)
As ds

If the electric intensity is a vector sum of several intensities,

E = Ei + E2 + Es + * * *
j

the potential,

V = CEi, s ds + Ce2 , s ds + Ce3 , s ds+ • •
•

= 7i + V2 + Vs +
is a sum of scalar functions. The vector sum may thus be obtained by

directional differentiation of a scalar sum; this is the simplification we
have been seeking.

For the point charge, we have

qdr qV =
: Airzr2 47Tsr

For the doublet,

47rsr
(62)

V = -« L - q{r2 ~ fl)
• (63)

4:Trzri 47rsr2 47rsrir2

From the triangles (Fig. 4.136),

n = (r
2 — sr cos 6 + \s2 )

y* = r\\ - - cos 6 -
s „ ,

s
2

r

T2 = (r2 + sr cos 6 + \s2)^ = r I 1 -\ cos 6 +-r(. +f

4r2

,2

(64)

s"

\r2 )

By the binomial theorem, the square root of 1 + x is 1 + \x — \x2
-\ ;
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hence, neglecting squares and higher powers of s/r, we have

ri = r — Js cos 6, r<2. = r + |s cos 6. (65)

Substituting in equation 63 and again neglecting the square of s, we

obtain the potential of the doublet,

F=<^L (66)

Taking the directional derivatives in the r and directions, we find

dV qs cos 6 dV qs sin d
Er--^--%^~ } E% "" TSS "TH^ % E*-°' (67)

Comparing Er in equations 59 and 67 with equation 54, we find that

R and are constants for the point charge, and, for the doublet,

9 cc cos 0, R a — • (68)

Substituting a constant for 0, in the point charge case, in equation 52, we
find k =

; substituting this value and a constant for R in equation 53,

we find that R must vanish except when a vanishes. The latter case

occurs when co = or when ju = —g/e; hence, a strictly radial electric

field must be either static or transient ; in the latter case the time factor

is exp(jut) = exTp(—gt/e). In a perfect dielectric, only the static case

is possible, as we might have anticipated from the principle of conserva-

tion of charge. In a conducting medium, the point charge will gradually

disperse radially under the influence of Coulomb forces.

Substituting for from equation 68 into equation 52, we find that,

for the doublet case,

k = -2. (69)

This value belongs to the set defined by equation 58.

Comparing equations 54 and 67, and noting that in the present case

g = 0, we have

e = cos*, B --i-*L_-g!. (70)

In a nonstatic doublet, electric charge must flow between the two

points, either freely or under the influence of an impressed voltage

(Fig. 4.13c) ; the corresponding current will be

/W-igL-M, 9
=
7
L. (7i)
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Substituting in equation 70, we find

R = - -p- > 9 = cos 0. (72)
47IT

V
'

From equation 48, we now have

In the nonstatic case the R function in equations 72 and Hv in equation

73 are approximate, since the exact value of R must satisfy equation 53

and thus must depend on a.

With the information in our possession we are now able to solve

equation 53 exactly; but first let us see what happens to the above

approximate equations when the conductivity of the medium does not

vanish. In addition to the current (equation 71) producing electric

displacement, there will be another component producing conduction

current. The general relation between the total current density and

the electric intensity is

J = (g + jm)E. (74)

Conduction and displacement currents are similarly distributed, and,

since both contribute to the magnetic intensity, equation 73 remains

unaltered, provided I is the total current flowing between the ends of

the doublet. Therefore R in equation 72 remains unaltered. Then

from equations 54 and 55, we obtain

Is cos w Is sin 6 n .

2ir{g + ;cos)r3 4tt(0 + jcos)rd

We have already established that, in the doublet case, k = —2;

hence the exact differential equation 53 is

. -5 = (*
2 + -k) R - ™

When r is large, the second term in parentheses may be neglected, and

the solution becomes

R = Ae-° r + Be° r
. (77)

Since the real part of a is positive, the second term becomes exponentially

infinite when r is infinite. For a field which is supposed to be produced

in the vicinity of r = 0, B must vanish to satisfy the principle of the

conservation of energy. As r approaches zero, the first term in equa-

tion 77 approaches A, and R must also satisfy equation 72. Hence,

the exact solution must contain at least two terms, one giving the near
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field and the other the far field. Thus, we write tentatively

Is
R = -

47rr
e-" r + Ae- (78)

The factor exp(— ar) is inserted in the first term because without it we

cannot possibly satisfy equation 76. The exponential function must

/x

Fig. 4.15 An electric current element at the origin and the components of its

field.

occur in all terms so that it can be canceled. Differentiating equation 78

twice and substituting in equation 76, we find

alsA = -
t7T

Substituting in equation 78, we have

R = als /, ,
1 \—- I 1 H 1 e~ar .

h7T ar

(79)

(80)

Using this value of R in equations 48, 54, 55, we obtain the exact

field of an infinitesimal electric current element of moment Is, located at

the origin (Fig. 4.15) along the z axis:

Ee = £^L ([ + !- +4^ e- sin 9,
4xr a2r2

TT als /
i . 1 \ . .

H* --

I 1 - -
J e~

ar sin 0,
47rr ar

(81)

£ r
= 4^fl+-LWcos

2tt2 ar



120 SPHERICAL WAVES 4.14

In nondissipative media, these equations become

2Xr \ 4ir2r2
J 2wr

)

p
X

H
*
=

2x7"

'

l " j ~*=
'
e
~m sin e

' (mJls

i
1 ~ j -£r)

e
' ifr sin ">

This wave generated by an infinitesimal current element is the

dominant free-space wave. It is dominant in the sense that it expresses

accurately the wave generated by a small current element of any shape

at points whose distances from the element are large compared with the

largest dimension of the element. The differences in size and shape are

expressed by the higher-order waves (k = —6, — 12, • • • inequation 58).

These waves are important near the element but become imperceptible

at greater distances unless the " element " becomes large.

Any given current distribution may be subdivided into infinitesimal

current elements, and the wave generated by it may thus be considered

as due to the superposition of dominant free-space waves emerging from

the various points of the given current distribution. This is the kind of

analysis we shall find convenient in our study of radiation patterns of

antennas and antenna arrays. In some other antenna problems, how-

ever, we shall find it more convenient to surround the entire current

distribution by a spherical surface and express the wave outside this

sphere as the resultant of certain waves of a relatively simple type which

appear to originate at the center of the sphere. Only one of these waves

is of the type that can be generated by an infinitesimal current element.

The other waves correspond to the solutions of Maxwell's equations

with k — — 6, —12, • • • in equation 58. The lines of force describing

some of these waves will be shown in Section 4.17.

Equations 82 were first derived by Hertz.* They are the most

important equations in the theory and practice of antennas.

4.14 The distant field of an electric current element in free space

The intrinsic impedance of free space is very nearly 377 or 1207T ohms.

Substituting this value for 77 in equations 82 and assuming r/X ^> 1/27T,

* Collected Works, Vol. II, Third Edition, Johann Ambrosius Barth, Leipzig,

1914, p. 147.
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we have

Ee = j^^ e-«" sin 0, H*=3^ *~** sin 6
>

(83)
„ 60/s .„ .

i? r = —5— e-^ r cos e.

The ratio of the amplitudes of the radial and transverse electric

intensities is

\E e
\

irr
cot 0. (84)

Thus, at great distances the field is substantially transverse, except very-

near the axis of the current element where cot is large. At a small

distance p = r sin from the axis of the element, we have

60/s Tp . R „ 60/s
p— ipr Tp _

r^ X r^ = i ^2^ ^ «-'". ^' = "^ «-"*• (85)

Hence, 2?e is smaller than i?r only when wp < X.

4.15 Comparison between free-space waves and principal waves

on diverging wires

The simplest example of an oscillating electric doublet is a very small

(compared with X) a-c generator, whose terminals are floating. Under

the influence of the internal emf F», a small charge will fluctuate back

and forth between the terminals, depending on the capacitance between

them. In the immediate vicinity of the generator the field voltage

between the terminals will be equal and opposite to the internal emf.

As seen from equations 82, this field diminishes very rapidly as the dis-

tance from the generator increases, until the distance becomes com-

parable to X. At greater distances the field varies more slowly—
inversely as the distance — but it has already become very weak.

On the other hand, if we connect a pair of diverging wires to the

terminals of the generator, the field varies inversely as the distance even

for small distances — as in the case given by equations 32. The loss in

the intensity of the field within the first wavelength is not as great as in

the preceding case. Thus, the wires help to increase the distant field

for a given voltage developed by the generator.

4.16 Lines of power flow

Energy flows normally to E and H (Section 2.5). Hence, in any TEM
wave the flow of energy is in the direction of wave propagation. In
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particular, in a spherical TEM wave the flow is radial. From equations

32 and 2-37, we obtain the average power flowing per unit area in a

progressive TEM wave between coaxial cones,

rjVI* -nil*W = iEeH,* =
g7r2r2Z sin2 £

=
SttV sin2

' (86)

Hence, the power flowing between a conical surface 6 = 6m and the

equatorial plane 6 = ir/2 is

Jr*2ir fir/2

I Wr2 sin 6 dd d<p
J 9m

nil* r*' 2 dd nil*
= ^T- / ~^T = ^IT- lo§ cot hdm . (87)

4tt Jem sin0 4x & v

If the surface of the upper conical conductor corresponds to 6 = \p, the

power flow between the conductor and the equatorial plane is

Therefore,

P(+) =^^ log cot i^. (88)

P(dm ) = P tf)i
°g C0t'\

6

]

f • (89)
log cot #

Using this equation, we can subdivide the space between the conductor

and the equatorial plane into regions of equal power flow. In Fig. 4.16

we have five such regions for which

P(M - *P(#), P(02 )
- P(0t ) = iPM, etc. (90)

The power flow tends to be concentrated near the conductor.

In the case of a free-space wave generated by an electric current

element, the instantaneous power flow is not radial except at great dis-

tances; there is some flow of power along meridians, normally to Er

and H,p. However, from equations 82 we find that these field com-

ponents are in quadrature ; hence, on the average there is no flow of power

along meridians. Thus, the lines of average power flow are radial ; but

this time the power flow is concentrated near the equatorial plane of

the current element (Fig. 4.17). To obtain this result we calculate the

complex radial power flow per unit area from equations 82,

* = i2?8ff/=-^^(l-j-g^W0; (91)
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and then the average power flow

The power flow within the cone 6 = m[is

I r2W sin 6 dd dip

o Jo

TVH*S2

123

(92)

(93)

6X2 (1 — f COS 6m + 2 COS3 m )-

Fig. 4.16 The flow of power in a

TEM wave between a conducting plane

and an infinitely long conical conductor

perpendicular to the plane is radial.

If the cone is thin, the greater part of

the flow is near the cone.

Fig. 4.17 The flow of power from a

current element perpendicular to a con-

ducting plane is radial. The greater

part of the flow is near the plane.

The power flow in the entire upper hemisphere is

Hence,

6X2

P(em ) = P(|ir)(i - I cos em + § cos3 em ).

(94)

(95)

Assigning to the ratio P{6m)/P{j/2) the successive values }/&, %, %,
and %, and evaluating the corresponding angles, we obtain Fig. 4.17.

If the conical conductors are of finite length, the lines of average

power flow are more complicated. From inspection of power flow

diagrams and of field equations, it is evident that the TEM wave be-

tween the cones does not match the wave from a current element. The
problem of calculating the field in this case is difficult and will not be

considered here. As might be expected, the calculations show that the

lines of power flow, beginning at the apex where the source of power is

assumed to be located, follow at first the radial pattern for a pair of

infinitely long cones; then they veer away from the biconical antenna
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and form another radial pattern. If the length of each arm of the an-

tenna does not greatly exceed a quarter wavelength, the final pattern

resembles closely the pattern in Fig. 4.17 for a current element. The
transition regions are shown in Figs. 4.18 and 4.19 for two antennas

whose arms are a quarter wavelength long. In the first case, the ratio

Fig. 4.18 Lines of average power flow from a half-wave antenna in free space or a

quarter-wave antenna perpendicular to a conducting plane. The solid lines are for

the case in which l/a = X/4a = 74; the dotted lines are for a = 0.

of the length I of one antenna arm to the maximum radius a is 74 ; in

the second case, l/a = 11,000. Thus, as the antenna becomes thinner,

the lines of power flow tend to hug the antenna to a greater extent before

veering off. In each figure the dotted lines represent the power flow

lines for an infinitely thin antenna. They appear to emerge from the

antenna rather than from the source of power at the apex. Actually

the lines emerge from the source ; but they are all concentrated within a

cylinder of infinitesimal radius surrounding the infinitely thin antenna

until they are ready to break away, and for this reason they are indis-

tinguishable from the vertical axis. It should also be noted that, in the
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case of an infinitely thin antenna supporting a finite current, the stored

energy is infinite and is located in an infinitely thin layer surrounding

the antenna. From this layer the energy is sprayed at right angles to

the antenna. However, it would take an infinite time to " reach " the

steady state.

Fig. 4.19 Lines of average power flow from a half-wave antenna in free space or a

quarter-wave antenna perpendicular to a conducting plane. The solid lines are for

the case in which l/a = X/4a = 11,000; the dotted lines are for a = 0.

For any practical antenna, no matter how thin, the build-up time

is only a few periods; the lines of power flow differ considerably from

the limiting case in the immediate vicinity of the antenna, but not very

much at greater distances.

An imperfectly conducting antenna absorbs power and dissipates it

in heat. Some power flow lines, the ones very close to the antenna, will

terminate on the antenna and will thus represent the power flow into

the antenna. On the scale used in Figs. 4.18 and 4.19 it is not feasible

to show these lines; they are too close to the antenna.
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4.17 Electric lines of force

Electric lines of force are, by definition, lines tangential to the electric

vector. Hence, an element of length ds along a line of force coincides

in direction with vector E (Fig. 4.20), and the components of ds along

E
y

^/^
'—/a \ 7

B
/

/
/

/
/

/

/ Vs^ /

"-e^

Fig. 4.20 Elementary differentials, dr, r d0, along a tangent to an electric line of

force are proportional to the components, Er , E$, of the electric intensity.

the coordinate lines must be proportional to the components of E. In

spherical coordinates, we have

dr r dd r sin 6 dip

Er Ei E t

(96)

For circularly symmetric fields, in which electric lines lie in axial planes,

equation 96 becomes

dr r dd

E r E{
(97)

For a static doublet E r and Ee are given by equations 67, and the

lines of force are given by

dr 2 cos 6 dd

sin 6
(98)

(99)

Integrating, we find

log r = 2 log sin + C,

where C is a constant of integration. For a point in the equatorial

plane, 6 = ir/2, and the corresponding value ro of r may be found from

logr = C.
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This value may be used as a new constant of integration. Substituting

in equation 99 and taking the antilogarithms, we have

ro
= sin2 sin 6 —

(i)
M

(100)

Since sin is never greater than unity, r is never greater than ro,

and the lines of force have the shape shown in Fig. 4.21. All lines of

force start from the positive charge and return to the negative ; the lines

spread throughout the entire space. The electric lines are often so

drawn that equal displacements are enclosed by successive pairs; but

in some cases this is not practicable.

0.4 r

-1.0

-0.4 L

Fig. 4.21 Electric lines of force surrounding a static infinitesimal dipole, situated

on the vertical axis at the origin.

For an a-c electric doublet, equation 97 retains its form; but the

denominators will be functions of time, and the equation for the lines

of force is

dr

Tr
rdd

Ee
(101)

where Er and Ee represent the field at some particular instant. From
equations 54 and 55, we find that, for nondissipative media,

E r = re
kRQ exp(jcot)

joozr2

P? 1 dti d\J . rir\<n\E e = -re j- -^ e>» 1
. (102)

juer dr dd

In cases of particular interest to us, O and k are real while R is complex.

Letting

R = R r + jRi, (103)
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we have, from equations 102,

~ kQE r — 2 (^ r Sm W ^ ~^~ ^» C0S W^)»
wer

(104)

f l de
tie = -=r-

uzr ad

(dR r . dR { \
I
—
j
— sin o)t -\- —=— cos ut

J

Substituting in equation 101 and integrating, we obtain the equation

for the electric lines of force ; thus,

R r sin at -f- Ri cos at = C exp — k I , • (105)

For an electric current element, G = cos and k = — 2; the

R function is given by equation 80. Assuming that the medium is non-

dissipative, we let a =
jfi. The constant factor does not affect the

shape of the lines of force and may be omitted ; thus,

/ sin/3r\ . / . cos /3r \
R = (^cos /3r —j - j (^sm fir + —^— 1 » (106)

save for a constant factor.

Substituting in equation 105 and introducing the radial coordinate

ro of a point in the equatorial plane in place of C, we find

/ sin /3r \ . , / .

'

. cos (3r \
I cos jSro ) sm ut— I sm /3roH J cos cot

\ Pr J \ /3r /
sin2 e = (107)

(

_ sin /3r \ . , / • Q ,
cos (3r \

cos Br ) sm ut — l sin 3r-\ 1 cos cot

$r \ (3r J

Assigning different values to t, we are able to plot electric lines in the

various phases of oscillation. Figure 4.22 shows these lines at the

instant when the doublet is completely discharged, so that all electric

lines are free (only the upper right quadrant is shown). A quarter

period later the lines assume the shape shown in Fig. 4.23 ; a new set of

lines emerges from the doublet and pushes the free lines outward.

Figure 4.24 shows what happens shortly before the doublet becomes

neutral; it shows one line on the verge of splitting into two: a large

oval which will become free and a small oval which will contract. The

free line will carry off some energy; energy associated with the con-

tracting line will return to the doublet.

In the case of two oppositely directed current elements, electric

lines will look, at the instant of complete discharge, as shown in Fig. 4.25.

For three properly proportioned current elements, the lines will look as

shown in Fig. 4.26.



Fig. 4.22 Electric lines of force surround-

ing an electric current element or doublet

at the instant of complete discharge.

Fig. 4.23 Electric lines of

quarter period later.

Fig. 4.24 Electric lines of force just before the complete discharge.

129
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In the case of two coaxial cones, there is one mode of propagation

which has no counterpart in free space : the TEM mode in which electric

lines follow meridians from one cone to the other. In addition to this

principal mode, there are other modes corresponding to free-space

10 11

Fig. 4.25 Electric lines of force in the

wave produced by a tripole (+ 1, — 2,

+ 1) at the instant of complete dis-

charge.

Fig. 4.26 Electric lines of force in the

wave produced by a quadrupole (+ 1,

— 3, +3, —1) at the instant of com-

plete discharge.

Fig. 4.27 A sketch illustrating the modification of the field shown in Fig. 4.22 caused

by a conducting cone.

modes as modified by the presence of the conducting cones. The elec-

tric lines must be normal to the conductors and will terminate on their

charged surface. Figure 4.27 illustrates the mode which corresponds

to that generated by an electric current element. These higher modes

become very important in advanced antenna theory.
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There are many mathematical forms in which we can express elec-

tromagnetic fields ; the most convenient form depends on the particular

type of problem. If the current distribution is given, we can subdivide

it into current elements and obtain the total field by integrating the field

of a typical element. In actual practice, however, the current distribu-

tion is never given ; it is the voltage developed by the generator that is

usually given. This complicates the problem tremendously, except in

certain cases in which approximate solutions are relatively simple. Even

in those cases, there are some questions that can be reliably answered

only by advanced analysis.

4.18 Theory of images

In the equatorial plane of an electric current element the electric inten-

sity normal to the element vanishes (see equations 82) ; hence, a per-

fectly conducting sheet in this plane will not disturb the field. The
current element will be cut in half ; the voltage impressed on the element

will be cut in half. If the conducting sheet is infinite, it will separate

the space into two electrically independent regions. To prove this we
recall that the Poynting vector is normal to the electric vector and,

therefore, tangential to the surface of a perfect conductor. Hence, no

energy can ever pass through a perfectly conducting surface. Thus, in

the above case we can remove the lower half of the current element

without affecting the field in the upper half and obtain the field of a

current element just above a perfectly conducting plane.

More generally, in order to calculate the electromagnetic field due to

a given system of sources in the presence of a perfectly conducting plane,

we superimpose, on the original free-space field of the given system of

sources, another field due to a proper " image system." From symmetry

considerations we can always choose the image sources in such a way that

the electric intensity tangential to the plane vanishes; then we can

repeat the preceding argument and obtain the required field. For

example, the components of E perpendicular to and parallel to a current

element are, respectively,

E p
= E r sin + Ee cos 0,

(108)
Ez = E r cos d — Ee sin 0.

From these equations and from equations 82 we find that at two points,

(r, 0) and (r, -k — 0), on the same perpendicular to the equatorial plane

and at equal distances above and below the plane, we have

E P (r, 0) = -E p (r, tt - 0), Ez (r, 0) = Ez (r, t - 0). (109)

Therefore, the image of a vertical current element (Fig. 4.28) has the

same moment as the given element, but the image of the horizontal

element is 180° out of phase.
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These two rules are sufficient for all cases, since any element may be

resolved into vertical and horizontal components. In all cases the sum
of the field due to the source and that due to the image represents the

field of the source above the perfectly conducting plane ; below it, the

field vanishes identically (assuming of course that there are no real

sources below the plane).

is
IS Iss/

isTp*
is ISs\

Fig. 4.28 Current elements above a

conducting plane and their images.

)A O

Fig. 4.29 A vertical antenna

above perfect ground and its

image.

From the preceding considerations, we conclude that the field of a

symmetrically fed antenna will not be disturbed if we introduce a per-

fectly conducting plane halfway between the terminals and perpendicular

to the antenna (Fig. 4.29). Hence, the voltage between the center

and the upper terminal equals one half of the voltage between A and B.

From this we conclude that the impedance of the vertical antenna above a

perfect ground equals one half of the impedance of the corresponding antenna

in free space formedby the actual antenna and its image.

PROBLEMS
4.2-1 Express Maxwell's equations in Cartesian coordinates.

dEz dEy .

Am. — :— = —joo/jlHx,

= —jcOfxHy,

dy dz

6EX dEz

dz dx

dEy dEx

dx dy
= —junHz,

dHz dHy

dy dz

dHx dHt

dz dx

dHy dHx

dx dy

= (g + jue)Ex,

= (g + jo>e)Ev ,

= (9 + jo>e)Ez .
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4.2-2 Express Maxwell's equations in cylindrical coordinates (p, <p, z).

.
dEz dE„ dHz dH*

.

Arts. — P—Z— = -J^ptip, — p—— = {g +jux)pEp,
dip dz dtp dz

— T— = -JwHv, —- —— = (g + Jtoe)^,
dz dp dz op

d dE D d 3HP—
- (pE<>) -^ = -jafxpHz, —

(PHV )
— = (g + j^)PEz .

dp dip dp dip

4.2-3 From the equations in Problem 4.2-1, show that, if g, e, p. are independent

of x, y, z, then,

dEx dEy dEz dHx dHy dHz

h
—- + - = 0, + v- + - = 0.

dx dy dz dx dy dz

4.2-4 Maxwell's equations for fields varying arbitrarily with time are obtained

if we replace jw by d/dt. Hence, show that, in a transient state,

dpHx dp.Hy dpHz— + —" h
—— = f(x, y, 2),

dx dy dz

where f(x, y, z) is an arbitrary function of integration. This function is proportional

to the density of magnetic charge and must vanish for actual magnetic fields; but

this conclusion cannot be drawn from Maxwell's equations.

4.2-5 Show that, in a transient state,

dEx dEy dEz -ca /e)t—
r-
~

r- -r— = f(x, y, z)e ^'e)t
,

dx ay dz

provided g and e are independent of x, y, z. Note that, if g = 0, the right side is

independent of time.

4.2-6 Using Maxwell's equations and assuming that g, e, p. are constants,

obtain

1 d
, TT . I dHv dHz- —
(PHP ) + -*- +—~ = /i(p, ft z\

p dp p dip dz

\ d 1 dEM dEz , , XJ-— (pE,) + -—*• +—- = /2 (p, ft z)e-<*t*»
p dp p dtp dz

Note that /1 and f% are independent of time and must vanish for simple harmonic

fields.

4.2-7 Using Maxwell's equations and assuming that g, e, p. are constants,

obtain

1 d 1 d 1 dTJ—— (r*Hr ) +——— (sin e He) +———f- = /i(r, 0, *),
r
L dr r sin 30 r sin d^»

r
l br r sin 30 rsmd dtp

(See the comment in the preceding problem.)
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4.4-1 Show that the conclusion in Section 4.4 is based on a tacit assumption

that g + jcoe does not vanish and that, consequently, it does not apply to static

fields in perfect dielectrics.

4.4-2 What conclusions may be drawn from equations 6, 7, 8 when g = co = 0?

Arts. H<p = sin 0, Er
=

> En =
>

r dr r dd

where A is a constant and U is a differentiable function of r and 0.

4.4-3 Using the answers to Problems 4.2-7 and 4.4-2, we obtain the following

equation for U:

1 d ( a dU\ 1 d ( . dU
-T-. ( sin = Mr. 0).
r
2 sin0 dd \ dd J

Assume that/2(r, 0) = 0, and find that particular solution which is independent of 0.

What is the corresponding electric intensity?

A —A
Ans. U = +5; Er = —r-

,
Ee = 0.

r r
z

4.5-1 Obtain Er for large values of r.

1
Ans. Er

=
(fir + jwe)r s

dA\ / d£ \ 1
A cot H J

e
_<rr + I B cot H J

e
ffr

4.5-2 From equations 5, obtain approximate equations on the assumption

that r is very large.

4.9-1 Explain why a request for a 300-ohm coaxial line would be considered

unreasonable whereas a request for a 300-ohm parallel pair would be reasonable.

4.11-1 Consider a cage formed by four wires of diameter d equispaced on a

cylinder of diameter 20d. What is the effective diameter of the cage? Ans. 13.4d.

4.12-1 If fir
= 0, the expression on the right of equation 51 is — (2-7rr/X)

2
.

This expression approaches zero either when r approaches zero or when X increases

indefinitely. Hence, the R function governing the variation of any field in radial

directions is approximately independent of the frequency at distances for which

(2-nr/X)
2
<C k. Find these approximate solutions.

Ans. R = A/ 1 + -Br"2, where v\, vi are the roots of v
2 — v -f k = 0.

4.12-2 In accordance with equation 54, the R function is proportional to r
2Er -

The electrostatic field of a point charge in free space is proportional to 1/r 2
; that of

a doublet varies as 1/r 3
; and, in general, electric charges of opposite signs may be so

distributed that the field will vary as l/rm , where m is an integer greater than unity.

The corresponding R function will then be r~n , where n is a positive integer, including

zero. Show that these considerations restrict the values of k to those given by

k = —n(n + 1), n = 0, 1, 2, •••, and that the general approximate solution for R
is Af~n + Brn+l . The above is another way of deriving the condition 58.

4.13-1 Let the origin of time be so chosen that the current in a given element

is I = Ia exp(jcot). Show that the amplitudes and phases of the various field

intensities produced by the element are

,„ s
Iliads/ 1 1 Y* .

am(Bj) = -—
I 1 7tt H TT I

sin 0,

2Xr \ /3
2
r
2

/3
4
r
4

/
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ph(/?j) = cot — fir + tan" i"-i)

am^) =
Ia ds

2Xr
1 +

1 \H

/3
2
r
2

Tj/a (28 / 1 \^
am(E r ) = -—-r I 1 + —rj

J
cos 0,

2wr" \ pir* /

sin 0, ph(i?^) = o>£ — /3r + tan !
fir,

1

ph(2?r ) = w^ - fir - tan
-1

0r

where the inverse tangents have values between — t/2 and tt/2.

4.13-2 Assuming that the instantaneous value of the current is I = Ia cos cot,

show that

E r =

Ee =

607a ds

r

60tt

.2

sin fir \ ( cos fir

cos fir — —-—
J
cos cot + (

—
h sin fir J

sin a>£ | cos 6,

fir fir

•

J
sin cot

IadsV/ .

I
S1

'

(-

cos /3r sin /3r

sin /3r + —;
„ J

cos coi +
>2*,2

cos /3r +

j8r fi
L
r

sin /3r cos /3r

fir

+ 2^20'r

A • 1
I sin cot sin 6,

cos /3r . \ / sin fir

-f- sin /3r
J
cos cot + I — cos fir 1 sin cot

fir J \ fir

4.13-3 Show that, if r is substantially greater than X/27T, then,

Ee

sin 0.

607r/a ds
.

£0 ^ ; sm (j8r - cot) sin 0,

#r

Xr

ffllads

HtB =
*

1207T '

cos (/3r — coO cos 0.

4.13-4 Noting that /3 = w/y, where y = 1/Vms, and that Jco = d/dt, rewrite

equations 82 for the general case in which I(t) is an arbitrary function of time.

There is no loss in generality if we assume that I(t) = 0, t < 0. Let

I I(t) dt = q(t).

sq[t - (r/y)] tjs /[< - (r/
Ans. #e =

j
; ; \--[ iirer

s I[t - (r/v)] 8

47rr
2

4-n-r

v)] nsl'jt - (r/v)} ~]
.

1 sin d,

4-n-yr

I'[t - (r,v)]l

4:wvr
sin 6,

. s q[t - (r/v)] r,s I[t - (r/v)]
Er = I

: ^ + :—^
I cos 6.

]2irer
3 2wr2

4.13-5 Show that, if q(t) is differentiable any number of times when t > 0,
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the electric intensity along the axis 6 = for t > r/v may be expressed as follows:

2irsr
A

4irr Sir

4.13-6 Consider a current element and let q (t) - a sin (2irt/T) when < t < T.

At other times q(t) = 0. Calculate the field.

Ans. If t > T, the field exists only between two concentric spheres whose
radii are vt and v (t — T). The field intensities are

as ' 1 / t r\ 27H7 / £ r\
Eg = -— —r- sin 2tt -—- — )+ —-^ cos 2tt — )

-
4xr |_er

2 \T \ J Tr \T X/

ft r\]
.

I
-^ sin 0,

47T
2
7J .——~— sin 2ir

T2
v

as

v
4xr

r27r / t r\ 4tt
2

. / t r\l—— cos 2x I
—

J
— —-r— sin 2x I

—

—

) sin 0,

L Tr \T X / T2
« \T X /J

sin 2x (
—

J +— cos 2tt (
—- - —

)

er \T X/T \ T X/J
#r = '

? 1

4.13-7 Show that the energy passing through the sphere of radius r, centered

at the current element, in the time interval (r/v, t) is

«-±'f=r[«(-7)T+*'(-7)'(-f) +

*['B)j+*r'H-
-^r

s2{i '"W' 2

+^ 9(0) /(0) +t [/(0)12
}

'

Note that if q(t — r/v) = g(0), /(< — r/v) = 7(0), then the energy which has passed

through the sphere is

ft-rlv .

S^ITT** /
[I{t)]*dt;

07rtr Jo

that is, this amount of energy is lost to the source. The rate of loss of energy by

radiation is, therefore,

Prad =— = ^m !

4.13-8 In a nondissipative medium, Maxwell's equations remain unaltered if

j is replaced by —j and 2£ by —E. Use this invariance to obtain the solution for a

spherical wave similar to that given by equations 82 but converging to the origin.

jr}A ( X 2
. X \ .- .
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*--£:(*+*£;)*'*••

E'--^V + ii^) e*'™ e -

4.13-9 Let a current element of moment 7s be surrounded by a perfectly con-

ducting sphere centered at the element. Assume that the radius a of the sphere is

large compared with X. Calculate the field.

jrjls \ ( 1 \ . cos Bia — r) .

Ans. E$ = ——;——
| 2 J

sin B(a — r) sin 0,

]

jvIs I" sin/3(a - r)

*r - -
2 .

cos 0(a - r) +
27rr^ sin 8a

|_
/3r

sin 8 (a — r)

, cos /3(a — r) -j sin 0,

2Xr sin /3a /Sr

cos 0.

4.13-10 Treating 7s in equations 82 as an arbitrary constant of integration,

show that, when 7s = —A, where A is the constant in the answer to Problem 4.13-8,

the sum of the fields is finite at r = and is

„ vA |cos Br ( 1 \ .

B
> = —^[-jr* {' -jv) gm *]"*'•

. A /sin Br \ .

H<p = j — I cos Br I sin V,
\r \ Br J

t]A ( sin Br \Er = r- 1 cos Br ] cos 6.

wr 2 \ Br )

Note that, as r approaches zero, Hv also approaches zero. Consequently, there is

no current element at r = 0. This type of field expresses natural oscillations inside a

perfectly conducting sphere of radius a, the frequency of which is found from

sin /3a / 1 \ , -~
a— + I

l ~ ~^rr cos &a = °' ^a
= «(Me)^o,

Ba \ B la l

J

so that a; = (Ba) (fie)~^/a. The corresponding wavelength is X = 2-Ka/Ba.

4.13-11 Consider two large concentric spheres, one of radius a and the other

of radius a — \k. Assume that the first sphere is a perfect conductor, and the

second a very thin resistive sheet with its surface resistance (ratio of E to the linear

current density) equal to R. Find the steady-state field of the current element of

moment 7s situated at the center of the spheres. Solve first for the case R = 77.

Ans. If R = 7], the field inside the inner sphere is given by equations 82.

Between the resistive and perfectly conducting spheres we have

rE$ = jrjB sin B(a — r) sin 6, rH9 = B cos B(a — r) sin 0,

where B = (jIs/2\) e~^a
. This is the case of perfect absorption of the wave by
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the resistive sheet. The power absorbed per unit area is ^-qH^H^*, where Hv is the

magnetic intensity just inside the resistive sheet and is equal to the linear current

density Je in the sheet.

If R 7^ tj, then the field between the spheres is given by the above expression

where

B =— [sin /3a-— cos 0a
J

Inside the resistive sphere the field is given by the sum of equations 82 and the field

in Problem 4.13-10 with

A = j\e -m h _ _Jl\ B .

4.14-1 Consider a current filament along the z axis extending from z = — X/4

to z = X/4, and assume that the current at various points is I(z ) = Iq cos /3z. Find

the distant field in the equatorial plane.

607 . .„

Ans. Ee = -je'*'.
r

4.14-2 Expand in power series expressions 82 for the field of the current

element.

his t i

2Xr V /3V
Ans. Ee =^ (

- ~rj + | - fj/3r - f/3
2
r
2 + TV/3

3
r
3 + • • •

) sin 9,

jls
(-~- - \tfr - i/?V + |j/3

3
r
3 + 3V3V4 + • •

j sin 6,

Er = ~~\-
[
~ h?r -

J/3
2
r
2 + |j/3

3
r
3 + -^/3

4
r
4 + ) cos 9.

4.14-3 Calculate the first two terms of Ez and Ep in phase with /.

EJ = - -5y- + ^-j- /?V2 - -£_ 2
r
2 cos 20,

3X 2 10X2 30X^

#/ = + ~r p
2
r
2
sin 29.

TT-qls

"30X1

Note that the field of the element opposes the flow of current; hence, it presents a

resistance to the driving voltage.
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5.1 Fundamental formula

One of the major problems in antenna design is the calculation of the

distant or " radiation " field in terms of an assumed current distribu-

tion. In the solution of this problem equations 4-83, which give the

distant field of an electric current flowing through an infinitesimal ele-

ment, are fundamental. At great distances, the radial electric intensity

becomes vanishingly small compared with the transverse intensity and

may be neglected. If the origin of the spherical coordinate system is

chosen at the element and the equatorial plane is taken perpendicularly

to the element (Fig. 4.15), then,
,

E e = ( ^ sin 6) je-'f", Hv = I— sin d\ je~^, (1)

where / is the current and dz is the length of the element.

In the preceding chapter we obtained this formula from the funda-

mental laws of electromagnetism ; but it would not be too difficult to

establish it directly by experiment. The analysis in this and the

following chapters could then be carried out without any reference to

Maxwell's equations. In fact, radiation patterns and the relative

directivity gain of one current distribution over another may be cal-

culated from a simpler formula,

,_. . sin 6 .„ ,_ NEe = A —— e->e r
, (2)

where A is a constant of proportionality which does not appear in the

final results.

We can even rationalize this formula as follows.* At great dis-

tances from the source, the curvature of the wavefront is small, and the

wave is substantially plane; hence, the phase retardation along the

* See also Sections 1.7 and 1.12.
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radius between two points r = r\ and r = r is proportional to the

distance (r — n), and the coefficient of proportionality (3 is the same as

for plane waves : that is, coV/xe. Thus, we have the phase retardation

factor exp(—j(3r) in the equation; the constant factor exp(—j{Sr{) may
be absorbed in the constant of proportionality A, which will thus

include a possible effect of the curvature of the wavefront on the phase

retardation of the wave in the vicinity of the source. Similarly, the

power flow per unit area must be given by the same formula as that for

a wave between two parallel conducting strips ; that is, the power flow

per unit area must be proportional to the square of the amplitude of E .

The total radiated power can then be obtained by integration over a

sphere of large radius. By the principle of conservation of energy, this

total power is independent of the radius r; hence, the power per unit

area of the sphere is inversely proportional to the square of the radius,

and, therefore, the amplitude of Ee is inversely proportional to the radius.

Finally, the meridian component Ee of the field produced by the equal

and opposite charges at the ends of the current element varies as sin 6.

This may be shown by adding vectorially the radial electric intensity

pointing one way from the positive charge and an equal radial intensity

pointing the opposite way from the negative charge. Thus we have

equation 2 except for the constant A.

The constant A may also be partially determined from simple

considerations. It should be proportional to the current I and to the

length dz of the element ; then Ee will be proportional to I dz/r. The
physical dimensions of Ee are those of a voltage per unit length whereas

the physical dimensions of / dz/r are those of electric current. To make
the equation dimensionally correct, A must contain a physical quantity

with the dimensions of an impedance in the numerator and a length in

the denominator. These quantities must be characteristic of the

medium and the wave. The intrinsic impedance, 77 = Vm/s, of the

medium and the wavelength X are two such quantities. Thus, equa-

tion 2 may be expanded into

Ee = A f

v ^-smde-^. (2')
Xr

In free space, rj = 1207r. Comparing equations 2' and 1, we find that

A ' is a dimensionless factor \j. This factor cannot be found from simple

considerations such as those above. The factor j indicates that the

total phase delay to a distant point corresponds not to the actual dis-

tance r but to the distance r — JX.

However, this simple approach to the problem of radiation is not

adequate for solving all the pertinent problems. In order to determine
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the current distribution in a given antenna, or to calculate the input

impedance, we have to use Maxwell's equations. Without them we
can solve only those problems that are common to all waves, regardless

of their particular physical characteristics.

5.2 Radiation intensity and radiated power

The radiation intensity <£ of a spherical wave in a given direction is the

power radiated per unit solid angle. The solid angle is the region en-

closed by a conical surface which is generated by a radius emerging from

a fixed point and sliding round a fixed closed curve; its measure 9, is

the ratio S/r2 , where S is the area intercepted by the solid angle on a

sphere of radius r centered at the apex of the angle. The total radiated

power P may thus be expressed in the following form

:

-// <t> dQ. (3)

Since (r dd) (r sin d<p) = r2 sin 6 dd dip is the expression in spherical

coordinates for the elementary area intercepted by dfi (see Fig. 4.4),

we have

dQ, = sin Odd d<p; (4)

hence,

p = f f $(d
, *0 sin e dB a\p. (5)

Jo Jo

In section 2.5 (equation 2-37), the average power flowing per unit

area was expressed in the following form

:

W = ire(# X#*). (6)

Since the distant field of a current element is perpendicular to the

radius, the distant field of any combination of current elements in a

given finite region is also perpendicular to the radius. Hence, the flow

of power is strictly radial and is given by

W = iie(E9Hp
* - E^H e *). (7)

For a wave traveling outward in free space,

Ee = 1207r#„, E* = -120irH e ; (8)

and equation 7 becomes

W = e>07r(H eHe* + #,#/) = ^'* + ^**
(9)

24U7T

Since the area intercepted by the unit solid angle is r2 , the radiation
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intensity is

DIRECTIVE RADIATION

$ = QQTrr2 (H eHe* + H,H V *)
= r2 (E 6Ee* + E^E9 *)

240tt

5.3

(10)

5.3 The radiation intensity of a current element

From equations 1 and 10 we obtain the radiation intensity of a current

element parallel to the z axis,

-\- M¥j
The distance r does not occur in this equation, and the actual position

of the element is irrelevant ; but its orientation is important. To make
the preceding equation general, we should write

$ = 15
I ds

IT sin2 a, (12)

cos e
p(e,y>)

sin e cosy

Fig. 5.1 The cosine of the angle

between any two directions may be

obtained by projecting a unit vector

parallel to one of these directions on the

other.

where ds is the length of the ele-

ment and a is the angle between

the axis of the element and a typi-

cal direction (6, <p) in space.

To express a in terms of spher-

ical coordinates we take a unit vec-

tor in the direction OP (Fig. 5.1).

Its projections on the coordinate

axes are the cosines of the angles

between OP and the axes. The
projection of OP on the x axis

equals the projection of its projec-

tion on the xy plane. Since the pro-

jection of OP on the xy plane is OQ
= sin 6 and the projection of OQ
on the x axis is OQ cos <p, we have

the cosine of the angle between

the x axis and a typical direction

(0, <p) in space,

cos a = sin 6 cos tp. (13)

From this we obtain sin a in equation 12 for an element parallel to the

x axis. Similarly, for an element parallel to the y axis,

cos a = sin 6 sin <p. (14)

The cosine of the angle between any two directions (0i, <p\) and

{62, ip2) is obtained by resolving a unit vector in one of these directions
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along the coordinate axes and projecting the components on the remain-

ing direction ; thus, in general,

cos a = cos 0i cos 02 + sin 6\ sin 02 cos(</?i — <&). (15)

5.4 The power radiated by a current element

Substituting from equation 11 in equation 5, we obtain the power

radiated by a current element,

p = 15tt (lAY f
2
* f *

sin3 Oddd<p = 40tt2 (^Y • (16)

If du is the moment of the current element per wavelength,

Idz

then,

du =

Po = 40tt2 du2
.

(17)

(18)

6 = 0*
<p = 90'

= 180 c H<p = 0°, 360'

Fig. 5.2 Radiation patterns of a current element in free space: (a) the axial or

"vertical" pattern; (6) the equatorial or "horizontal" pattern.

5.5 Radiation patterns

Radiation patterns are graphical representations of the radiation intensity

or its square root. The graphs of v¥ give a better idea of the relative

importance of the radiation in those directions in which its value is

small.

" Vertical " and " horizontal " radiation patterns of an electric

current element are shown in Fig. 5.2. In any plane through the axis

of the element, vi> is proportional to sin 6, and the polar pattern is a

circle tangential to the element (Fig. 5.2a). In the equatorial plane of

the element the radiation is uniform in all directions, and the radiation

pattern is a circle concentric with the element (Fig. 5.26). Figure 5.3

shows the vertical pattern in the form of a Cartesian plot.
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5.6 Isotropic radiator

An isotropic radiator radiates equally in all directions; a uniformly

pulsating sphere emitting sound waves is an example. There are no
isotropic radiators of coherent electromagnetic waves, that is, of waves

30 60 90 120 150
ANGLE, 0, IN DEGREES

180

Fig. 5.3 The Cartesian plot of the axial radiation pattern of a current

element is half a sine wave.

possessing a well-defined phase. The least directive simple sources of

electromagnetic waves are the current element and an elementary

current loop ; their directive patterns are the same.

In spite of the nonexistence of isotropic radiators of coherent elec-

tromagnetic waves, such radiators are very useful as ideal reference

standards in the analysis of directive antennas.

5.7 Wave interference and directive radiation

A simple method of directing more radiation in some directions than in

others consists in using several radiators and distributing them over

several wavelengths. If the sources are of equal intensities, the ampli-

tudes of the waves generated by them tend to become equal as the dis-

A [*. L
*|A, A2 A3

Fig. 5.4 A linear array of equispaced isotropic radiators.

tance from the sources increases. The phases, on the other hand, will

depend on the local distances between the sources and on the direction

of travel. In some directions the waves from the various sources may
arrive in phase and thus reinforce each other ; in others they may arrive

out of phase and destroy each other. Hence, by a proper arrangement

of sources we can obtain constructive superposition of waves in some

directions and destructive interference in others.

Consider a linear array of equispaced isotropic radiators (Fig. 5.4)
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operating in phase and of equal intensity. At a great distance from the

array, the amplitudes of the waves arriving from the various sources

will be equal, but the phases will differ. The wave from A i will travel a

shorter distance than the wave

from Ao, and its phase will be

ahead of the phase of the wave

arriving from Ao by the amount

£ = # cos \p = (2tI/\) cos \j/. If

the field intensity of the wave from

Ao is represented by OPo = 1

(Fig. 5.5), the field intensity of

the wave from A\ will be rep-

resented by PoPi, that of the

wave from A2 by P1P2, etc. In

the direction perpendicular to the

array, \[/ = tt/2, all these vectors will be in phase and the field inten-

sity will be n, where n is the number of elements. In other direc-

tions the field intensity will be smaller and may even vanish. Thus,

in consequence of interference between the waves arriving from the

various points, the resultant wave is stronger in some directions than

in others.

The analytic analogue of the graphical diagram in Fig. 5.5 is

Fig. 5.5 A graphical method of obtain-

ing the field intensity of an array.

F = 1 + e# + e2; * 4- e3 * H + e(»-i>rt

^ = /3Z cos \p =
2tI

COSi/'.
(19)

If the strengths and the phases of the sources of the array relative

to Ao are given by A\ exp(j#i), A2 exp(j&2), As exp(jdz), • • • , then at a

distant point the field intensity of the array relative to that of the

reference element will be

F = 1 + Aie'«+*i> + A 2 e>'
(2 * +,?2 ) + Aae^+^-f- h

A m-ie'"«-1>*+*^. (20)

5.8 Space factor

Suppose now that the sources Ao, Ai, A2, etc., are similar and simi-

larly oriented antennas, parallel current elements or parallel half-

wave antennas, for example. If Eo is the electric intensity from the

antenna at Ao, then the electric intensity from the antenna at Ai is

i?oAi expj(£ + #1), where A\, £, and #1 have the meanings assigned in

the preceding section. Consequently, the electric intensity of the wave
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from the entire array is

E = (1 + AieM+™ + A 2e>'W+»* ) + A 3e''^+^ H h

A.-ic"—1
>«+"»-*)^o. (21)

The absolute value $ of the quantity F in parentheses is called the

space factor of the array,

S = \F\

= |1 + Aie'«+*> + A 2e'
(2€+ *» ) H h An-ie'*"-1^*^-*!. (22)

Since the radiation intensity is proportional to the square of the

amplitude of the electric intensity, we may write

$ = S2$
, (23)

where $o is the radiation intensity of the reference element of the

array. * In general, the best way to calculate S2
is to multiply F by its

conjugate F*,

S2 = FF*, S = VFF*. (24)

For example, for two elements,

£2 = (1 + Ae'«+*>)(1 + Ae-'«+*>)

= 1 + Ae'«+*> + Ae-M+v + A 2

= 1 + 2A cos(£ + *) + ^ 2
. (25)

However, various short-cuts may be devised in special cases.

5.9 End-fire couplets

An end-fire couplet is a pair of equal sources operating in quadrature a

quarter wavelength apart (Fig. 5.6a). The name " end-fire " is intended

to describe a pronounced tendency of the couplet to radiate in the

direction of the line of sources (Fig. 5.66).

Assume that the phase lag of the source at A\ with respect to the

source at Aq is 90°. In the direction AqA\ the wave from Aq has to

travel an extra quarter wavelength and will arrive at a distant point in

phase with the wave from A\\ the field intensity will thus be doubled.

In the opposite direction the wave from A i has to travel an extra quarter

wavelength and will be 180° out of phase with the wave from Aq\ thus,

the field intensity will vanish. At right angles to the axis of the couplet,

the waves from both sources will travel equal distances, the initial phase

* If this array is used as an element of an array whose space factor is Si, the

radiation intensity of the array of arrays is 3>i = Si
2$ = Si

2S 2
$q.
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relationship is preserved, and the resultant field intensity is V2 times

that from a single source.

To find the space factor from equations 19, 22, and 24, we substitute

A = Ai = 1, tfi = -y, l-fi £=ycos0;

thus,

£2 = {1 + exp[iJ7r(l - cos0)]}{1 + exp[-i/V(l - cos0)]}

= 2 + 2 costMl - cos 0)] = 4 cos2[i7r(l - cos 0)], (26)

S = 2cos[Ml - cos0)].

The polar plot of S is shown in Fig. 5.66.

A (0°)

(a) (b)

Fig. 5.6 (a) An end-fire couplet, and (6) its space factor.

From equations 12, 23, and 26 we find the radiation intensity of an

end-fire couplet of current elements perpendicular to the line joining

them. Assuming that the elements are parallel to the x axis and using

equation 13, we have

$ = 60tt (-^-Y cos2 [i7r(l - cos 0)](1 - sin2 cos2 <p). (27)

In the plane perpendicular to the current elements cos <p = and the

radiation pattern has still the shape shown in Fig. 5.66; but in other

planes the pattern is altered due to the directive properties of the current

elements. Two nulls, for instance, appear in the positive and negative x

directions.
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5.10 Broadside couplets

If two isotropic radiators operate in phase, they reinforce each other

most strongly in the plane perpendicular to the line joining them; they

form a broadside couplet. If the radiators are on the z axis (Fig. 5.7),

then,

I
S2 = II + e</»oos»|2 = 4cos2(A cos (28)

(a) (b)

Fig. 5.7 (a) A broadside couplet, and (b) its space factor, for the case I = X/2.

When I < X/2, |(tt7/X) cos0| < 7r/2; hence, S does not vanish in any

direction. When I = X/2, S vanishes in the direction of the line joining

the sources. When I > X/2, the null directions are given by

-^-cos0 = (2m 4- 1)^-,
X 2

(29)

(2m + 1)X
cos —

21
m 0, ±1, ±2,

As l/\ increases, the number of separate " radiation lobes " also increases.

5.11 Uniform linear arrays with a progressive phase delay

In a uniform linear array the amplitudes of the sources are equal. If

the phase delay is uniformly progressive, then,

W = -m#,
.

(30)

where & is the phase delay from one source to the next. Hence from

equation 22 the space factor is

£ = 11-+- g/U-O) 4- e2/(€-tf) 4. 6
3/(£-t» _j |_ e

/(n-l)(£-t»|

lexpjnte-- fl) -
- 1[ \exp[jjn(j - t»)] - exp[-fonft - fl)]j

|exp[ii« - *)] - exp[- Ji({ - 0)]||expj(£ — 0) — 1|

lsin[jn(g - #)]\

|sin[i({-*)]| '

(3D
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where £ = (31 cos \p. In the expression for <1>, the space factor S is

squared, and the vertical bars indicating the absolute value in the final

expression 31 may be omitted.

The space factor is maximum when

then,

£ = #, j8Z cos \fr
= &,

Wmai — Tv.

COS)/' =
2irl

(32)

(33)

More generally, the space factor assumes its maximum value n,

when

£ - # = 2/C7T,

cos ^ = (# + 2/ctt)

fc = 0, ±1, ±2,

2tI 2tI
+

I

(34)

If Z is sufficiently large, there may be several directions in which the fields

add in phase and £max = n; if I is sufficiently small, there may be no

i.o

a.
o
U 0.8
<

S0.6
<
a.
in

0.4
UJ

< 0.2
_i
in
ct

n =io

36 72 108 144 180 216 252 288 324 360
<f-i9- IN DEGREES

Fig. 5.8 Universal space factor for linear arrays of ten sources with equal

amplitudes.

direction in which the fields add in phase. In the latter case there still

exist directions in which S is maximum; but the maximum is smaller

than n. In intermediate cases there are one large maximum and

several smaller maxima.

Figure 5.8 shows the Cartesian plot of the space factor as a function

of the universal variable £ — & for a ten-element array. As the angle yp

(Section 5.7) varies from 0° to 180°, which is the maximum span for
\f/,

£ varies from (31 — & to (31 -{- &. If this range is within a 360° span, then

the space factor contains only one major lobe; the minor lobes diminish

as the angle made with the axis of the major lobe increases. When the

range is greater, the minor lobes will eventually become larger.
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The directions of maximum radiation are affected by the directive

pattern of the elements of the array, in some instances very profoundly.

5.12 Uniform broadside arrays

In a broadside array the elements are operated in phase and are so

oriented that they radiate maximum power in any direction perpendicu-

lar to the line of the array. For the broadside array $ = 0, and the

space factor becomes

S =

sin
n£

sin
/ md

X
cos \J/

sin
. / ttZ

sinl -r— cos y
)

(35)

Two types of broadside arrays may be constructed out of current

elements: (1) a " broadcast " array (Fig. 5.9a), and (2) a " point-to-

V

G
1

/

M \

(b)

Fig. 5.9 Broadside arrays: (a) the "broadcast" type; (b) the "point-to-point

type.

point " array (Fig. 5.96). In the first case the axes of the elements

coincide with the line of the array, \p = 6, and the radiation intensity,

-*(¥¥—
sin2 [

—— cos 6 ) sin2 6

(fees,)

(36)



5.13 UNIFORM END-FIRE ARRAYS 151

is the same in all directions at right angles to the elements. In the

second case, the axes of the elements are perpendicular to the line of the

array, and the radiation intensity is maximum only in those two direc-

tions that are perpendicular to the line of the array and to its elements.

In this case,

sin2 [
—— cos 6 )

/ I dx\ 2 V X /
<*> = 15tt I

jL
P")

: — (1
"

" sin2 S cos2 <p). (37)

'Tin2 (— cos B

The mathematical expression for <J> depends not only on the physical

configuration but also on the choice of the spherical coordinate system.

When the radiated power is calculated by integrating $, it is essential

to choose the coordinates to make the form of $ as simple as possible.

The space factor is usually the more complicated factor in 3>; for this

reason, in both arrangements of the elements (Fig. 5.9) we chose the

line of the array as the z axis.

In the " point-to-point " broadside array of current elements

(Fig. 5.96), the radiation is maximum in two directions parallel to the y

axis. By adding another broadside array parallel to the first and at a

distance of a quarter wavelength in the direction of the y axis, we can

cancel the backward radiation. Since the square of the space factor of

the array of arrays is

Si 2 = 4 cos2[|7r(l — sin sin <p)],

the radiation intensity of the double-row array is

sin2 ( —r— cos
J

2 \ a /
$ = 60tt I

-^-^- X= 607r (1*L)

sinYx
(1 - sin2 6 cos2 tp) cos2[i7r(l - sin 6 sin <p)]. (38)

5.13 Uniform end-fire arrays

In an end-fire array the phase delay from one element to the next equals

the phase delay in a plane wave traveling in the same direction, and the

maximum radiation from each element is also in this direction. Thus,

for the end-fire array, # = (31, and

S =

sin —-— (1 — cos \p)

sin -t— (1 — cos \p)

(39)
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For current elements arranged along the z axis (\f/
= 0) as in

Fig. 5.96, with the phase delay in the positive z direction, we have

<$> = 15
/ dx

sin2—— (1 — cos 0)
2 A

TV

sin^
irl

(1 - sin2 cos2 <p). (40)

(1 - cos 0)

Figure 5.10 shows the space factor of an end-fire array of eight

elements, spaced one-quarter wavelength apart.

/ / s)\ */\ v \ \L / // \ ./ \ \ \ ^^-\'
/[ J /// \^ \ v u—— \

jHOy s/\ \ip or e\ \

/ r/ SK ^~^\ \ ' \

IJ//\-—"^ \ 1 '

Fig. 5.10 The space factor of an end-fire array of eight

elements, spaced one-quarter wavelength apart.

5.14 Continuous arrays

The elements of an array may be arranged contin-

uously. In this case the amplitude and phase of

an element are continuous functions of the position

of the element, and the summation is replaced by
integration. For example, for a continuous uni-

form array of nondirective sources, situated on

the z axis from z = to z = I, with a progres-

sive linear phase delay, & = kz, we have

t+ e\

/

F 5

A _L-

k—-2*—

-

*\

Fig. 5.11 The space

factor for a contin-

uous broadside ar-

ray, two wavelengths

long.

S -\£ g/(/3 cos 6—k)z fa
e i(P cos $—k)l

J

jificosd - k)

2lsinj(ffcosfl - k)l\

1/3 cos - k\
(41)
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Figure 5.11 shows the space factor for a continuous broadside array

(k = 0), two wavelengths long.

Since the absolute maximum of (sin x)/x occurs when x = 0, we

find that, if k < /?, the major beam makes an angle with the array.

The cosine of this angle equals k/($.

5.15 Rectangular arrays

In a rectangular array the elements are arranged in a rectangular pattern

(Fig. 5.12). The array may be continuous, as in the case of a rectangu-

lar current sheet (Fig. 5.13). If all the elements are operated in phase,

y

b,

Fig. 5.12 The arrangement of ele-

ments in a rectangular array.

Fig. 5.13 A rectangular current sheet.

the array is broadside, and the maximum radiation is along the line

perpendicular to the plane of the array (assuming, of course, that the

radiation intensity of each element is also maximum in this direction).

If the broadside rectangular array is uniform, it can be considered as a

linear array of linear arrays, and its space factor is the product of the space

factors of the two arrays,

o = 0102,

Si =

rrrnrai ,— cos \f/ :

<-

St =

I . / rwb\
COSrfry

irai
sini —:— cos \f/ :

( 7T&1
, \(-^—cosiMsin

(42)

where
\f/x and \p v are the angles made by the x axis and the y axis with a

typical direction (0, <p). Since

cos yp x = sin 6 cos <p, cos \f/y = sin 6 sin <p, (43)
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the space factor of the uniform rectangular array of nondirective

sources is

. J mirai . \ . J nwbi . . . \
sirl—- sin 6 cos <p

J
sin^l —-— sin sin <p

J

S2 = • (44)

. J -wa\ . \ . 2 / irbi . . \
sir! —-— sin 6 cos <p

J
surl —-— sin sin <p 1

In terms of the dimensions of the array, (m — \)a\ = a and (n—l)b\ = b,

equation 44 becomes

sin2 -r-yz tt- sin cos <p sin2 —7:; rr- sin sin <p
I X(l —

m

-1
) X(l— n-1 )

S2 = (45)

.J"sin >f ira
' a • 2

|~ ^ a •
- -7 7TT- sin 6 cos ip smz

\
—, -r— sin 6 sin <p \

|_(ra-l)A J L(n-l)X J

The radiation intensity of a continuous uniform rectangular array

of nondirective sources may be obtained from equation 45 if we make m
and n approach infinity. When x is small, sin x ^ x, and the sines in

the denominators may be replaced by their arguments. Of course, if

the strength of each source is kept equal to unity, $ will increase in-

definitely, but, if the total strength of the array is finite and has the

value p, then the strength of each element is p/mn ; multiplying equa-

tion 45 by (p/mn) 2 and passing to the limit, we find

. J ira \ . Jicb . . \
snrl —— sin 6 cos <p

J
smz

l
— sin 6 sin <p I

S2 = p
2 (46)

I -r-~ sm 6 cos (p
J

I
— sin 6 sin <p 1

A uniform rectangular current sheet (Fig. 5.13) is a continuous array

of current elements. Since the radiation intensity of a current element

parallel to the x axis is proportional to

sin2 \J/X = 1 — cos2 yp x = 1 — sin2 d cos2 <p, (47)

the radiation intensity of the current sheet is

$ = S2 (l - sm2 dcos2
cp). (48)

To obtain the factor of proportionality p
2

, we shall evaluate 3>max from

equation 48 and equate it to its value obtained from the field equations.

Since the maximum radiation takes place in the direction of the 2 axis,

where 6 = or 71-, we have

<*W = P
2

. (49)
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On the other hand, the moment of each current element of area dx dy is

the product of the current (I/b) dy in the element and its length dx.

Since in the direction 0=0 the fields of all the elements add in phase,

the amplitude of the magnetic intensity is

i

ff'i"llww^w' (50)

By equation 10 the maximum radiation intensity of the current sheet is

$W = p
2 = 15tt (jX

; (51)

hence, the complete expression for the radiation intensity of a uniform

current sheet is

15ira2P sin2 (
—-- sin cos <p

J
sin2 ( — sin sin <p

J

$ = (1— sin2 cos2 <p)

.

X-m -t— sin 6 cos <p I I — sin 6 sin <p 1

(52)

5.16 Calculation of the radiated power

There are two equivalent methods for calculating the power radiated in

a nondissipative medium by a given current distribution: (1) the

Poynting vector method for obtaining the power carried by the wave;

(2) the radiation resistance method, or the induced emf method, or the

method of moments, for obtaining directly the work done by the impressed

forces against the forces of reaction exerted by the wave. By the radia-

tion resistance method we obtain directly the power transferred from

the sources to the wave. By the principle of conservation of energy the

two expressions for the radiated power must be equal, that is, if the

medium is nondissipative. When the medium is dissipative, then the

energy transferred to the wave is gradually dissipated in heat so that

the power carried by the wave diminishes with the distance from the

source and eventually becomes arbitrarily small; in such media, the

Poynting vector method must be replaced by the evaluation of the

dissipated power, that is, by the integration of \gEE* over the volume

occupied by the wave.

The Poynting vector method was discussed in Section 5.2; it con-

sists of the following steps: (1) the calculation of the distant field pro-

duced by the given currents
; (2) the calculation of the complex Poyn-

ting vector and its real part, given by equation 6 and representing the

average flow of power per unit area; and (3) the integration of the
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Poynting vector over a closed surface which is usually chosen to be an

infinitely large sphere. The amplitude of the distant field varies as

1/r, and for this reason it is convenient to multiply the Poynting vector

by r2 and thus obtain the power $ radiated per unit solid angle. This

radiation intensity <£ is independent of r, and the final step in the cal-

culation of the radiated power consists of evaluating the double integral

(equation 5). This was the earliest method proposed for calculating

the radiated power, and it was used successfully to obtain the radiation

from antennas with sinusoidally distributed currents.*

5.17 Asymptotic formulas for the radiated power

If the source of power is highly directive, it is easy to obtain an approxi-

mate value of P by evaluating the integral over a relatively small range

of the solid angle 12 where the integrand is particularly large. For

example, let us evaluate the power radiated by a uniform rectangular

current sheet (Fig. 5.13) carrying current I parallel to the x axis.

The radiation intensity is given by equation 52. This expression

does not change if we substitute x — 6 for 0, which is as it should be,

since the pattern must be symmetric with respect to the plane of the

current sheet. Therefore,

p = 2 CC $dti
} (53)

where the prime is to remind us that the integration is to be extended

over only one half of the unit sphere, f The greatest values of <£ occur

for small values of 6, when sin 6^6. Let us introduce the " Cartesian

coordinates " (x,y) for the area on the unit sphere in the immediate

vicinity of the origin P where 0=0; then, since 6 is the distance from

the origin (Fig. 5.14),

x = 6 cos <p, y = 6 sin <p, dtt = dx dy. (54)

Hence, after substitution from equations 52 and 54, equation 53 will

become approximately

30ira2P r e
> sin2 (7raz/A) , C •» sm2 (<irby/\)

P =
X2

p sm2 (irax/\) p sm2 (irby/\)

where the integration is extended over a square whose side 2d\ is large

enough to take most of the radiation. We have neglected x2 in the

factor (1 — x2
).

* B. van der Pol, On the wave-lengths and radiation of loaded antennae, Proc

Phys. Soc. (London), 29, June 1917, pp. 269-289.

f Recalling that the solid angle dtt is an element of area on a sphere whose

radius is unity.
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We now introduce new variables,

wax irby ,_„.
u = —— > v = —- • (56)

A A

The current sheet is highly directive only if a/A and 6/X are large ; the

new limits of integration will be large even though 6\ is small ; and the

Fig. 5.14 "Rectangular" and "polar" coordinates in a small region of a spherical

surface.

integrands diminish rapidly. Thus, we may approximate P by taking

the limits of integration infinite,

30a/2 / T- sin2 t ,A 2 120a/2 / f » sin2 t A 2 ,__

The integral may be evaluated by parts

:

/ 1 \ 9 J 00

, f °° 2 sin* cos* J±= rTJ sm<
|o
+
Jo
—

i

—

*

/*- sin2( ,. C" sini ,. * .„.=
Jo —

J

- * =
Jo -f-* =

T' (58)
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Hence,

P = 2g± P. (59)

The transformations 54 and 56 may be used in other similar

problems.

An infinite sheet of current of linear density C generates plane waves

on both sides. At the surface of the sheet H = |C, E = \i\C, and the

power radiated per unit area is \t\C2 = SOtC2
. Hence, the power

radiated by an area ab is 307rC2a6. If / is the current flowing across b,

C = I/b, and we have equation 59..

5.18 Energy and power expended in excitation of electromag-

netic waves

The impressed forces must do work to maintain a given current dis-

tribution against the reaction of the wave produced by it. Let J be

the instantaneous current density in a volume element dS ds, where dS

is the element of area perpendicular to J and ds is the element of length

in the direction of J. If E is the electric intensity of the field, the

electromotive force between the end surfaces of the element is E s ds

;

to counteract this emf we must have an impressed emf —E s ds. Under

the influence of this emf the charge J dS dt is

transferred from one end of the volume element

to the other, and the work done in the interval

(0, t) is

Its)

: s (s) ds

Fig. 5.15 An electric

current filament.

g = - r ^ cccs sjds ds. (60)

Hence, the average power is

p = - 1 re CCCEsJ* dS ds. (61)

This method of calculating the radiated power was suggested by Leon

Brillouin* and has been used extensivelyf since 1929.

For a thin filament (Fig. 5.15), E s is the same throughout dS, and

equation 61 becomes

p = -i re CE sI*ds. (62)

* Sur l'origine de la resistance de rayonnement, Radioelectricite, 3, April 1922,

pp. 147-152.

f A. A. Pistolkors, The radiation resistance of beam antennas, IRE Proc, 17,

March 1929, pp. 562-579.

R. Bechman, On the calculation of radiation resistance of antennas and antenna

combinations, IRE Proc, 19, August 1931, pp. 1471-1480.
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The same result can be obtained by integrating the Poynting vector over

the surface of 1 he filament, since the integral of the tangential H around

the filament must be equal to /.

For future convenience we shall write equation 62 as follows

:

P = re(¥), # = - ifffEsJ* dS ds = -

1

Je,I* ds, (63)

where ^ is the complex power.

In the following sections we shall illustrate equation 62 by applying

it to a current element and to a pair of current elements ; then we shall

derive another general formula for the power radiated by a given current

distribution.

5.19 Radiation drag on an electric current; the radiation re-

sistance

The field of a current element is given by equations 4-82 ; it consists of

two components : one in quadrature with the moment Is of the element

and the other in phase or 180° out of phase. The second component is

the one we need in order to determine the average reaction of the wave
on the current. Assuming that the element is thin, we may obtain this

component as the limit of re (E r ) when r approaches zero ; thus, *

re(E r ) = —%- ( cos (3r - —-^— ) I ds;
60 / n sin /3r

cos /3r = 1 - i(/3r)
2 + ArO) 4

(64)

sin (3r = (3r - i(/3r) 3 + dnrO) 5

re(# r )
= \2— I

l
5A2
~ + "

"J
Ids

'

and in the limit, as r/X approaches zero,

/17f s
— SOt2I ds ,nrxre(E r )

=
^ (65)

Thus, on the average, the electric intensity of the wave opposes

the flow of current just as a resistance would. The ratio of the emf
impressed in phase with the current to the current is called the radiation

resistance of the current element ; hence,

p ds re(E r ) 80tt2 (ds) 2
ftMS

tfrad =
j

= ^ (00)

* We can always choose the origin of time so that the initial phase of one variable

is zero. Choosing / as this variable, we make it real so that I* = I.
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Thus, we obtain the following expression for the radiated power

:

P = iRraJ2 = 407T2

(J^)
2

' (67)

This agrees with equation 16.

5.20 The mutual radiation resistance of two current elements

In the case of two current elements (Fig. 5.16), the complex power is

^ = ^11 + ^12 + ^21 + ^22

= -iEi iSlh*dsi - iEi, S2I2*ds2 - iE2 , sJi*dsi -

iE2 , sJ2 * ds2 , (68)

where Ei, al is the component of the electric field of the first element

Fig. 5.16 Two current elements.

along 1 1, Ei t82 is the component of this field along I2 , etc. The mutual

impedances of the elements are denned as follows

:

Z12 = — Ei,s2 ds2 Z2 \ =
E2 ,si dsi

h (69)

Thus, Z\ 2 is the emf which must be impressed on the second element in

order to sustain the current I2 against the field of the first element per

unit current in the first element. Using equations 4-82, we find that

Zu = Z2l . (70)

When the two elements coincide, the mutual impedance becomes the
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radiation self-impedance. Hence equation 68 may be expressed as

* = hZuhli* + \Z12(hh* + Wi*) + ^22/2/2*. (71)

The mutual radiation resistance is the real part of the mutual

impedance Z12, and the radiation resistance of an element is the real

part of its radiation self-impedance,

R12 = re Z12, Rn = re Zu. (72)

The quantity in parentheses in equation 71 is real since

7i = |7i| expO'tfrJ, I2 = I/2I exp(y^j
2 ),

hh* = \hh\ expjfri - */,), (73)

I2I1* = \hh\expj(&it
- #7l ),

and, therefore,

hh* + hh* = 2|/i/2 |
cos #12, (74)

where $12 is the phase difference between the currents,

#12 = tfi! - #/,. (75)

Consequently, the radiated power is

P = i#ll|/l|
2 + Rl2\hh\ COS 012 + !#22|/2

|

2
. (76)

It is important to note that the mutual radiated power vanishes when
# = 7r/2, so that the two current elements operate in quadrature. This

f 4
I,ds, I2 ds2

* j ' lid

(a) (b)

Fig. 5.17 (a) Two colinear elements, and (6) two parallel elements with their axes

perpendicular to the line joining them.

does not mean, however, that such elements radiate independently.

It means merely that the combined radiated power is the same as if the

elements were radiating independently. One of the elements may radiate

less than it would by itself ; but the other will supply the deficiency.

In the case of two colinear elements (Fig. 5.17a), one element is in

the E r field of the other, and, from equations 4-82, we obtain

D 60 dsi ds2 ( sin /3r \ (nn .

R12 = -
2 \—^ cos (3rj • (77)
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Similarly, if two parallel elements are perpendicular to the line joining

their centers (Fig. 5.176), one element is in the E$ field of the other, and

607r dsi ds2
Rl2 =

Xr

/ _ . cos /3r sin /8r \ ,„ON(an pr +— ^-j (78)

5.21 The method of moments for calculating the radiated power

It is clear from equation 67 that the power radiated by a current element

depends on the moment of the current element per wavelength, II/X.

This equation and also equations 77 and 78 suggest that it will be con-

venient to express the mutual radiation resistance in the following form

:

„ Ku dsi ds2 ^ft
>.

#12 = ^2
' t7y )

The " radiation influence coefficient " Ku has the dimensions of a resist-

ance; it depends only on the distance between the elements in wave-

lengths and on their relative orientation. Let

dum = \Im \ 4^ (80)

be the moment of a typical element per wavelength. In terms of these

quantities the expression 76 for the power radiated by two elements is

P = %Kn du\ du\ + K\2 cos #12 du\ du2 + \K\\ du2 du2. (81)

More generally,

P = \Ku (dui dui + du2 du2 + duz dus + • • • ) +
K12 cos #12 du\ du2 + if13 cos #13 du\ du3 H h

K23 cos t?23 du2 du3 + X24 cos #24 du2 du± H h

K34 cos #34 duz du± H . (82)

In a more compact form,

P = IZE Kmn cos #mn dum du n ,
(83)

m n

where the summation is extended over all the elements. The factor

i appears, because in the summation each term for which m 5* n occurs

twice. For a continuous distribution of elements, equation 83 becomes

-«//Kmn cos #mn dum dun . (84)

The problem is now reduced to the determination of the influence

coefficient Kmn . To present the results in a convenient form we intro-



5.21 THE METHOD OF MOMENTS

duce the following functions

:

163

2icr/\

B

S

(y) - Hr)V"
t2"/k '

(f)-^[

COS
2irr

2wr
,

cos(27rr/X)
sin — h

'rh'f.

27rr/X

sin(27rr/X)

(27rr/X) 2
]

(85)

-* t -nt
Then, /or £wo parallel elements (Fig. 5.18a), we have

Kiz 1 4- 1 = 2A YJ cos2 + 2B f y) sin2 0>

where the first term is contributed by the Er field and the second by the

Ee field. Since

cos2 (9 = 1(1 + cos 20), sin2 = |(1 - cos 26),

we have

K Vt = s + T » cos 29. (86)

t

'-e
-V

-—

/r r

\

(a) b)

i

I IC)

Fig. 5.18 (a) Two parallel elements, (6) two coplanar perpendicular elements,

and (c) two coplanar elements.

For two perpendicular elements in the same plane (Fig. 5.18&), we have

K12 (y) = 2A \y) cos e sin e ~ 2B
(Y ) sin ^ cos

n 20. (87)-'*)
^or any 2wo elements in the same plane (Fig. 5.18c), the parallel

and perpendicular components of the unit moment are cos \p and sin \p.
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Hence, to obtain K12 we multiply equations 86 and 87 by cos \j/ and
sin $, respectively, and then add,

K 12 (x)
= s

(f)
cos i + T f yj cos(29 - +). (88)

If one element is perpendicular to the plane containing the other and

the line joining their centers, then,

K 12 = 0. (89)

Finally, for any two elements, situated as in Fig. 5.16, the com-

ponent of the unit moment of the second element in the direction of the

first is cos 02, and the perpendicular component in the axial plane of the

first element is sin 62 cos(<p — ^2). Multiplying equations 86 and 87 by
these components and adding, we have

K 12 = Si y) COS02 +

eoot

600-

400

200

-200L

T
\T )

^
cos 2e cos °2 ~^~ sin 2d sin °2 cos^ ~ <P2 ^' ^9°)

2.0

Fig. 5.19 S and T functions denned in equations 85.

The functions S(r/\) and T{r/\) are shown in Fig. 5.19, and a

table is given on page 165.

In some instances the integral in equation 84 can be expressed in

terms of already tabulated functions ; but, in general, it will have to be

evaluated numerically. The current distribution is then subdivided into

elements, the moment of each element is concentrated in the center of

the element, and the double sum (equation 82) is evaluated.
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r/X A (r/X) B(rf\) 5(r/X) T(r/\) rA A(r/\) B(rf\) S(rfX) T(rf\)

394.8 394.8 789.6 0.72 -1.722 -127.7 -129.4 126.0

0.02 394.2 393.5 787.7 0.6112 0.74 -8.320 -123.0 -131.3 114.6

0.04 392.3 389.8 782.1 2.483 0.76 -14.12 -116.7 -130.8 102.6

0.06 389.2 383.6 772.8 5.554 0.78 -19.12 -109.1 -128.3 90.01

0.08 384.9 375.1 760.0 9.796 0.80 -23.35 - 100.4 -123.7 77.01

0.10 379.4 364.3 743.7 15.15 0.82 -26.83 -90.58 -111A 63.75

0.12 372.8 351.2 724.0 21.55 0.84 -29.58 -79.94 -109.5 50.36

0.14 365.1 336.2 701.2 28.90 0.86 -31.64 -68.62 -100.3 36.98

0.16 356.3 319.2 675.5 37.10 0.88 -33.04 -56.80 -89.83 23.76

0.18 346.5 300.5 647.0 46.04 0.90 -33.81 -44.65 -78.46 10.83

0.20 335.9 280.2 616.1 55.61 0.92 -34.02 -32.35 -66.37 -1.676
0.22 324.3 258.7 583.0 65.67 0.94 -33.68 -20.07 -53.75 -13.62
0.24 312.0 235.9 547.9 76.08 0.96 -32.87 -7.979 -40.85 -24.89
0.26 299.0 212.3 511.3 86.70 0.98 -31.63 3.760 -27.87 -35.39
0.28 285.4 188.0 473.3 97.39 1.0 -30.00 15.00 -15.00 -45.00
0.30 271.2 163.2 434.4 108.0 1.05 -24.60 40.04 15.44 -64.64
0.32 256.6 138.2 394.8 118.4 1.1 -17.95 59.34 41.39 -77.29
0.34 241.6 113.2 354.9 128.4 1.15 -10.79 71.70 60.91 -82.49
0.36 226.4 88.52 314.9 137.9 1.2 -3.810 76.60 72.79 -80.41
0.38 211.0 64.28 275.3 146.7 1.25 2.445 74.18 76.62 -71.73
0.40 195.5 40.72 236.3 154.8 1.3 7.552 65.17 72.73 -57.62
0.42 180.1 18.07 198.1 162.0 1.35 11.24 50.86 62.10 -39.61
0.44 164.7 -3.503 161.2 168.2 1.4 13.41 32.87 46.27 -19.46
0.46 149.5 -23.81 125.7 173.3 1.45 14.05 13.06 27.11 0.9958

0.48 134.6 -42.69 91.91 177.3 1.5 13.33 -6.667 6.667 20.00

0.50 120.0 -60.00 60.00 180.0 1.55 11.48 -24.93 - 13.45 36.41

0.52 105.8 -75.62 30.19 181.4 1.6 8.796 -39.71 -30.91 48.50

0.54 .92.11 -89.46 2.649 181.6 1.65 5.617 -49.88 -44.26 55.50

0.56 78.94 -101.4 -22.49 180.4 1.7 2.284 -54.79 -52.51 57.08

0.58 66.36 -111.5 -45.10 177.8 1.75 - .8909 -54.30 -55.19 53.41

0.60 54.43 -119.5 -65.12 174.0 1.8 -3.640 -48.76 -52.40 45.12

0.62 43.18 - 125.6 -82.47 168.8 1.85 -5.762 -38.94 -44.71 33.18

0.64 32.65 -129.8 -97.14 162.4 1.9 -7.132 -26.00 -33.13 18.87

0.66 22.88 -132.0 -109.1 154.9 1.95 -7.702 -11.28 -18.99 3.581

0.68 13.88 - 132.4 -118.5 146.2 2.0 -7.500 3.750 -3.750 -11.25
0.70 5.680 - 120.9 -125.2 136.6

5.22 Applications of the method of moments

To illustrate the applications of the method of moments, we shall cal-

culate the power radiated by a sinusoidal current filament a half wave-

length long (Fig. 5.20). In Chap-

ter 8 we shall show that this is an

approximate current distribution in

a thin wire whose length is X/2.

Assuming that the filament is along

the z axis and that its center is at

the origin, we have

I(z) = Jocos/3z, = -^L - (91)

In the present case it is possible to

evaluate the integral in equation 84,

Fig. 5.20 A sinusoidal current fila-

ment a half wavelength long.
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and we shall do so in Section 11.4; but here we wish to explain the

technique that may be used when we are unable to express the integrals

in terms of known functions. The technique is essentially a numerical

integration consisting of replacing the integral in equation 84 by the

double sum in equation 82.

The moment per wavelength of the current between z = z\ and

z = 22 is

u = I j cos fiz d I—
J
= -jr— sin /3z

Z2

(92)

If we assume that the entire moment is concentrated at the center of the

filament, then z\ = — X/4, z2 = A/4, and

u = — • (93)
7T

Since Kn = SOt2
, we have

P = 4072 . (94)

Let us now subdivide each arm of the antenna into two halves and

assume that the moments of the sections GC, CD, DH are concentrated

in the centers of these sections. The moments of CD and DH are,

respectively

:

^-Wf UdH - 2V2x
' (%)

By equation 82 we have

^ 4U7r L

[ 2tt
2 ^ 8x2 +

8tt
2

J
+

V^~ 1
I
12977* (V5 " 1 )

2

685.3Z2 *_
2 + 429.7Z2

v

^2
; = 37.0/2

. (96)

The exact value for the assumed distribution is 36.56J2 .

If the wire is bent as shown in Fig. 5.21, we have

= 23.2J2 . (97)

Fairly accurate results may be obtained by the method of moments

even with a relatively small number of subdivisions; and, of course,
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there is no limit to the accuracy as the number of subdivisions is in-

creased, aside from the uncertainties inherent in the current distribution

in any actual antenna.

5.23 Directive reception

The absorbing properties of an antenna are derived from its radiating

properties by the reciprocity theorem, of which more will be said later.

Thus, the receiving pattern is identical with the radiation pattern.

H

f-e-

4 P

ECOS0

Fig. 5.21 A bent sinu-

soidal current filament

a half wavelength long.

ESIN0

Fig. 5.22 A short antenna,

capacitively loaded at each end.

1

1

1
1

1

1 B

< ...

.

A

«— a

Because of the reciprocity theorem, throughout this book we deal mostly

with " transmitting antennas." In some cases— as in the case of the
" wave antenna," for example— we shall find it convenient to change

our point of view and think of the receiving properties first. In any

case, it is helpful to look at antennas from both points of view.

Let us consider a short wire, heavily loaded with capacitance at the

ends (Fig. 5.22). The capacitive loading may be in the form of two

metal disks. The impressed electric intensity E, making an angle 6

with the wire, may be resolved into two components: E cos parallel to

the wire and E sin perpendicular to it. The perpendicular component
induces no voltage between the terminals A and B. The voltage in-

duced by the parallel component is

V = 2EI cos 0. (98)

In the case of two receiving elements (Fig. 5.23), the voltages

induced across the terminals of each element are

Vi = 2EI cos 0, V2 = 2EU-V* coa * cos 0, (99)
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where E is the electric intensity at the first element and
\J/ is the angle

between the line joining the elements and the direction n of wave propa-

gation. These two voltages may be combined in any phase relationship

we wish. If they are combined in phase, our receiving couplet will act

as a broadside receiver. If the output of one element is retarded by (3d,

'

1

1

i
i

i

i

V

. ... I)

(0

1)

L . . .

. D

(2)

U

Fig. 5.23 Two loaded antenna elements used as receivers.

we shall have an end-fire receiver. The voltages induced in the in-

dividual elements may be amplified, not necessarily equally, before

they are combined.

The voltage induced in a short wire without end loading is approxi-

mately one half of that induced in a heavily loaded wire ; thus,

V = El cos 0, (100)

and the reception pattern is the same as that of a current element.

5.24 Antenna array synthesis

As we have seen in this chapter, it is easy to calculate the radiation

pattern of a given distribution of radiating elements. The converse

problem of finding an array with prescribed directive properties is much
more difficult. This problem is somewhat simplified by the fact that, in

most practical applications, we are interested not in the precise details

of the pattern but in such features as the width of the main lobe, the

level of the largest minor lobe, and the shape of the main lobe. Some
progress toward practical solution of these problems can be made by

guessing, based upon our knowledge of the various solutions of direct

problems ; but more direct analytic methods of investigation are needed

if we are to make real progress.

In the analysis of an array we are concerned mostly with its space

factor (equation 22). Its complex form given by equation 20 is particu-

larly well suited to the analysis of its properties. The following method
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has been developed by one of the authors.* We introduce a complex

variable

z = e« = etfioos *
t

(101)

where I is the spacing between the elements and yp is the angle between

the axis of the array and a typical direction in space. The complex

space factor will then become a polynomial

F = ao + aiz + a2z
2 + • • • + an-iz

n~l
,

(102)

the coefficients of which represent the relative amplitudes and phases of

the various elements. For example, the polynomial associated with a

uniform broadside array is

F=l + z + z
2 +---+ z n~\ (103)

and that associated with a uniform end-fire array is

F = i _j_ fa _|_ £222 + .
. • + /c"-1?"- 1

,
k = er&. (104)

By the fundamental theorem of algebra, any polynomial of the

(n — l)th degree has n — 1 zeros, and it may be factored; thus,

F = a n_i(z - zi)(z - z2)(z - z3 )- • • (z - zn_i), (105)

where zi, Z2, • • zn_i are the zeros of F. In the case of the uniform

broadside array, for example, we have

zn — 1

F =
f- . (106)

z — 1

The zeros of the numerator are the various nth roots of unity,

Zm = um
,

u = e
2w > ln

,
m = 0, 1, 2, • • • , n - 1. (107)

Therefore,

z n - I = (z - l)(z - u)(z - u2)--(z - u n~ l
), (108)

and
,

F = (z - u)(z - n2
)

• • • (z - u"- 1
). (109)

The space factor is the absolute value of F,

S = \F\ = Ic-il \z - zi| |z - z2 |* ••!« - 3n-l|. (HO)

Geometrically, the absolute value of the difference z — zm between two

complex numbers is represented by the length of the straight segment

joining the points in the complex plane represented by z and zm . As

* S. A. Schelkunoff, U. S. Patent 2,286,839, filed December 20, 1939, issued

June 16, 1942. Also, A mathematical theory of linear arrays, Bell Sys. Tech. Jour.,

22, January 1943, pp. 80-107.
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seen from equation 101, the various directions are represented by points

situated on the. unit circle with its center at z = 0. Hence, the space

factor of an array is represented by the product of the lengths of straight

segments joining a typical point on the unit circle to the zeros of the

Fig. 5.24 Zeros of a uniform broadside array of six elements.

complex space factor F. For instance, the zeros (equation 107) of a

uniform broadside array are represented by points equispaced on the

unit circle, the point i = 1 being excepted. For a six-element array

these zeros are at Pi, P2, •
, P5 in Fig. 5.24. The space factor is thus

given by

8 = (PPi) (PPi) (PP3) (PPa) (PP5). (HI)

It vanishes when P coincides with one of the zeros ; it is maximum when
P is at A, the point corresponding to \f/

= 90° (that is, the direction

perpendicular to the axis of the array).

Thus we have the main result : the space factor of a linear array is

characterized completely by an associated polynomial in a complex variable

whose range is the unit circle.

In the case of symmetric arrays, we can substitute a new variable

and obtain an associated polynomial in a real variable whose range is

(— 1, 1). Consider, for instance, the uniform broadside array (equa-

tion 103), and assume that n is odd. First we write

J?
__ g(n-l)/2/2-(n-l)/2 _j_ g-(n-3)/2 _j_ . . . _j_ z (n-3)/2 _J_ g(n-l)/2\ (112)

and note that the absolute value of the first factor is unity, so that it has

no effect on the space factor. Thus, we may delete this factor from F.

Let

w _ 1W + 1- 1

), (113)
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and take the successive powers,

w* = Hz2 + 2 + z-2
),

W* = ^(23 + 3Z + 32-l + Z~3)
}

....

From these equations we can express z
m + z

-™ as a polynomial in w;

hence, we can express F as a polynomial in w. The new variable w is

w = cos £ = cos(/3Z cos \f/); (115)

it is real, and the maximum range of its variation is (—1, 1).

This method was utilized for increasing the directivity of an array

without increasing its size and for suppressing the minor lobes.* The
largest minor lobe of a uniform array is only 13 db below the level of the

major lobe, irrespective of the number of elements. In some applica-

tions this is too large. By making the array nonuniform it is possible to

reduce this level. Spectacular gains in the directivity may be obtained,

but only at the expense of spectacular loss in efficiency, spectacular

narrowing of the bandwidth, and spectacular increase in the precision

with which the amplitudes and phases of the various elements have to

be adjusted. In practice one must be satisfied only with moderate

directive gains over uniform arrays. Such gains have actually been

obtained.
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PROBLEMS
5.1-1 Let I be the length of each arm of a very short and very thin antenna

(I <3C X/4). Assume that the charge is distributed uniformly on each arm, and show

that the distant field is

Ee
= -^-je-^r sin 0,

Xr

where Io is the input current.

5.2-1 Show that in pure water (zero conductivity) the radiation intensity is

given approximately by

r
2 (EeEd

* + E^E^)
* = 20r z(HeHe* + #„#/) =

80

5.3-1 Derive equation 15.

5.4-1 Calculate the power radiated by a very short and thin antenna of total

length 21. Let the input current be Jo.

Ans. P— (?)
5.4-2 Express the distant field of the current element in terms of the power

radiated by it.

(90P)^
Ans. Ee = — je~^r

sin 0.

r

5.4-3 Show that the expressions for the distant fields of a current element and

a short antenna in terms of radiated power are the same.

5.8-1 Find the space factor of two equal sources located at points whose

Cartesian coordinates are (0, 0, 0) and (I, 0, 0).

Ans. S = 2 cos(J/3Z sin cos <p).

5.8-2 Find the space factor of two equal sources located at (0, 0, 0) and

((U0).

Ans. S = 2 cos(^jSZ sin sin <p).

5.8-3 Find the space factor of four equal sources located at the corners of a

square: (0,0,0), (1, 0, 0), (0, 1, 0), (1,1,0). Hint: The quickest method is to

consider the full array as an array consisting of pairs of sources.

Ans. S = 4 cos(^/3£ sin 6 cos <p) cos(J/SZ sin 6 sin <p).
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5.8-4 Find the space factor of eight equal sources located at the corners of a

cube with its vertices at (0, 0, 0), (I, 0, 0), (0, 1, 0), (0, 0, 1), etc.

Ans. S = 8 cos(^j3Z sin cos <p) cos(^/3£ sin sin <p) cos {^pi cos 0).

5.8-5 Find the space factor of three sources, located at (0, 0, 0), (0, 0, 1),

(0, 0, 2Z), operating in phase but with amplitudes in the ratio 1, 2, 1.

Ans. S = 4cos2
(J,3Zcos0).

5.8-6 Find the space factor of a linear array of n + 1 sources, all operating in

phase and with amplitudes proportional to the coefficients in the binomial expansion

of (a + b)
n

. Let I be the distance between the successive elements and
\f/
the angle

between the axis of the array and a typical direction in space.

Ans. S = 2n cosn (!/3Z cos i£).

5.9-1 Obtain the radiation intensity of an end-fire couplet consisting of two
elements parallel to the z axis and arranged along the x axis.

Ans. $ = 607r I J cos 2 — (1 — sin cos <p) sin
2

0.

5.10-1 What is the radiation intensity of a broadside couplet of two current

elements, situated on the z axis and parallel to it?

M (ldz\ 2 J TTl \ . .

Ans. $ = 607r I ) cos z
( cos 1 sin

z
0.

5.10-2 Find the radiation intensity of a broadside couplet of two current

elements parallel to the z axis and arranged along the y axis.

nn (ldz\ 2 J wl . . \ . -
Ans. 3> = 607T I ) cos z

( sm sm <p ] sin z
0.

5.10-3 Obtain the radiation intensity of a broadside couplet of two current

elements arranged along the x axis and parallel to it.

/ I dx\ 2 J irl . \ ,

Ans. <£> = 607r I 1 cos^l sm cos tp I (1 — sin z cos z
<p).

5.12-1 Find the space factor of a broadside linear array of n elements whose

amplitudes are attenuated at the rate of a nepers per unit length.

|l _ fin(—a+ifi cos i/0J|2

Ans. S 2 =
h — e

(—«+# cos M l

\

2

1 - 2e~nal cos(n$ cos i/Q + e~2nal

1 - 2e~al cos(pl cos $) + e~ 2al

, .. , cosh nocl — cosinBl cos i/0_ g—(n—Dal v ^ r 7

cosh c*Z — cos(/3Z cos ^)
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5.13-1 Find the radiation intensity of an end-fire array of elements arranged

as in Fig. 5.9a.

sin'
5

(1 — cos 0)

Ans. <£ == 15tt
J

sin
2

0.

\ \ / . „ irl ,

sin
2

(1 — cos 0)
X

5.13-2 Obtain the space factor of an end-fire linear array of n elements whose

amplitudes are attenuated at the rate of a nepers per unit length.

1 - 2e-nal cos[n(3l(l - cos ,£)] + e~2nal

Ans. S z =
1 - 2e-al cos[/3Z(l - cos f)] + e~2a *

cosh nal — cos[n/3Z(l — cos \p)]_ e
-(n-l)al

cosh al — cos[/3i(l — cos i/0]

5.14-1 Find the space factor of a continuous linear broadside array of sources

whose amplitudes are attenuated at the rate of a nepers per unit length. Let I be

the length of the array.

1 - 2e~al cos(/SZ cos iA) + e
-2a *

Ans. S' =
a 2 + /3

2 cos 2
\fs

5.14-2 Solve the preceding problem for an end-fire array.

1 - 2e~al cos[#(l - cos ^)] + e~2a *

Ans. S z =
a 2 +/3 2

(l -cos,/') 2

5.14-3 Find the space factor of a linear broadside array of length I if the

amplitude of the sources is maximum at the center (unity, let us say) and drops

linearly to a fraction k at the ends.

Ans. S = I

k s'm(^(3l cos \f/) \ (1 — k) sin
2
(J/3Z cos \p)

+
2plcos\f/ (jPlcos^)'

5.14-4 Find the radiation intensity of an electric current filament extending

along the z axis from z = — A/4 to z = X/4, assuming that the current is I(z) =

7o cos /3z.

157 o
2 cos 2 (|7rcos0) 15V

AnS. $ = 7-5-
,

3>max =
7T SUT0 7T

5.14-5 Find the radiation intensity of an electric current filament extending

along the z axis from z = — I to z = I, assuming that the current is I (z) = Iq sin |3 (I — \z

\

)

.

15/o
2[cos(# cos 0) - cos /3Z]

2

Ans. <£ =
7rsin 2

5.14-6 Find the radiation intensity of a uniform current filament of length I,

extended along the z axis.

15/ 2
[1 — cos (pi cos 0)] . „

Ans. <fc> = ^ sm^ 0.

2?r cos 2
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5.14-7 Find the radiation intensity of a progressive current wave, traveling

with phase constant k from z = to z = I, I(z) = Ioe~Jkz .

307r/ 2
[l - cos (A; - /3 cos d)l] . 9

Ans. & = -r- —7 sin
z
0.

\ 2
(k - /3cos0) 2

5.14-8 Obtain the radiation intensity of a current filament extending from

z = to z = I when I(z) = Io sm(irz/l).

QOwH2I 2 cos 2 (^3Z cos 0) sin2

Ans. $ = -
X2

(tt
2 -/32

Z
2 cos 2

0)
2

5.14-9 Obtain the radiation intensity of a filament extending from z = to

z = nX/2 and divided into n equal parts with identical current distributions. The
current from z — to z = X/2 is I{z) = Iq sin /3z; from z = X/2 to z = X it is

Z(z) = Jo sin /3(z — -|x) ; etc.

15Jo
2 cos 2 (^x cos 0) sin

2
(Jri7r cos 0)

Ans. 3> =
r sin

2
6 sin

2
(^7r cos 0)

5.14-10 Find the space factor of a uniform circular array of radius a. Let

the array be in the xy plane and the center be at the origin of the coordinate system.

Ans. S = 2iraJo(Pasmd).

5.15-1 Find the space factor of a uniform cylindrical sheet of sources. Let

the radius be a and the height I. Assume that the cylindrical sheet is coaxial with

the z axis.

a e a t to • a\
sin(|j8Zcos0)

Ans. <S = 47raJo(/3a sin 6)
/3cos0

5.15-2 Find the radiation intensity of a uniform cylindrical electric current

sheet. Assume that the current is parallel to the axis of the sheet.

Ans. $ = -=^- S 2 sin 2
d = / \ 2

£ 2
sin

2
6,

X 4xX cl

where S is given in the preceding problem, C is the linear current density of the sheet,

and I = 2-iraC is the total current flowing parallel to the axis of the cylinder.

5.15-3 Find the radiation intensity of a uniform cylindrical current sheet on

the assumption that current I is circulating around it. Hint: Decompose each

current element of moment (Ia/I) d<p dz into its x and y components whose fields can

later be added. Note : A simpler method is given in Section 12.1.

607ra2/Vi 2
(/3a sin 6) sin

2(^ cos 9)
Ans. $ =

I
2 cos 2

6

5.16-1 Using the result of Problem 5.10-1 and equation 5, obtain the power

radiated by a broadside couplet of the broadcast type.

[ /3
2
Z
2 V PI

Ans. 80tt
2

1 + —tjt — - cos 01
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5.16-2 Consider two current elements on the z axis, distance I apart. Let
their moments be I\ dz\ and I 2 dz 2 . Assuming that I\ and I 2 are in phase, calculate

the radiation intensity; also the radiated power by integrating equation 5. Note
that this gives the mutual radiated power and the mutual radiation resistance.

Ans.

$ = —j- [{h dzi)
2 + 2/i/ 2 dzi dz 2 cos(/3Z cos 0) + (/2 dz2 )

2
] sin

2
0,

A

p . 40^ (__) + _ (__ _ cos 0) + 40^^__j
.

5.16-3 In the preceding problem, assume that the moments are I\ dz\ and

1 2 e^ dz2, where I\ and 1\ are in phase. Find the radiation intensity, and prove that

the mutual radiated power differs from the corresponding power in the preceding

problem by a factor cos #.

15 TV

Ans. * = -^y- [(1 1 dzi)
2 + 21

J

2 dz x dz2 cos(/SZ cos + t?) + (J2 dz 2 )
2
) sin

2
0.

A

5.16-4 Calculate the mutual radiated power for two parallel current elements,

distance I apart and perpendicular to the line joining their centers. Let their

moments be I\ ds\ and I 2 e
ji} ds 2 , where I\ and I 2 are in phase.

6071-/1/2 ds\ds 2 ( . cos 01 sin 01 \
Ans. Pn = ~ [*m » + -jj ^-f

cos *.

5.16-5 Using the result of the preceding problem calculate the power radiated

by a broadside array of the point-to-point type consisting of three elements of mo-

ment / ds, one-half wavelength apart.

ds\ 2

Ans. P = 3Pn 1- 2P12 + P13 = 10(12tt 2 - 21) (
-

J
('

5.16-6 Solve the preceding problem for the case of end-fire operation.

Ans. P = 10(12tt 2 + 27)(")
5.16-7 Calculate the power radiated by three equal current elements per-

pendicular to a given plane and located at the vertices of an equilateral triangle whose

sides are of length A/2.

"-#)Ans. P = 120 (

5.16-8 Calculate the power radiated by a uniform current filament of length I.

See equations 6-52 for the definitions of sine and cosine integrals.

607rf / cos 01-2 sin 01 ,

Ans. _-_r Sl +.___ +_
5F

->
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5.16-9 Calculate the power radiated by the filament in Problem 5.14-4.

Ans. 15 (log 2tt + C - Ci 2ir)I 2 = 36.567 2
.

5.16-10 Show that, as fil approaches zero, the power radiated by the two ele-

ments in Problem 5.16-2 approaches

P . 407r2
/hd*i+hd*2

y
Hence, for any current distribution I(z) between z — —I and z = Z in which the cur-

rent elements are in phase and 2Z/A is small, the approximate radiated power is

12

P =
>tt

2
r r i

"I
1

5.16-11 Show that, if the approximate formula derived in the preceding

problem is applied in Problem 5.16-9, the answer will be P = 40/o
2

.

5.17-1 Calculate the approximate power radiated by a long, uniform current

filament, and compare it with the exact expression given in Problem 5.16-8.

An, J*?- 1*.
A

5.20-1 Give the mutual radiation resistance of two colinear elements separated

by the following distances : (1) A/4, (2) A/2, (3) 3X/4, (4) A.

1920 ds\ ds2 , „ _ dsi ds2 , . 640 dsi ds2—
, (2)240^-, 9) -——-,

ds\ ds2
(4) -60

5.20-2 Give the mutual radiation resistances of two parallel elements with a

common equatorial plane (Fig. 5.176) when the distances between the elements are:

(1) A/4, (2) A/2, (3) 3A/4, (4) A.

4 \ ds\ ds^
, s

ds\ ds2l

-j-^, (2) -120—^
7T~ /A A

Ans. (1) 240tt( 1 - — 1
, (2) -120

4 \ ds\ ds2
, MS nn ds\ds2

(3) -SOtt [ 1 -
.
—

-j- ) —nnS (4) 30

5.20-3 Find the power radiated by an end-fire couplet of two elements one-

quarter wavelength apart.

'idsV
Ans. 80^ .2

5.20-4 Find the power radiated by a broadside couplet of the broadcast type

by the mutual resistance method, and thus check the answer to Problem 5.16-1.

5.20-5 Find the power radiated by a broadside couplet of the point-to-point

type.

Ans.
3 / . , cos /3Z sin /3Z

1 + r sin pi +
2/3Z \ 131 /3

2
Z

272 •)](")'
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5.21-1 Obtain the influence coefficients of two colinear elements separated by
the following distances: (1) X/4, (2) X/2, (3) 3X/4, (4) X.

Ans. (1) 1920/*-, (2) 240, (3) -640/9*-, (4) -60.

5.21-2 Obtain the influence coefficients of two parallel elements with a common
equatorial plane when the distances between the elements are: (1) X/4, (2) X/2,

(3) 3X/4, (4) X.

K1 -^)'Ans. (1) 240tt 1 r , (2) -120, (3) -80tt 1 - —-=- J , (4) 30.

5.21-3 Estimate by the method of moments the power radiated by a current

filament extending from z = —X/2 to z = X/2 when I(z) = Iq sin ($\z\.

Ans. 80 ( 1 + —T I V « 104/o
2

.

TV

5.21-4 Solve the preceding problem for the case in which I(z) = Iq sin /3z.

Ans. 80 1 r- /o
2 z* 56/n 2

.(-*)
5.23-1 Consider two receivers at points whose Cartesian coordinates are

(0, 0, 0) and (I, 0, 0). Let their receiving patterns be identical. Find the space

factor of the array, assuming that the outputs of the receivers are equal and combined

in phase. Compare with Problem 5.8-1, and note that the radiating and receiving

patterns are identical.

5.23-2 Solve the preceding problem on the assumption that the outputs are

equal but that in combining them the output of the receiver at (I, 0, 0) is delayed by

# radians.

Ans. S = 2 cos(|/3Z sin cos <p — |t?).

5.23-3 Solve the preceding problem on the assumption that the voltage output

of the receiver at (0, 0, 0) has been doubled before being combined with the output of

the other receiver.

Ans. S2 = 5 + 4 cosifil sin 6 cos <p — #).

5.23-4 Restate Problem 5.8-5 for reception, and show by direct calculation

that the same space factor is obtained.



DIRECTIVITY AND EFFECTIVE AREA

6.1 Directivity of a transmitting antenna

The radiation pattern of an antenna shows the relative power radiated

in different directions. When the polarization of the radiated wave is

important, it is necessary to obtain separate patterns for the 8 and <p

components of E.

In comparing two antennas, it is convenient to supplement the

information given by their radiation patterns by stating the maximum
possible power gain due to their directive properties. This gain of one

antenna over another is defined as the power ratio corresponding to

equal maximum radiation intensities ; that is,

Pi If® 1 d®

021 = -p- = —TZ » $l.max = $2,max, (1)* ffada
is the directive gain of the second antenna over the first. It is conven-

ient to refer all antennas to one simple standard. The simplest standard

is an isotropic radiator. The directive gain g with respect to the iso-

tropic radiator is called the directivity of the antenna ; thus,

Po J/*o da 4^0 . . ...

9 = -p" = ~r? = "^7 ' *0 = *max- (2)

J/* dn fr dQ

It is often convenient to choose <£ so that $mftX = 1, when equation 2

becomes

f - -£ - -^— m
ff <*>dfi

From this equation it is evident that the directivity is equal to the ratio of

the maximum radiation intensity to the average radiation intensity.

179
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For example, the radiation intensity of a current element is pro-

portional to sin2 6 ; hence,

= rt. rr =~2' (3)

J J
sin3 d dB d<p

If gAB is the directive gain of antenna A with respect to antenna B,

and Qbc the directive gain of antenna B with respect to antenna C, then,

QabQbc = gAC, (4)

where gAc is the directive gain of A with respect to C.

The directivity of an antenna and the directive gain of one antenna

with respect to another are often expressed in logarithmic units, partic-

ularly in decibels ; thus,

G = 10 logio g, Gab = 10 logio gAB, (5)

and

Gab + Gbc = Gac-

Applying equations 2 and 4 to equation 1, we obtain

^.maxff^l dti p ,

021 = ^ = -5-i; (6)

Sfa$i.™« I I $2 SG
P2$ 1 ,max

If $i,max = $2,max, we obtain equation 1 ; and, if P\ = P2, then,

021 = $2 ,max/ $1,max- The ratio of the radiation intensities equals the

ratio of the squares of the field intensities (either E or H).

6.2 Efficiency

In the preceding section we have assumed that the antennas are lossless

and that no power is dissipated in heat in the conductors and dielectrics

involved in their construction. Heat losses introduce efficiency con-

siderations in antenna design. Thus, current elements of different

lengths are equally effective radiators and receivers of power if they are

lossless, but not otherwise. If the ohmic resistance of the element is Ro,

the total power delivered to the element acting as a transmitting antenna

is

P= Kflo + flrad)/
2

. (7)

The efficiency of this antenna is then

(8)
-* rad -^rad

i£() + ^rad
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Since Ro is proportional to the length of the element while RT&d is pro-

portional to the square of the length, the shorter elements are not as

efficient as the longer ones. In fact, really short elements are exceed-

ingly inefficient.

6.3 Power gain

The total gain or power gain of antenna 2 over antenna 1 is defined as

the ratio

p
021 = -W- , $l,max = $2,max, (9)

where Pi is the power delivered to antenna 1 and P2 is the power de-

livered to antenna 2. The absolute power gain of a given antenna is

taken with reference to a nondissipative isotropic radiator; that is,

g= Po, = 4rfw
f (1Q)

P d +JJ $ da

where Pd represents the heat loss in the given antenna.

6.4 Effective area of a receiving antenna

The effective area of a receiving antenna is the maximum power that can

be received at the terminals of the antenna from a linearly polarized

wave* divided by the power per unit area carried by the wave; that is,

a -* max rec ZrrU7Tl max rec (~\'\\
eff ~ £2/2407r

==

EP
{ }

When the heat loss is neglected, we have the " directivity area " of the

antenna.

For example, let us calculate the effective area of a nondissipative

current element of length s : that is, its directivity area. The voltage

impressed on the element is maximum when the element is parallel to

the electric vector; this voltage is V = Es. Let Zrad be the radiation

impedance of the element, that is, the impedance due to the reaction of

the wave produced by the current / in the element; let Zioad be the

impedance of the circuit connected in series with the element ; then,

V = Es= (Zrad + Zload )7, I = "f (12)
^rad ~T ^load

* In which the electric vector at a typical point P is contained in a fixed straight

line passing through P.
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The received power is then

T? I
ZT'ol

2

i/?
I

7"
1 2 £Moad|xgjg|

2-ttloa.d\J-\ :

ol ry . r/ 10
^K'rad T" ^load

flioadW
(13)

2(i^rad + -Rload)
2 + 2 (Xrad + Xioad)

2

This is maximum if

Xr&d + ^load = 0, Rlo&d = Rr&d', (14)

then, from equations 13 and 5-66,

E2s2 E2s2 E2\2

(
.

SRrzd 640ttV/X2 640tt2
'

{ }

Thus the maximum received power is independent of the length of

the element. Substituting from equation 15 in equation 11, we find the

effective area of the nondissipative element,

*-¥- (16)

This is approximately the area of a square whose diagonal is X/2, or the

area of a rectangle whose sides are X/2 and X/4.

The heat loss affects the efficiency of a receiving antenna and

reduces its effective area. Expression 13 for the power received by the

current element, assuming that its reactance is tuned out, becomes

p _ RloadE S
(~\7\

2CRrad + Ro + -Kload)
2

where Ro is the ohmic resistance of the element. The maximum power

is delivered to RiQ&d when

Rlo&d = Rr&d + ^0, (18)

and this power is

p = E2s2
Q9)

8(#rad + Ro)

Hence, the effective area of a dissipative current element is

^ _ &h.
^rad

. (20)
Sir Rr&d + Ro

If the efficiency of the receiving antenna is defined as the ratio of

the power actually delivered to the load to that which could be delivered

in the absence of heat loss, then the efficiency of the current element

used as a receiver is the same as its efficiency when used as a transmitter.
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6.5 Free-space transmission formulas

Consider two antennas, distance r apart (Fig. 6.1). Let the receiving

antenna 2 be oriented in the direction of maximum radiation from the

transmitting antenna 1. Assume that the wave generated by the trans-

mitting antenna is linearly polarized at the place occupied by the

receiving antenna, and assume that the latter is properly oriented for

Fig. 6.1 Two antennas in free space.

maximum reception of power. To find the ratio of the received power

Prec to the power Ptr radiated by the transmitting antenna, we reason as

follows : (1) If Ptr is radiated uniformly in all directions, then the power

flowing per unit area at distance r is Ptr/47rr
2

; (2) if the power gain of

the transmitting antenna is gi, the power flow at the receiving antenna

is increased by a factor g\ ; therefore, if the effective area of the receiving

antenna is A 2) we have

P =* rec
tr

4xr2 QiA 2 ,

tr

9iA 2

47TT2
(21)

For example, for two nondissipative current elements we have

<7i = I, A 2 — 3X2
/87r, and

9X2

P tr 647r2r2
(22)

If the receiving antenna is oriented to receive maximum power when
the electric vector is in the direction n, different from that of E, then

equation 21 becomes

px rec

P tr

QlA.2 2/Z? \-^2-cos2 (£,n)
:

(23)

where (E, n) is the angle between the two directions.

Similarly, there will be a reduction in the power ratio, represented

by a factor $/$maj, when the receiving antenna is not situated in the

direction of maximum radiation from the transmitting antenna. When
referring to gain or effective area in " a given direction," this factor is

included in g or A.
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Likewise, if the transmitting antenna generates elliptically polarized

waves,* while the receiving antenna is not designed to receive these

waves most effectively, there will be a polarization loss factor. For
instance, consider two mutually perpendicular equal elements so inter-

connected that they operate in quadrature (Fig. 6.2). If this antenna

is used as a transmitting antenna, its directivity is the same as that of a

single element. This occurs because the

a j
I

power radiated by these elements may be

A" calculated as if they were radiating inde-

pendently (Section 5.20). The distant fields

Fig. 6.2 A transmitting an- f the elements are in quadrature. Hence,
tenna consisting of two mutu- both^ radiated r and the maximum
ally perpendicular elements -» . . .

operating in quadrature, and radiation intensity are twice as large as they

a single element operating as are for a single element. If a single element

a receiving antenna. is used as a receiving antenna (Fig. 6.2),

it will receive power only from that com-

ponent of the total which is parallel to the element. Thus it can receive

only one half of the total power that would be available to an antenna

designed to receive both polarizations equally effectively . f

6.6 Relation between directivity and effective area

If two antennas (Fig. 6.1) radiate linearly polarized waves in the direc-

tion (or directions) of most effective radiation, then, using antenna 2 as

a transmitting antenna and 1 as a receiving antenna, we have

-Prec #2^4.1

'tr 47T7*
2 (24)

By the reciprocity theorem this ratio must have the same value as in

equation 21, and, consequently,

giA 2 = g2A h ^ =
-f-

• (25)
Ai gi

Thus, the effective areas of two antennas are proportional to their direc-

tivities (or power gains in the dissipative case).

Let one antenna be a current element and the other an isotropic

radiator; then,

3X2
,

X2

8T ' Ao =
"£r~

Uo = 4r~

'

Ao = 4r i (26)

where Ao is the effective area of the isotropic radiator.

* That is, waves in which during each cycle the end of the electric vector de-

scribes an ellipse.

t Elliptically polarized waves will be considered in more detail in Sections 12.13

and 12.14.
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Applying equations 25 to any antenna emitting linearly polarized

waves in the direction of maximum radiation in combination with an

isotropic radiator, we have the following basic relationship between the

effective area and the gain of an antenna,

A = V' g = ^- (27)

6.7 Supplementary free-space transmission formulas

Using equation 27, we can express the power ratio (equation 21) either

in terms of the directivities of the two antennas or in terms of their

effective areas ; thus,

Prec giA 2 ( X \ 2 AiA2
,OQ *

l\
= -±^ = gig2

\J^F)
=
"XV~' (28)

The last expression is particularly convenient when the effective

areas of the transmitter and the receiver are independent of the wave-

length (as in the case of large horns). The next to the last is best when
the directivities are independent of the wavelength (as in the case of

half-wave antennas). Finally, the first expression is best when the

directivity of the transmitter and the effective area of the receiver are

independent of the wavelength.

6.8 Directivity of an end-fire couplet

In the end-fire couplet of current elements, the elements are operated in

quadrature. We have shown (Section 5.20) that the mutual radiation

resistance of such elements is equal to zero ; hence, the power P radiated

by the couplet is double that radiated by one element. From equa-

tion 5-67 wre have

-^(t)
!

(29)

The maximum radiation intensity of the couplet is obtained from

equation 5-27,

<1W = 60tt (-^Y • (30)
\

This becomes unity if

then,

flds\ 2 _L

V X / 60

P =

6C

4x
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From equation 2 we now find*

and from equation 27,

9 =$ - 3, (31)

3X2

A =
4tt

6.9 Directivity of a broadside couplet

In the broadcast type of broadside couplet, the current elements are

coaxial (Fig. 5.9a). If the elements are a half wavelength apart, the

mutual radiation resistance is obtained by assuming /3r = w in equa-

tion 5-77 ; thus,

_ 240 oV
#12 - —^ (32)

From equation 5-66 we have

D D 80tt2 ds2

/111 = #22 = T2 J

from equation 5-76,

P = go** (IAY + 240 (i^-Y
;

from equation 5-36,

•—.fry-*. (¥f
therefore,

60t ' (33)

? =^3 = 2.30---, A-
4(^+3)

=0
- 183x2

- (
34 )

In a point-to-point type of broadside couplet (Fig. 5.96), the current

elements are parallel to each other and perpendicular to the line joining

their centers. The radiation intensity is given by equation 5-37 and

the mutual radiation resistance by equation 5-78. Thus, for a half-

wavelength separation, we find

= d&3= 3 -54
'

A =
2(2^- 3) = °-281X2

"
(35)

* If the data used in this section are not readily available, it is best to use equa-

tion 2
r

directly. First we obtain 4> as in equation 5-27. We may drop the constant

coefficient as it does not affect g; then 3>max = 1> and g is 4?r divided by the integral

of *.
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6.10 A vertical element above perfect ground

To find the effect of the ground on the field of a vertical current element

(Fig. 6.3), we introduce its image. The maximum radiation intensity is

independent of the height h above the

ground and is equal to unity when equation

33 is satisfied. -Substituting r = 2h in

equation 5-77 and using equation 5-76,

we obtain

fid.

P = 80tt2
Ids

X

7777777777^77777777777777777

+

15
I ds\ 2 X2 /sin2/3/i

X h 2 V 2/3/i

- cos 2/3/i

_._i_._J ds

Hence, the directivity of the element and

its image is

3 /sin 2/3/i

Fig. 6.3 A vertical current

element above a perfect ground

and its image.

1 +
4/3

2
/i
2

2/3/i

— cos 23h
-i

(36)

This represents the increase in the radiation intensity due to the presence

of the ground; Fig. 6.4 shows its variation with height as a function of

height in wavelengths.

3.0

^2.5
UJ
CD

uj 2.0
Q
Z- 1.5

z
<
O 1.0

0.5

N.

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 I. 1.2

Fig. 6.4 The increase in the directivity of a vertical current element and its image

as a function of the height in wavelengths.

If now we reintroduce the ground, the radiated power will be halved

while the radiation intensity will remain unchanged. Thus we shall

have an added over-all gain of 3 db.
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We may also say that, due to the reinforcement of the direct ray by
the ground reflected ray, the electric intensity in a direction parallel to

the ground is doubled; hence the radiation intensity is quadrupled.

High above the ground the radiated power will be the same as in free

space ; hence, we have a gain of 6 db due to the presence of the ground.

6.11 Directivity of broadside arrays

In a broadside array of n current elements, of either broadcast type or

point-to-point type, the radiated power is

P = [JtiRn + (n - l)Ri2 + in - 2)/2i 3 + •+ Rin]P, (37)

where R 12 is the mutual radiation resistance between adjacent elements,

R13 is the mutual radiation resistance between the mth and the (m+ 2)th

elements, etc. For either type, the maximum electric intensity is, by
equation 5-1,

\E,\ =^A . (38)

Substituting in equation 5-10, we find

4w - 15tt (-^Y /2
. (39)

Therefore, by equation 2,

47T$max 607r2 (ncfe/A) 2
, .

9 "" P ' infiii + (w-l)ffi2 + (fi-2)#i3 + - •• + #!»'
{V)

The mutual radiation resistances for the broadcast type of the

broadside array are found from equation 5-77 ; thus, when the distance

between the successive elements is X/2,

Ku = 240 (Ay , Rl3 = -60 (Ay

,

Rli=
3
{—)' (41)

Hence,

9
=

1.5n

i+*('4)-fr('4)+^rH)
6±

v2 (n-l) 2n

(42)

If, n is large, g is proportional to n.
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Similarly, for the point-to-point type of the broadside array, we

find

*»-(->-*-^*^ — i; («>

, = 1.5n[l + t
2
(-)-'

{m _
3

1)M (l - -afL)]"' • (*)

For the corresponding array of end-fire couplets, # will be nearly doubled.

6.12 Directivity of end-fire arrays

The maximum radiation intensity of an end-fire array of n current

elements is still given by equation 39 ; but we must include the effect of

relative phases as shown in equation 5-76. If the successive elements

are a quarter wavelength apart, then,

P = hnRnP + E (n - m + l)Rlm cos
(m ~ 1)x

I2 .

2

The cosine factor vanishes when m is even and is equal to (— )* when

m = 2k + 1 ; thus,

P = $nRnP + *
i(

E
1} 2

(~) k (n - 2k)R 1>2k+iI2 . (45)

Consequently, using equation 39 for the value of $>max,

'-^[^ITw-C1 -?)]"• (46)

As n increases, ^ approaches asymptotically the value n,

? ~1.5n[l+^(l+^ +^ + ^+--)]
_1

= l-5«[l+^r^]
-1

=n. (47)

By the same method, we find that g in equation 42 tends to n and

in equation 44 to 2n.

6.13 Directivity of continuous end-fire arrays

When an array is continuous, it may be more convenient to obtain the

radiated power by integrating the radiation intensity (see equation 5-5),

rather than by integrating the mutual power radiated by two typical

differential elements of the array (see equation 5-84). Consider, for

instance, a continuous distribution along the z axis of current elements
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parallel to the x axis. If the array is to radiate maximum power in the

positive z direction, the progressive phase delay along the array must be

at least equal to the phase delay of waves in free space. Assuming
this condition, we obtain the space factor by letting A: = (3 = 2ir/\ in

equation 5-41 ; thus, the radiation intensity of the end-fire continuous

array of length I is

$ =

sin2 ( fil sin2 —

/3
2
Z
2 sin4

(1 — sin2 6 cos2 <p), (48)

A numerical factor has been inserted to make* 3>max = 1. Substituting

in equation 5-5 and noting that sin 6 = 2sin(0/2) cos (0/2), we have,

after integrating with respect to <p,

P = t7T

$H2 I'Jo

sin2 ( |8Z sin2

d { sin2

sin4-

'£
sin 2

( (31 sin2 —
cos2 -=- d I sin2

sin-

(49)

To evaluate this integral, introduce a new variable of integration,

t = plsm2
id; (50)

thus,

4tt r 01 sin2 t

p =
irJ ^ di -jwfo

01^^ + jkfo' BinHdt
-

(51)

The first and second integrals cannot be expressed in terms of " elemen-

tary functions"; but they and many other integrals occurring in

radiation theory may be expressed in terms of functions known as sine

and cosine integrals and defined as follows :f

Si x = I
—-— dt, Ci x = I

—-— dt,

t/0 l J ao t

Cin x f* —
Jo

— cos t

t

dt. (52)

* Note that, as x approaches zero, sin x approaches x.

f Applied Mathematics, Chapter 18.
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For instance, the first integral in equation 51 may be integrated by

parts,

re* sin2 t , f" * , , / 1 \ sin2
t |<" p* 1 sin 2t

Jo "F"*--J sin^nT = - — L
+
Jo ~r eft

- - ^^ + Si 2#. (53)

For the second integral, we have

pi" sin2 * ,, 1 p* 1

1 - cos 2^ _, 1 p (" 1 - cos 2^ _,_,.

= J Cin 2j8Z. (54)

Therefore,

p 47r /q- o«i _l
cos2

ffl ~ Cin 2ffl sin 2/3Z \

Since $max = 1, the directivity is # = 4t/P. As z increases, Si x ap-

proaches tt/2. Hence, for a long array,

g =— = ^, G = 10 logic f + 6 db. (56)
7T A A

6.14 Directivity of continuous broadside arrays

A uniform current filament of length I along the z axis constitutes a

broadside array of the broadcast type. For this array, we find

4sin2 (i#cos0) . ., „

/rr cosJ

1 / Si y3Z cos#-2 sinjSiX- 1
,-„*

^
= y(^r +—^i2

— +
"^^J '

(57)

21 I I

g ->— i G —> 10 logio y- + 3 db, as — -» «>

.

If the current elements are parallel to the x axis, we have a point-to-

point broadside array. Then the space factor is the same as in the

preceding case, but the pattern of the element has a different orientation,

and

4 sin2 (\6l cos 6) ,., . Oo „ .

, _ (J^ + j°«<* J^V1

, (58)
V pi

1

p
2
l
2

P
SP )

G -> 10 logio 4" + 6 dt
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6.15 Directivity of continuous rectangular broadside arrays

A uniform rectangular current sheet (Fig. 5.13) constitutes a broadside

array whose greatest radiation takes place in the two directions normal

to the sheet. The radiation intensity is given by equation 5-52, and,

when = 0,

15ira2I2 . .

$ = *max = ^ ' V59 )

where i" is the total current. In Section 5.17 we obtained the power

radiated by a large current sheet (see equation 5-59). For the directiv-

ity and the effective area, we thus find

g = ?^

,

A = \ab. (60)

If the current sheet is backed by a reflector which throws the

radiation forward, we find that, for the same current in the sheet, $ is

four times as large as the value given by equation 59. On the other

hand, P is only twice as large as the value used in equations 60, for

there is only one major lobe. Hence,

g = ^-, G = 10 logio -^ + 10.99 db, A = ab, (61)

and the effective area is equal to the actual area.

6.16 Radiation from progressive current waves on a wire

Suppose that we maintain an electric current from z = to z = I whose

phase is proportional to z. If the phase delay is # = kz, the ratio of the

phase velocity along the wire to that of waves in free space is fi/k.

Introducing this phase delay into the field (equation 5-1) of a typical

current element, we find

E g
= j ®9lL e -Jfiro sin d C

l

eM cos 8-k)z fa (62)J
\r Jo

Integrating as in Section 5.14 and using equation 5-10, we have

* = 30^[1 -cosmos*- fc)Z]
s

.

n2 e
Xz

(/3 cos 6 — k) 1

To calculate the radiated power we introduce a new variable

t = (k — (3 cos 6)1; thus, we obtain

„. j« ,.[(._£)/-'!-=.« +

_2fc

[('-£)£
nik+w i __ cost i /•(*+*)* 1
/ : dt - ^272" / C 1 ~ cos dt

' (
64 )

J(k-p)i t p I J(k-p)i J
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These integrals can be readily expressed in terms of sine and cosine

integrals. The particular case of great importance in connection with

rhombic antennas is the case in which the velocity along the wire is

equal to that of free-space waves, k =
fi. In this case,

P = SOpfc'm 2(31 - 1 + S1" 2

^ \ • (65)

The direction of maximum radiation is found by equating d$/dd to

zero ; thus we obtain the following equation

:

tan W=2 /
1
_u\ I _ u

u \ /3Z / X 7r(l — cos0)

The greatest maximum corresponds to the smallest root. When the

wire is long, this root is substantially independent of Z, and it occurs for

a value of u about halfway between 1.16 and 1.17. The maximum
radiation intensity is unity if

P = Qn?

U
fi i fl = °-046 T"

'

(67 )
30Z sur 1.16 I

We finally obtain

G = 10 log10 y + 5.97 - 10 logic/logioy + 0.915^ . (68)

6.17 Directivity and the solid angle occupied by the major lobe

If the radiation were uniform within a given solid angle 12 and were
absent in all other directions, the directivity would be given by a simple

formula,

,-£ (69)

The assumed ideal pattern is theoretically impossible, although it could

be approximated as closely as desired. If ft is the solid angle occupied

by the major lobe in any actual radiation pattern, then we may write

9 = k
-^r

=
wk' (70)

where k depends primarily on the shape of the major lobe and to some
extent on the minor lobes (assuming, of course, that the minor lobes are

small)
. The coefficient k might be called the form factor of the radiation

pattern.

For a long end-fire array the angle of the cone enclosing the major
lobe is the smallest (nonzero) angle for which the numerator in equa-
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tion 48 vanishes,

Hence, the solid angle of the major lobe is

I sin Odd dip = 2tt(1 - cos 0) » tt0
2 = -^ • (72)

o Jo I

The directivity (equation 56) is thus equal to

8?r 4x ,__,.

9 = ir
=
W2- (73)

Thus, the form factor of a long end-fire linear array is 2, and the effective

solid angle is half the total solid angle occupied by the major lobe.

For a long broadside array of the broadcast type, the major lobe is

contained between two cones whose angles with the z axis are and

7r — 0, where is the angle, nearest to w/2, for which 3> in equation 57

vanishes; thus,

J/3/ cos = 7T, cos = -j- • (74)

The solid angle occupied by this lobe is

/ sin0d0^ = 4ttcos0 = —

~

(75)
Jd I

Since g = 21/X, we again have equation 73. The cross section of the

radiation pattern of the end-fire array is blunt compared with the

vertical cross section of the pattern of the broadside array; but in the

former all cross sections are tapered, whereas in the latter the horizontal

cross section is a circle. This accounts for the same over-all form factor.

In a point-to-point broadside array, the total solid angle occupied

by the major lobe is the same as in the broadcast type of array, but the

directivity is g = 4l/\ ; hence,

167T 47T ,-„.
? =

-sr
= wr (76)

and the form factor is 4. Since the radiation intensity in the horizontal

plane varies as sin2
<p and since the average value of this factor is 1/2, we

might say that the effective solid angle is 12/2; then the equation would

again be equation 73.

If we were to perform similar calculations for a two-dimensional

broadside array composed of sources inside a given large circle, we should

find

14.7tt 4tt
(

,
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The form factor of two-dimensional arrays is thus larger, and their

major lobes must be sharper.

6. 18 Directivity and radiation resistance

The directivity of an electric current element is 1.5 regardless of its length

(see equation 3) ; but the radiation resistance is proportional to the

square of the length. Hence, there is no relation between the directivity

of an antenna and its radiation resistance. On the other hand, there is a

definite relationship between the efficiency and the power gain of a

lossy antenna as we have found in Sections 2 and 3 of this chapter.

6.19 Voltage gain of an unmatched antenna

The voltage gain of an unmatched receiving antenna should not be con-

fused with either its directive gain or its power gain. For example, if

an antenna whose length is small compared with one-half wavelength

is connected directly to the grid of a vacuum tube, the received voltage

is directly proportional to the length of the antenna, while the directive

gain remains substantially constant.

6.20 Superdirective antennas

How much directivity can be expected from an antenna of a given size?

Is the directivity of an antenna array determined by the number of its

elements or by its dimensions? At first it appears that the over-all

dimensions are more important than the number of elements. For

example, the directivity of a broadside array of the point-to-point type

consisting of n current elements is given by equation 44 for the case in

which the distance between the adjacent elements is X/2. As n increases,

g - 2n. (78)

If I is the total length of this array, then I = (n — l)X/2, and

g-~ + 2. (79)

On the other hand, for a long continuous array, that is, an array with

an infinite number of elements, we have, from equation 56,

4/
9-+-%- (80)

Thus, the length in wavelengths appears to be the determining factor,

although the directivity of the discrete array is somewhat larger. The
effective area of a large uniform rectangular array which is forced to

radiate from one face equals its actual area. Hence, the directivity is

determined by the area in wavelengths.
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Thus, the directivity can be increased by increasing the size of the

antenna system. The size, however, is not essential. The directivity

of a short antenna is only slightly smaller than the directivity of a half-

wave antenna. Similarly, the directivity of a small loop is 1.5, irrespec-

tive of the area of the loop. An increase in directivity was obtained

from two loops, only a fraction of a wavelength apart. * It is not dif-

ficult to prove that theoretically there is no limit to the directivity of an

arbitrarily small antenna. The radiation pattern of a current element

in the equatorial plane is a circle. Consider two equal parallel elements

with a common equatorial plane. If the elements are operated 180° out

of phase, the shape of the radiation pattern is that of the figure 8.

Hence, the directivity of the pair should be greater than the directivity

of a single element. Replace now each element by a pair of elements.

The radiation intensity will be multiplied by another figure 8 factor, and

the directivity of the system is thus increased. Using the new system

for each element of the original array, we increase the directivity still

further. In this way we construct systems of elements with the follow-

ing current distributions

:

(i,-i),

(1,-1) +(-1,1) =(1,-2,1),

(1, -2, 1) + (-1, 2, -1) = (1, -3, 3, -1),

T. n(n — 1) n(n — l)(n — 2)
[1,-n, 3 >

gj
'•••]•

This is not the most effective method of increasing the directivity.

By the method explained briefly in Section 5.24 and more fully else-

where, f it is possible to obtain spectacular increases in directivity

(Figs. 6.5 and 6.6). These increases, however, are accompanied by

spectacular decreases in efficiency, due to large copper losses in actual

antennas. If the power gain is an important consideration, little can

be done to improve on the uniform arrays ; but, if we are interested in

directive discrimination without undue increase in the size of the antenna

system, we have the answer in " superdirective antennas." It should

also be noted that, the more superdirective the antenna, the narrower is

its bandwidth. Also, a much greater precision will be required in the

adjustments of the amplitudes and phases of the various elements. In

* H. T. Friis, A new directional antenna system, IRE Proc, 13, December 1925,

pp. 685-707.

t S. A. Schelkunoff, U.S. Patent 2,286,839. Also, A mathematical theory of

linear arrays, Bell Sys. Tech. Jour., 22, January 1943, pp. 80-107.
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spite of these handicaps moderately superdirective arrays have already

found applications (see ref. 6).
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Fig. 6.6 Radiation patterns of three end-fire arrays of the same total length

(n — 1)1 = j\ designed according to the principle of superdirectivity.

There is no upper limit to the directivity of superdirective antennas,

and, therefore, there is no upper limit to their effective areas in absence

of heat loss. This is a highly theoretical property since all practical

antennas have internal resistances. Nevertheless, this is a property
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requiring some explanation, for it implies that a perfectly conducting

antenna of infinitesimal dimensions is capable of intercepting from a

plane wave the amount of power passing through a very large area.

It is easy to understand that a large resistive sheet can absorb the

power incident on it or that the power passing through the aperture of a

large slowly tapered horn can eventually be absorbed in a resistance of

small physical dimensions. But what is it that enables a perfectly

conducting superdirective antenna to collect power from a vast area?

The answer is found in the combination of resonance and low radiation

resistance. These two factors enable the antenna to create a strong

reactive field extending to large distances from the antenna which re-

directs the power passing through a large area of the incoming plane

wave and forces it to flow toward the antenna. Detuned superdirective

antennas intercept but little power. Their ohmic resistances tend to

diminish the received power still further.
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PROBLEMS
6.1-1 Using the results of Problems 5.10-1 and 5.16-1, obtain the directivity

of the broadside couplet.

Ans. g = 3
3 / sin pi

-1
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6.1-2 Using the results of Problems 5.14-4 and 5.16-9, obtain the directivity

of the half-wave sinusoidal current filament.

Ans. g = 1.64, G = 2.15 db.

6.1-3 Using the results of Problem 5.16-2, obtain the directivity of the array

for the case in which the ratio of the moments is 2 and I = X.

Ans.
27tt

2

9 -
IOtt

2 - 6

6.1-4 Using the results of Problems 5.16-2 and 5.16-3, obtain the directivity

of the couplet for the case in which the moments are equal, I = X and t? = ir/2.

Ans.
45

16

6.1-5 Using the result of Problem 5.16-4, obtain the directivity of two equal

parallel current elements operating 180° out of phase. Assume that I < 2^-

Ans. g = -J(l — cos 01) 1 - 3X

4ttZ

sin fil +
cos fil sin fil

fil b*V

6.1-6. Find the limit of g as / approaches zero.

15
Ans. 9 =

6.1-7 Solve Problem 6.1-5 for the case of I > X/2.

Ans. 1 - 3X

4xi
sin fil +

cos fil

fil

sin fil

~7ir
—

i

6.1-8 Consider an end-fire array of n parallel current elements with all ele-

ments perpendicular to the line joining their centers. Assume that the distance

between the successive elements is X/4 and that the current is attenuated from one

element to the next, the attenuation factor between the adjacent elements being lb.

Obtain the approximate gain of the array over a single element by neglecting the

interaction between the elements.

Ans. _g_ (1 +fr)(l - kn )

0i (l-Jb)(l+&»)

6.1-9 Using the result of the preceding problem, show that, if the directivity

of the array of attenuated elements is g(k), then,

g(k) (i+k)(i-kn
)

0(1) n(l -Jb)(l +*")

6.1-10 Show that, if the ratio of the current in the last element to that in the

first is u, then the result of the preceding problem may be stated as follows:

g(u)

0(D

n-l
(1 4- Vu)(l - u Vu)

n(l -
n

y/u){\ + u "y/it)
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6.1-11 Show that, if the total attenuation factor u is kept constant while n
approaches infinity, the limit of the result in the preceding problem is

g(u) 2(1 - it)

0(1) (l+tt)log(l/M)

Plot this curve and show that, even if the amplitude of the last element drops to one

half of the amplitude of the first, the directivity is reduced by only 4 per cent.

6.1-12 Consider a highly directive continuous end-fire array of current ele-

ments, and let ^ be the half-angle of the major lobe. Let the maximum radiation

intensity be unity. Find the power radiated within the major lobe, the first sub-

sidiary lobe, and the total radiated power. How much power will be radiated if the

radiation intensity is unity for all directions inside the cone of small half-angle yj/ and

negligible for all other directions.

Ans. 1.42^ 2
, 0.07rA

2
,

1.57i£ 2
; 3.14^ 2

.

6.18-1 Prove that, if two antennas have the same directivities and if the

maximum radiation intensities corresponding to the same input current are 4>max,i

and 3>max,2, then,

Rl ^max.l

#2 *max,2

where R\ and R2 are the radiation resistances of the antennas as seen from the input

terminals.

6.18-2 Show that a corollary of the preceding theorem is

Rl ^max,l

^2 ^max,2

6.18-3 Prove that, if $max ,i and $max,2 are the maximum radiation intensities

of two antennas corresponding to the same input current, then,

#1 fl
r2^>max,l

R2 ?l^max,2

where R\ and #2 are the radiation resistances seen at the input terminals.
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7.1 Image theory of reflection

Radiation patterns of antennas are affected profoundly by the earth and

the atmosphere above it. It is beyond the scope of this book to treat

the various effects of the earth and the atmosphere comprehensively.

Antennas are usually designed on the basis of their free-space perform-

ance. Their actual performance is then evaluated in the light of various

Fiq. 7.1 Illustrating the image theory of reflection.

propagation effects. One of the most important of these effects is

ground reflection. We shall consider only an idealized case in which the

ground surface is assumed to be smooth and plane. In Section 4.18

we already considered the case of reflection from a perfectly conducting

plane. In this case the field at any point P above the ground plane

(Fig. 7.1) equals the sum of the free-space field of the source S and the

free-space field of the image source S*. The strength of the image source

equals the strength of the actual source except for a possible difference

201
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in phase. Thus, if S is a vertical current element, the image source is

a vertical element in phase with it; but, if S is a horizontal element, the

image source is a horizontal element 180° out of phase.

There is no simple rule for obtaining the exact field above any

actual medium. An approximate field may be obtained as follows. If

the source of waves is high above ground, the waves striking ground are

substantially plane over any limited area. We shall presently see that

the angle at which plane waves are reflected equals the angle of inci-

dence. Thus, the reflected wave appears to come from the image source

as in the case of a perfect reflector; but the coefficient of reflection in

the general case depends on the angle of incidence. To obtain this

result we assumed that the source of waves, or the " transmitter," is

high above ground. The receiver, however, can be either high above or

close to ground. By reciprocity, we can use the same image rule when
the transmitter is close to ground and the receiver is high. The case

of transmitter and receiver close to ground requires special considera-

tion.

In this chapter we shall determine the reflection coefficient as a

function of the angle of incidence on the assumption that the ground is

homogeneous. Important conclusions may be drawn from this re-

stricted solution; in practice, however, reflection coefficients should be

measured.

7.2 Calculation of reflection coefficients

Consider a uniform plane wave incident on a plane boundary between

two homogeneous media (Fig. 7.2). The angle AOZ between the direc-

tion of propagation and the normal to the boundary is called the angle

of incidence. In radio propagation, however, the complementary angle

A, the angle of elevation, is more convenient. If s is the distance in

the direction of wave propagation, then,

E[ = Eo'e-^, 0i = co(Miei)^ (1)

where Eo* is the intensity of the incident wave at the point of intersection

of the particular incident ray AO and the ground surface. Let us choose

the y axis in the direction perpendicular to the direction of propagation

and parallel to the ground surface. Then,

s = x cos A — z sin A. (2)

* Substituting in equation 1, we obtain

E l = E l exp(-j(3 xx + j&z), (3)

where

|8 X - 0i cos A, & = 01 sin A (4)



7.2 CALCULATION OF REFLECTION COEFFICIENTS 203

are the phase constants of propagation in the x and z directions, re-

spectively.

At the ground surface the tangential components of E and H must

be continuous. If this requirement is satisfied at some one point, it

will not be satisfied at other points unless the phase of the reflected

wave is in step with the phase of the incident wave along the entire

Fig. 7.2 Illustrating the calculation of reflection coefficients.

boundary. Therefore, the phase constant of the reflected wave in the

x direction must equal the corresponding phase constant in the incident

wave. The reflected wave is traveling away from the interface, and

the vertical phase constant changes its sign. Hence,

E r = E r exp(-j0 xx - j(3zz). (5)

This relationship between the phase constants implies that the angles

of elevation of the incident and reflected waves are equal.

Let us assume that the transmitted (or " refracted") wave is also

a uniform plane wave. If \p is its angle of elevation,

E* = Eo< exp(-j(3 x 'x + #/*), (6)

where

X
' = 2 cos f, 0/ = 2 sin f, 02 = co(M2£2 )^. (7)

Again the continuity of the tangential field components requires that

the phase constants in the direction parallel to the ground surface be

equal,

0*' = 0x, or 0i cos A = 02 cos \p,

or (/xiei)** cos A = (m2£2)^ cos^. (8)
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This equation determines \j/. The index of refraction tl is defined as

follows,

'

. n = (^Y, (9)

where /i v and e v refer to vacuum. In terms of refractive indices, equation

8 becomes

n\ cos A = n2 cos \f/. (10)

This is SnelPs law of refraction.

So far we have made no reference to the relative orientation of E
and H with respect to the ground surface. Let us now assume that the

E vector is in the plane of incidence defined as the plane containing the

direction of propagation and the normal to the boundary between the

media. Since the H vector must be perpendicular to the E vector and

to the direction of propagation, it must be parallel to the ground surface.

We can look at the present incident wave either as a uniform plane wave
traveling in the direction A or as a sinusoidal wave pattern moving

perpendicularly toward the ground surface. As far as penetration of

the wave into ground and reflection from it are concerned, we need con-

sider only this perpendicular propagation, and our problem is the same

as that considered in Section 3.6. At the surface of discontinuity in

the electromagnetic parameters, the tangential components of E and H
must be continuous. As we have seen in Chapter 3, these are analogous

to the voltage V and current i" in transmission lines. From equation

3-38 we find that the reflection coefficient for Htan is the negative of the

reflection coefficient for Et&n - The latter we obtain from equation 3-41,

where K is the wave impedance K Zi i in the first medium and Z is the

wave impedance K Zt2 in the second medium, both in the direction normal

to ground. In the present case Ht&n is the total H, and it is convenient

to consider its reflection coefficient

Kz,i ~ KZt2 /., ! n

9 =
K... + K,. 2

(U)

This is also the reflection coefficient for the total E, provided the positive

direction of the reflected E is taken as in Fig. 7.2 so that Er
, H r and

the direction of propagation form the conventional right-handed system

of directions. The wave impedances normal to ground are

„ EUn # { smA gap E* sin $
2,1

= ~~
W~

= —W1

—

'

*'2 ~ "h^ " W u '

Since

E* = mH\ E l = mW, (13)
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where ?u and 772 are the intrinsic impedances of the two media, and since

\f/ can be expressed in terms of the given angle A from equations 8,

the reflection coefficient q can be expressed in terms of A and the electro-

magnetic parameters of the media. In particular, if the permeabilities

of the media are equal, then,

(e2/ei) sin A - [(e2/ei) - cos2
A]»f

(
..

q
' (e2/ei) sin A + [(e2 /ei) - cos2 A]*

'

K }

This formula can be generalized to include dissipation. In dissipa-

tive media the field equations contain the complex parameter g + jcoe

instead of jcos; hence, the formulas for nondissipative media may be

made more general if we replace the dielectric constant e by the

"complex dielectric constant" e + (g/jw) = s — j(g/<*>). If the upper

medium is air, equation 14 for the reflection coefficient when H is parallel

to the ground surface becomes

(e r - jQ0g\) sin A - (e r - cos2 A - jQ0g\)^ , ,

q "
(e r - jQ0g\) sin A + (g r - cos2 A - jQOgX)*

' l ;

where g is the conductivity of the lower medium and s r is its dielectric

constant relative to air.

IfE is parallel to the ground surface and H is in the plane of incidence

(as E is in Fig. 7.2), then we find

q = ~W
—

_u k ' (16)A Zi2 -f- A z ,i

where the wave impedances normal to ground are

Tpi Tpi

K" 1
=
~HU

=
g f sin A = "' CSC A

' ^.2 = 12 0sc^. (17)

For waves entering a nonmagnetic dissipative medium from air, we find

_ sin A — (e r — cos2 A — jQ0g\)^ . .

q ''

=

sin A + (er - cos2 A - jWg\)X
'

^ '

If A = 90°, both E and H are parallel to the ground surface. This

is a special case of either of the two preceding cases, and the reflection

coefficient may be obtained from either equation 15 or 18. Indeed the

same value is obtained except for the algebraic sign. The difference

in sign is caused by the conventions with respect to positive directions

of field intensities. In equation 18 the incident and reflected E vectors

are parallel; hence, it is natural that the same positive direction is

chosen for both vectors. Similarly, in equation 15 the H vectors are

parallel so that it is equally natural to choose the same positive direc-

tion for them. This leads to the particular relation between positive
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directions of E r and E l which is exhibited in Fig. 7.2. When A = 90°,

the positive direction of E r
is directly opposite to the positive direction

of E\ Note that the convention exhibited in Fig. 7.2 is convenient

for small angles of elevation.

7.3 Discussion of ground-reflection coefficients

Ground-reflection coefficients depend on four parameters : ground con-

ductivity g, relative dielectric constant er, wavelength X in free space,

and the angle of elevation A of the incident waves. If e r ^ 1, which is

true for most dry and wet soils, these parameters may be grouped, and

equations 15 and 18 may be expressed in new forms which exhibit

more clearly the essentials of ground reflection. We define the quality

factor Q of ground, the critical wavelength X c for which the quality factor

is unity, and the critical angle of elevation A f as follows:

X Y
Q = > X c = —r— > sin A c = s r

-^
9 bOg

1 + (19)

The following table gives an indication of the order of magnitude

of the critical wavelength :*

Dry Soil Wet Soil Sand Sea Water

9 0.015 0.015 0.002 5

£r 10 30 10 78

x c 11 33 83 0.26

The critical angle A c is never greater than 1/s/^ radians. For perfect

conductors X c and A c are equal to zero. If X ^> X c , then A c is small;

otherwise, A c is fairly large. When X <C X c , the critical angle is nearly

independent of X and typical values are

:

Dry Soil Wet Soil Sand Sea Water

0.322(18°26') 0.183(10°3l') 0.316(18°26') 0.113(6°30')

The complex index of refraction is often used in literature on wave prop-

agation. It is defined as the ratio a/cr v of the intrinsic propagation

constant of the medium to the intrinsic propagation constant in vacuum

;

hence,

n2 = jMg + J^) = Mr£r
A _ . x \

(20)

In radio propagation it is usually assumed that fi r = 1- This equation

enables us to identify e r and X/X c when n2
is given.

* For typical values of ground constants for waves several meters long, see

C. B. Feldman, The optical behavior of the ground for short radio waves, IRE Proc,

21, June 1933, pp. 764-801.
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If s r ^> 1, we may neglect cos2 A in equations 15 and 18. Then,

if the H vector is horizontal (and the E vector is in a vertical plane),

the reflection coefficient is

«— i
sin A

e -i*>
sin A

e -i<P <P
= \ tan-l

sin A c
"

J \~ sin A,

and, if the E vector is horizontal,

q = — (1 — e' v sin A sin A c )(l + e 1'* sin A sin A c )

_1

(21)

(22)

If E is horizontal, the reflection coefficient approaches negative

unity steadily as A varies from 90° to 0°.

But, if H is horizontal, the ratio of sin A to sin A c may be either

large or small compared with unity, and the reflection coefficient may
be comparable to either positive unity or negative unity, depending on
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Fig. 7.3 Universal curves for the amplitude a and the negative phase t? of the

reflection coefficient for waves over ground in which the H vector is horizontal.

whether the angle of elevation is large or small. Figure 7.3 shows the

amplitude a and the negative phase # — so that q = a exp(—j&) — as

functions of the angle of elevation and parameter <p defined in equations

21. The amplitude of the reflection coefficient is minimum at the critical

angle, and the phase is —90°. For perfect dielectrics (<p = 0) there is

actually no reflection at the critical angle, which in this case is known as

the Brewster angle. In any case, am in = tan \ip. Since <p never exceeds

7r/4, the greatest value of this minimum is tan (x/8) = 0.414- • •
. The

upper and lower curves represent the extreme cases.

7.4 Radiation patterns

To obtain the field of a transmitter at point Pi (Fig. 7.4), we have to

add the field intensities of the primary or " direct " wave and the ground-
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reflected wave. At point P2, so far from Pi that the polar angles as

observed from Pi and its image Q\ are substantially equal, the total

field of a vertical current element of moment Is is

E 9 = E e
p + E e

r = QOirjIs RPr g— //3(ri+r2 )

sin 0. (23)

As r increases, the effect of the path difference r\ + r2 — r for the direct

and ground-reflected waves on the amplitude of the field decreases and

Fig. 7.4 Direct and ground-reflected rays between a transmitter at Pi and a

receiver at P2.

eventually becomes negligible. Thus, if r is very large compared with

hi and h,2, equation 23 becomes

E 6 = Ed
p (l + ge-tfOi+i-r)). (24)

To obtain the radiation pattern we must let r approach infinity.

The path difference becomes equal to the projection of P1Q1 on Q1P2

;

therefore,

E d = E e
p (l + qe~2^ hi cos

*). (25)

In the case of infinite conductivity q = 1 for all angles. In the hori-

zontal plane 6 = 90°, the exponential factor equals unity, and the re-

sultant electric intensity is twice as large as the primary intensity.

On the other hand, for any finite conductivity, at grazing incidence,

q = — 1 ; hence, the resultant field vanishes, and the radiation pattern

has a null. Figure 7.5 illustrates the profound effect of finite ground

conductivity on the radiation pattern of a vertical current element.
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The curves were obtained by Feldman* for the case in which e, = 7

and X/X c = 3/7.
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Fig. 7.5 Comparison between the radiation patterns over ground with infinite

conductivity and over ground with finite conductivity.

7.5 Low-angle radio transmission

The null in the horizontal direction in the radiation pattern of the

vertical current element does not mean that the field is identically zero.

Radiation patterns are intended to represent distributions of the major

component of the electric intensity, the one whose amplitude varies

inversely as the distance from the transmitter. To obtain the radiation

pattern, the electric intensity is multiplied by r, and the limit is taken

as r approaches infinity. In passing to the limit the terms varying

inversely as the square of the distance from the transmitter disappear.

Hence, at any finite distance from the transmitter, the radiation pattern

gives useful information about the field distribution everywhere except

in the thin funnel-shaped holes whose axes are the null directions in the

* Ibid.
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pattern. In these holes the residual electric intensity varies inversely

as the square of the distance from the transmitter. Round each hole

there is a transition region where the intensity of the field rises gradually

to the main level. In the vicinity of the null directions, it is impossible

to plot a single radiation pattern, independent of the distance from the

transmitter.

To obtain the transmission formula for low altitudes, we must

use more accurate expressions for-g and the path difference r\ -f- r2 — r

in equation 24 than we had to use in calculating the main radiation

pattern. For large horizontal distance d between the transmitter and

receiver (Fig. 7.4) we have

r = [d2 + (h2 - h) 2
}

1
/* ~ d + \d^(h2 - h)S

(26)
ri + r2 = [d

2 + (hi + h2 )
2
]y> ^d+ \d~l (hx + h2 )

2
.

Substituting in equation 24 and dropping the subscript 0, we obtain

_ = 1 + gexp(_j__j. (27)

For angles small compared with the critical angle A c , equation 21

for the reflection coefficient, when E is in a vertical plane, becomes

, . 2 sin A , 2 (hi + h2 ) /£^ON
q ~ - 1 -\ :

—-— e ->* ~ - 1 H \ . A

y
e"»* (28)

sin A c d sin A c

Substituting in equation 27, we find

E o • / 2irhih2= 2j sin
Ev

2 (hi + h2 )

dsinA
exP(~^-J-w-)- (29)

If 2ir/ii&2 <S Xd, then,

E_ _ 4Thh2 2(h + h2 )

E»
~

J \d
+

d sin A c

e
'

(M)

If /ii and h2 are large compared with X, the first term is dominant, and

the electric intensity is proportional to the heights of the transmitter

and receiver above ground. At greater heights the height gain begins

to decrease, and we must use equation 29. The field intensity reaches

its first maximum when

4hih2 = Xd, h2 = -^-- (31)

This maximum value is twice the intensity of the primary field. We
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must remember, however, that this is true only to the extent to which

2 (/*i + h,2)/d sin A c is negligible compared with unity, so that q ^ — 1.

In general, the maximum value is smaller and should be determined

from equation 27.

If 2hih,2 <C \d and hi <C ho, equation 30 becomes

E =i^A; (32)
Ep

that is, the field intensity is proportional to the angle of elevation of the

, receiver.

If hi = h,2 = 0, equation 27 gives E = 0. It must be recalled,

however, that our method of obtaining the reflection coefficient is

invalid when both the transmitter and the receiver are very close to

ground. In this case it can be shown* that

E _ jn*X
+

2n*(hi + h2 )
, 2^ >^E (n2 - \)ird ' (n2 -\)*d X

where n is the complex index of refraction. This extends equation 30

to the immediate vicinity of ground.

7.6 Wave tilt at grazing incidence

At great distances from a vertical antenna above perfect ground, E is

normal to ground. We have seen that finite ground conductivity has

the effect of reducing E considerably. In addition it causes a tilt in the

E vector. The component of E tangential to ground is utilized in the

design of "wave antennas" which we shall consider in Chapter 15.

From the second of equations 12, we find the normal component of

impedance, K n = rj sin yp. For grazing incidence equation 7, when

generalized to include the ground conductivity, becomes j(3 v = a cos \J/.

Hence,

'fin
n = V\K n = V 1 - r*u

v, (34)

where 77 is the intrinsic impedance of ground. Hence, the ratio of the

horizontal component of E to the vertical component is

EH v

Ev 120tt

For long waves cos <C g, and

(35)

b
v - (i^rE

Using Sommerfeld's integral on p. 433 of Electromagnetic Waves
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ANTENNA CURRENT

8.1 Electrical properties of antennas

One of the most practical questions with regard to a transmitting

antenna is : What is the strength of the field at a given distance for a

given radiated power? Another question is: Wh»t is its radiation

pattern? We shall also want to know the input impedance of the

antenna in order to match the antenna to the source of power, and thus

insure that the radiated power is maximum. In broad-band com-

munication we are also interested in the antenna impedance as a func-

tion of the frequency, either for making the best choice of several

antennas or for designing a corrective network.

We shall be able to answer all these questions if we know the antenna

current. Of course, to obtain the input impedance we need only the

input current for a given input voltage; but, unfortunately, in most

cases we do not know how to evaluate the input current without first

obtaining the entire current distribution. However, we need to know
the entire current in order to answer the other practical questions.

As we shall see, we need not know this distribution very accurately.

On the other hand we must know the input current much more ac-

curately if we are to obtain satisfactory information about the im-

pedance. This happens to be the most difficult of all antenna problems,

except in a relatively few cases.

Even in the simplest cases, the exact current distribution in con-

ductors is complex. Approximations are usually unavoidable, and it

is essential that the relative importance of various factors affecting the

current distribution be well understood. Then, as we have just noted,

the answers to some questions are relatively insensitive to the errors

in the current distribution, whereas the answers to other questions are

very sensitive. Thus, we must find out when we can consider that a

rough approximation is satisfactory and when we should seek a better

approximation.

213
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8.2 Effect of current distribution on the radiation pattern and
the radiated power

The radiation pattern and the power radiated by the antenna are

insensitive to errors in the assumed form of current distribution. To
obtain the field intensity in any given direction we must add the con-

tributions from all parts of the antenna, those parts where the current is

large and those where it is small. If we make the maximum amplitude

of the usual sinusoidal approximation equal to the maximum amplitude

of the exact current, the errors are relatively large only where the current

is small. These errors are submerged in the integration except in those

directions in which the contributions from the various parts of the

antenna tend to cancel. The antenna current must be known more

accurately if we are interested in the minima in the radiation pattern; but

it need not be known accurately otherwise.

The radiation patterns of highly directive antenna arrays are de-

termined chiefly fcty the space factors, and the errors in the distribution

of currents in the individual elements are even less important.

The radiated power may be obtained by integrating the radiation

intensity <£. Since <£ is proportional to the square of the field, the errors

for those directions in which the field is small (and for which the errors

are relatively large) become less important. In addition, these errors

will be submerged in the integration. Thus, we may expect a very good

approximation to the radiated power even from a relatively poor approxi-

mation to the antenna current. *

8.3 Effect of current distribution on the antenna input resist-

ance

Suppose that we have obtained the radiated power in terms of the

maximum current amplitude,

p _ ID J 2 (A)

where i^ a is called "the radiation resistance with reference to the current

antinode. If Ri is the input resistance, this power may also be expressed

as

P = \RiU2
,

(2)

where A is the amplitude of the input current. Equating 1 and 2, we
find

p _ E> J max /q\
ti% — ria —jy~ ' W

* i

* Later we shall find that the difference between the true antenna current and

the sinusoidal approximation is largely in quadrature with the main current, and

for this reason the effect of the difference on the radiated power is still further reduced.
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In obtaining this equation, we have tacitly assumed that all power

delivered to the antenna is radiated. Some of it, of course, is dis-

sipated in heat in the conductors and insulators. Equation 3 gives

only the resistance due to radiation. Since the dissipated power is

usually small, it does not affect the radiated power and may be added

to it to obtain a more general equation

:

/max
2

2-tli-f t
= 2^a^max I 2f*ld*max j

K>i == \K>a \
tCd) r~2 ' \*)

-* i

Equation 3 is exact; but its greatest usefulness comes in making

approximations. In the preceding section we have concluded that the

radiated power is relatively insensitive to the shape of the current

distribution; thus, we can obtain a satisfactory approximation for R a

(see Chapter 13) from even a rough approximation to the current. On
the other hand, R { is sensitive to errors in the input current, especially

when the latter is small, so that even small absolute errors lead to large

relative errors. Equation 3 may be used to check Ri] it should never

be used to check R a .

Later in this chapter and particularly in Chapter 13 we shall see

how to use equation 3 to obtain certain limit values of the input re-

sistance.

8.4 Factors affecting current distribution

The factors affecting current distribution may be grouped as follows :

1. Effects of size, shape, and proximity of conductors.

2. Effects of discontinuities, such as sudden changes in the radius

of the antenna, or sudden divergence of previously closely spaced wires.

3. Effects due to the distribution of generators or to the impressed

field.

4. Effects due to radiation of power.

5. Effects due to the resistance of conductors.

6. Effects of proximity between the antenna terminals.

In Chapter 4 we found that the voltage and current associated

with the TEM waves on conical conductors are distributed sinusoidally.

In such conductors the effects of radiation and of discontinuities on the

current may be expressed in terms of so-called higher-order waves.

This method of analysis requires advanced mathematical techniques

and is outside the scope of this book. In Chapter 4 we also found that

the voltage and current associated with the principal waves (almost

TEM waves) on other than conical wires are governed by the trans-

mission equations 4-33, in which the distributed inductance and capaci-
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tance per unit length are slowly varying functions of position along the

wire. In such circumstances the voltage and current are approximately

sinusoidal, with correction terms depending on the relative deviations

of the distributed parameters from their mean values ; in addition, there

will be other correction terms due to radiation and possible discon-

tinuities. Thus, we anticipate that the approximate form of current dis-

tribution in wires or wire networks is sinusoidal, with some deviation

caused by the above-mentioned factors. The sinusoidal approximation

was first discovered by Pocklington.*

This conclusion is predicated on the assumption that the source of

power is localized. The current distribution due to several localized

sources or to a continuous distribution of the impressed field is obtained

by superposition of sinusoidally distributed currents, and thus will not

appear as sinusoidal, even approximately. The current in a receiving

antenna, for example, is quite different from the current in the same antenna

used as a transmitting antenna.

In this chapter we shall first derive the limiting forms of antenna

current as the radius of the antenna approaches zero and then consider

more closely the principal effects of the various factors enumerated at

the beginning of this section. For this purpose we need to find general

expressions for the electric intensity in the vicinity of the antenna in

terms of the antenna current. We shall find it expedient to introduce

new conceptions. One is the conception of the quasistatic potential or

scalar electric potential V, which depends directly on the charge distri-

bution and from which we can find a part of the total electric intensity

by taking the negative gradient in the same way as the total electric

intensity is obtained in electrostatics. The only difference between the

static potential and the quasistatic is that the latter contains a phase

retardation factor which depends on the distance between an element of

charge and a typical point in the field. This potential is often called

the " electrostatic potential," even though the field may be varying at

a frequency of a bilhon cycles per second. We have no serious objection

to this usage, provided the difference between static and variable fields

is fully understood. We prefer, however, the term " quasistatic poten-

tial," which implies its close relationship to the static potential and at

the same time suggests that there is a difference.

The difference between the total electric intensity of a variable field

and the negative gradient of the quasistatic potential is found to vanish

with the frequency of the field. Thus, it is due solely to the motion of

charge : that is, to the electric current. For this reason the difference

will be called the dynamic component F of the electric intensity.

* H. E. Pocklington, Electrical oscillations in wires, Camb. Phil. Soc. Proc,

9, October 25, 1897, pp. 324-332.
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We shall then express these auxiliary functions in terms of the

current and charge, and concentrate more specifically on the field in the

vicinity of a thin wire. It is this field that determines the current dis-

tribution. Then we shall be ready to consider applications of the general

theory to specific cases. Because of the complexity of the exact current

distributions we shall resort to the method of successive approximations.

We shall find that, in the first approximation, the current in a thin antenna

is distributed exactly as in a transmission line with a similar distribution

of impressed voltage, as shown, for instance, in Figs. 8.5 and 8.6. We
shall find that the same rule can be applied to find the second approxi-

mation if we impress on the antenna certain compensating elective fields,

which may be calculated from the first approximation to the current.

Theoretically, this process could be continued indefinitely; practically,

the integrations soon become very involved and have to be performed

numerically. Even if tables of auxiliary functions were prepared, there

would still be left an excessive amount of numerical work in combining

numerous terms in the solution of any specific case. Fortunately, it is

rarely necessary to carry the analysis beyond the second approximation.

The fairly complicated analysis in the following sections, 5 to 16,

is needed for two reasons: (1) to establish a firm basis for the approxi-

mate evaluation of current distributions, and (2) to develop the equa-

tions needed in more accurate calculations. This analysis is unnecessary

if we are interested only in the general approximate shape of the current

distribution on thin wires, since this may be determined from elementary

considerations of electrostatic and electromagnetic induction. Let q, I,

V
f
be, respectively, the charge per unit length, the current, and the

potential. We shall think of the potential in the usual electrostatic

sense. Its use in the present situation is justified on the ground that the

electric charge on a thin wire produces strong electric forces in the im-

mediate vicinity, and that these forces are proportional to the local

charge density, the effect of distant charges being relatively small.

The difference A7 between the current leaving an element of the wire and

that entering it must equal the time rate of decrease of the charge q Az

on the element of length Az; that is, Al equals —jwq Az. Since V and q

are approximately proportional, we have

Al oc —joiV Az
;

or, in the limit,

dl

dz
-j<*V.

As the current I varies with time, it produces an opposing emf of self-

induction largely proportional to the time rate of change of the local
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value of the current. This emf produces a potential difference between

the ends of the element. Hence,

A7 oc —jo)I Az.

In the limit,

dV . -
oc -Jul.

dz

The coefficients of proportionality cannot be determined by such a

simple argument as above; but we can say that these coefficients are

constant along the wire except near the ends. Thus, the approximate

equations for the distribution of current and potential are of the same

form as ordinary transmission line equations. Hence, the current in

thin antennas must be approximately sinusoidal, as shown in Figs. 8.5

and 8.6.

In essence, this is the pattern of analysis which we adopt in the

following sections; Ave shall give, however, a precise meaning to the con-

ception of " potential " in the case of nonstatic fields.

8.5 Quasistatic and dynamic components of electric intensity

Any current distribution may be subdivided into current elements o

moment p = J dr, where J is the current density and dr is the volume

occupied by the element. Thus we may substitute this moment for Is

in equations 4-82 for the field of the current element and integrate this

field over the given current distribution. The integration must be

vectorial, which, in effect, requires that we obtain the Cartesian com-

ponents of the field from equations 4-82 before integration. The inte-

grands are seen to be complicated.

As already indicated in the preceding section, we can simplify our

problem materially by introducing certain auxiliary functions, the scalar

electric potential V, and the dynamic component F of the electric in-

tensity. We shall prove that there exist relatively simple functions, a

scalar function V and a vector function F, such that

dVJ.-F.--2-. (5)

or

E = F - grad V. (6)

The second term we shall call the quasistatic component of E and denote

it by G. The reason for the name will soon become apparent.

A clue to this representation of E is found in the fact that an electro-
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static field may be expressed as the gradient of a potential V,

E = - grad V, E. « - -^ , (7)

given by

where r is the distance between the center (x', y', z') of a typical element

of charge, qT dr, and a typical point (x, y, z) ; thus,

r = [(x- x'Y + (y - ?/)
2 + (2 - z')

2
]**, (9)

and qT is the density of charge. Equation 8 follows at once from the

expression 4-62 for the potential of a point charge q,

We need only replace q by qT dr and integrate over the space occupied

by the charge.

Equation 7 implies that the integral of E round a closed curve is

zero,

E s ds = -j>-
d-fds=-V
ds

= o, (11)

where A is the point from which we start and B is the same point at the

end of the round. According to Maxwell's equations, this equation can

be true for any closed curve only if the field is static. Otherwise, the

variable E will produce a magnetic field H, and the variable H requires

that

JE S ds = -»-^ff
H n dS, (12)

or, in the steady state,

£e 8 ds = -jco/z ffHn dS. (13)

This equation suggests, however, that we might be able to express the

variable E as the sum of two components, one derivable from a potential

and the other vanishing with the frequency.

To avoid the use of advanced mathematical theorems, and to keep

in more intimate contact with the physical aspects of our problem, we
shall construct the auxiliary functions V, F synthetically and then prove

that our final results are correct. Every term in the expressions 4-82

for the field of an electric current element contains a phase factor
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exp(—jl3r) depending on the distance. This suggests that we include

this factor in equation 10 for the potential of a point charge,

This is a quasistatic potential of the point charge in the sense that it

reduces to the static potential as the frequency vanishes, and that it is

proportional to the charge in the same way as the static potential.

There is, however, an extra factor: the phase retardation factor

exp(-jfir). In an electric current element there are two equal and
opposite charges (Figs. 4.13 b, c, d), and its potential is, therefore,

4xsri 4xer2 '

We already know E for the current element; therefore, we can find the

corresponding dynamic component F from equations 6 and 15,

F = E + grad V = E - G, (16)

with the aid of equations 4-82. In the next section we shall carry out

the details of the calculation and show that the dynamic component of

the electric intensity is parallel to the element and is given by

Ise~^ r

where Is is the moment of the element.

We now return to the idea expressed in the first paragraph of this

section and apply it to the formation of V and F for an arbitrary distri-

bution of charge and current. Replacing q by qT dr = qT dx' dy' dz
f

,

where qT is the volume density of charge, and integrating,

v = CCC q^x '> y^ )e
~~

lfir

dx' dy' dz'. (18)

Similarly, from equation 17, we have

r . -tofff
,{*'<£>r'*

*t dy' M. (19)

This is a vector equation, so that, for a typical Cartesian component of

the current density J, we have

F, - -jwfff
J' (X '' V^ )e

~"*
dx' dy' dz'. (20)
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Having obtained V and F, we can evaluate E from equations 5 or 6, that

is,

E s = F s
- 4^"

'

E = F - grad V. (21)
OS

Another auxiliary function, the magnetic vector potential A, has

normally been used in place of the dynamic component F of the electric

intensity. These two functions are simply related

:

F = -j^A, A = - -. (22)

There is some advantage in using A rather than F, since A approaches a

constant limit as co approaches zero whereas F vanishes with co. On
the other hand, F possesses a more definite physical meaning while A
remains primarily an auxiliary mathematical function. In this book we
shall use mostly F but not to the complete exclusion of A. The ex-

pression for a typical Cartesian component of A in terms of the corre-

sponding component of the current density J is found by substituting

equation 22 in equation 20,

A z =fff
UX,

'tr
)e^'

*>'****'• <»)

8.6 An electric current element

We shall now fill in the missing details in the proof of the final equations

in the preceding section. We have to show that the already known
equations 4-82 may be expressed in the alternative form 21, where F
is given by equation 17, and V, for each end of the element, by equation

14. Since the time rate of increase of the charge at the upper end of the

element must equal the current flowing to it, we have a relation between

q and I :

= 1, ju>q = I, q--l~- (24)
dt

' 'w* ' * jco

At the lower end we have the charge — q.

Without loss of generality we may assume that the element is

parallel to the z axis. Let the element extend from the lower charge

— q at some point (x
f

,
y', z' — is) to the charge -\-q at the upper end

(x'
}
y'

}
z' -f- §s), where s is the infinitesimal length of the element.

The corresponding scalar potential is given by equation 15 where r\ and

T2 are, respectively, the distances from the upper and the lower charge

(Fig. 4.13). Since, however, s is infinitesimal, we can evaluate the
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potential in equation 15 by differentiation,

where r is given by equation 9. For future convenience we introduce

the following wave function

:

then, in view of equation 24,

T>-S.-|t_-£*. (27)
e dz jus dz J

From equation 9 for r we observe that a positive increment in z' has

the same effect as a negative increment in z ; hence, the derivative with

respect to z' equals the negative derivative with respect to z, and

F= _4^-^. (28)
jcos dz

We shall now evaluate V for a current element at the origin. First

we note that V depends on z only through r ; hence,

jcos dr dz

For the element at the origin,

r2 = x2 + y2 + z
2 2r^— = 2«, 4~ = — = cos e - (30)^

dz dz r
'

(31)

Introducing this value in equation 29 and noting that

ty j(3exp(-j(3r) _ exp(-j/3r)

dr 4^rr 47rr2

we have

y = V[S_(l+ M e
_ y/Sr cog £ (32)

Taking the negative derivatives in the r and directions, we

obtain the quasistatic components of E :

_ dV juuls .„ _ . vis ( , . 1 \ ,•«„ „
G> = r— = -^-r— e->P r cos d + '

9 1 + -^- e~ ,/5r cos 0,

(33)
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Subtracting these expressions from equations 4-82 in accordance with

equation 16, we obtain the dynamic components of the electric intensity

of an electric current element of moment Is :

F r = E r -Gr= -juplsf COS 6, $ = -*
4xr (34)

Fe = E e — Go = japls^ sin 0.

Evaluating the components Fz and F p in the directions parallel to

and perpendicular to the element, we find

Fz = Fr cos 6 — F e sin 6 = —jcauls^,
(35)

Fp
= F r sin d + Fe cos = 0.

Hence, the dynamic component of the electric intensity produced by the

current element is parallel to it and depends only on the distance from the

ele nent.

Thus, we have succeeded in resolving the electric intensity of the

current element into two components, one of which is parallel to the

element and is given by the simple equation 35, while the other is ob-

tained by taking the negative derivative of the scalar potential given by
equation 32. The first .component vanishes as co —* while the second

approaches the static value of E. Having shown that equation 6

applies to a typical current element, we use the principle of superposi-

tion to obtain the general equations at the end of the preceding section.

8.7 Infinitely thin current filaments

Linear antennas form an important class of antennas ; in these the longi-

tudinal dimension is much larger than the dimensions of the normal

cross section, and the latter are small compared with A/4. The current

in such antennas is largely parallel to the long dimension. Because of

the skin effect, the current is distributed on the surface. It is some-

times convenient to idealize a long, thin current filament and approxi-

mate it by an infinitely thin filament ; when, however, we are interested

in the field in the immediate vicinity of the given filament, it is essential

that we consider its actual dimensions.

In the case of an infinitely thin current filament (Fig. 8.1), the

triple integrals in equations 18 and 19 for V and F become single inte-

grals. Thus the volume element of charge qT dx' dy' dz' may be ex-

pressed as q(s) ds, where q(s) is the linear charge density; similarly, the

moment of the current element J dx' dy' dz' becomes I(s) ds. Hence,
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where (s, z) is the angle between the tangent to the current filament and

the direction of a typical coordinate axis. The net current leaving an

element ds must be equal to the time rate of decrease of the charge;

therefore,

dl 7 do 1 dl do /0 _ N

-T- ds = - -Tj- ds, — = - -rf • (37)
ds dt ds dt

Fig. 8.1 A curved, infinitely thin current filament.

When I and q are exponential functions of time,

dl

ds
= -m- (38)

Similarly, at the beginning of the current filament s = si, and at its

end, s = «2, we have

Z(si) = -jcoQi, 1(82) = J0Q2, (39)

where Qi and Q2 are the end charges. If the end charges are different

from zero, the corresponding potentials must be added to the integral for

V in equation 36. These terms are not included in the integral when the

integral is interpreted in the usual " Riemann sense " ; they are included

only if we agree that at the end points q is infinite while q ds is finite and

equal to Q, that is, if we interpret the integrals in the " Stieltjes sense."

Although we often find it convenient to express the field in terms of

the two auxiliary functions, V and F, we should note that these functions

are not independent. Thus the quasistatic potential of a current ele-

ment parallel to the z axis is given by equation 28 and the dynamic

component of the electric intensity by equations 35. Eliminating the

wave function \f/, we have

where the parenthetical subscript associated with V is to remind us

that the element is parallel to the z axis, and is not to be interpreted as

an indication that V is a vector. In accordance with the principle of

superposition, this equation is true for any system of current elements
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parallel to the z axis. For systems of elements parallel to the other two

axes of a rectangular coordinate system, we have

1 dFxVM = -
|3
2 dx

v 1 dFv
(v) (41)

Since the potentials are added algebraically, the potential of the entire

system of elements is

V = dF x dFy dFz

dx dy dz ?
divf. (42)

Fig. 8.2 A curved current filament of finite radius.

8.8 Thin current filaments

A thin current filament (Fig. 8.2) may be resolved into infinitely thin

filaments of angular density I(s)/2t. Hence, instead of equations 36,

we have

»2i1 /»«2 /»2 1r

—
/ / \j/ I(s) cos(s, z) ds dip',

n J si Jo

(43)

Fz = -

where yp is given by equation 26/that is,

e-tfr

* =
47rr

(44)

and Fz is a typical Cartesian component of F.

We shall stress once more that the potential is determined by the

charge density. As shown by the continuity equation 38, the charge

density and the current are not independent; but the relation between

them does not invalidate the preceding statement. At a given point of

a thin filament, V is determined primarily by the density of charge at
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that point; and, similarly, F is determined primarily by the current at

that point. This is due to the fact that \p is large only in the region

where z' — z is small. And, of course, it is perfectly possible for one of

the quantities, q(s) or I(s), to be large at some point and for the other to

be small. Further, when r is small, the retardation /3r in the phase of

\f/ is small. Hence, the forces affecting the distribution of charge on

thin wires will be mainly electrostatic, together with the forces of mag-

netic induction, as is the case in low-frequency transmission lines.*

The thinner the wires, the more nearly true this is. The importance of

these remarks will be appreciated more fully when we develop a method
for evaluating the first-order high-frequency effects from the results

based on the low-frequency approximations.

8.9 Exact equations for the distribution of quasistatic potential

and the dynamic component of the electric intensity on a

system of parallel thin wires

Consider a system of parallel thin wires of arbitrary lengths. The
currents are constrained to flow in one direction ; namely, parallel to the

wires. The dynamic component of E will thus be parallel to the wires

;

and, if the wires are parallel to the z axis, the longitudinal field due to the

currents in the wires is

dVE
*
= F*-^T' (45)

If Ez
l (z) is the electric intensity impressed on a typical wire, other than

that due to the currents in the given system of wires, then the total

electric intensity on the surface of this wire is Ez -f- 2£**(2). This must

equal the product of the internal impedance of the wire and the current

;

thus, on the surface of the wire,

Et + EJiz) = ZiI(z), (46)

where Z,- is the internal impedance per unit length. At high frequen-

cies,

''-M^fT*™' (47)

where a is the radius of the wire. Substituting from equation 45 in

* John R. Carson, Electromagnetic theory and the foundations of electric

circuit theory, Bell Sys. Tech. Jour., 6, January 1927, pp. 1-17; The rigorous and

approximate theories of electrical transmission along wires, Bell Sys. Tech. Jour., 7,

January 1928, pp. 11-25.
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equation 46 and rearranging the terms, we obtain

= F2 + Es(z) - ZJ. (48)
dz

We also have equation 40,

dF
= -p2 V. (49)

dz

For perfectly conducting wires, equations 48 and 49 become

dV dF
= F, + E.*(z), -^ = -pV. (50)

dz
-
« — v-/»

dz

If the impressed electric intensity is restricted to small portions of the

wires, then, in regions free from the impressed field,

dV
= Ft

,
4^= ~P2 V. (51)

dz
"

dz

Eliminating first F2 and then V, we have'

d 2V S 2F
~w - -^ t = -^2F- (52)

The solutions of these equations are sinusoidal.

In transmitting antennas the impressed voltage is localized in small

regions. Hence, in transmitting antennas the quasistatic potential and the

dynamic component of the electric intensity are distributed sinusoidally

.

Even the solutions of the more general system of equations 50 are rela-

tively simple. Unfortunately, the current, which is a quantity of

primary interest to us, does not enter equations 50 and 52 directly ; it is

merely related to Ft in a rather complicated manner, as shown by equa-

tions 43. Presently we shall replace these equations by much simpler

approximate equations; but first we shall extend the present exact

equations* to bent wires.

8.10 Exact eqfuations for a system of bent wires

For a system of bent wires, equations 50 become

dV dF dF dF

ds ds dx dy

where s is measured along the curved axis of a typical wire and x, y at

right angles to s and to each other.

* Or rather "nearly exact" since we are neglecting the transverse currents on

the wires.
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The first equation expresses the condition that the total electric

intensity tangential to a perfectly conducting wire vanishes, and the

second is the general equation 42 connecting V and F. For imperfectly

conducting wires Ave should subtract ZJ on the right side of the first

equation in 53.

The second equation in 53, and also in 52, may be replaced by the

continuity equation 38,

dl dq

ds dt
= -juq, (54)

expressing the fact that the current leaving an infinitesimal segment of

the wire must equal the time rate of decrease of the charge on the seg-

ment. The linear charge density q (s) is related to the potential as shown

by equation 43.

8.11 Boundary conditions at junctions in a network of wires

The boundary conditions at a junction of several wires are

:

1

.

The sum of the currents entering (or leaving) a junction is zero.

2. The potential is continuous.

The first of these conditions is merely an expression of the principle

of conservation of charge. To prove the second we integrate the first

equation in the set of equations 53 between two points A and B. Thus,

V(B) - V(A) = f F s ds+ f E^ds. (55)
Jab Jab

By the/mean value theorem,

V(B) - V(A) = F8 (si) As + tf/(s2 ) As, (56)

where As is the distance between A and B on the surface of the con-

ductor and si, S2 are two points between A and B. As A approaches B,

As approaches zero and V{B) approaches V(A).

8.12 Boundary conditions across a localized generator

The boundary conditions across a localized generator are

:

1. The current entering the generator through one terminal equals

approximately the current leaving through the other terminal.

2. The potential rise across the generator is approximately equal

to the impressed voltage.

The current entering the generator may not be exactly equal to the

current leaving it because of a possible accumulation of charge within

the generator. As the dimensions of the generator decrease, this charge
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I(z')

will also of necessity decrease. The

second condition follows from equation

55 since the last term represents the

impressed voltage. The next to the

last term decreases as the size of the

generator approaches zero.

In this discussion we have assumed

that the path of integration is taken

directly across the gap AB between the

terminals of the generator and not

through its interior; that is, the last

term in equation 55 represents the volt-

age appearing between the terminals

and not the total internal voltage.

The latter is greater than the former by

an amount equal to the voltage drop

across the internal impedance of the

generator.

8.13 Asymptotic expressions for the

field at the surface of a thin

current filament

We shall now consider the field produced

by a current distributed on the surface

of a cylindrical shell of small radius a

(Fig. 8.3). Let the cylindrical coor- FlG 83 A
dinates of a typical element of charge

(and current) be (a, <p', z') and those of

another typical point on the surface of the cylinder (a, <p, z). All the

current elements are parallel, so that the angle (s, z) = (z', z) appear-

ing in equation 43 vanishes and its cosine is unity. Therefore, on

the surface of the cylinder, extending from z = z\ to z = 22, equations

43 become, in view of equation 44,

cylindrical current

shell.

V
1 r^i /»2tt

£ Jz, Jo

q(z') cos /3r

87r2 r
dz' d(p' —

*Z2 f*2w q(z') sin /3r

Fz = -JQi^l

1 C
2 C

e J Z1 Jo 87r
2
r

T 22 r 2 * I(z')cos(3r

Jz x Jo Sir2r

f*
C 2 * 7(z')sinj8r

Jzi Jo

dz' d<p
f

,

dz' d^' -

(57)

87r2r

Sir
zr
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where the distance r between two typical points on the cylinder is

r « [(*' - z) 2 + 4a2 sin2W - *)]*. (58)

When z' = z, we have

r = 2a|sin §(*>' - <p)\. (59)

Since a is small, this distance is small. Thus, the integrands in the first

term of the above expressions for V and Fz are particularly large in the

vicinity of z' = z. In fact, they increase indefinitely as a approaches

zero. The integrands in the second terms remain finite. Hence, we

have the following asymptotic equations

:

e Jn Jo 8i2r

(60)
. /•« f2' I(z') cos pr , , , ,

Let us now assume that q{z') and I(z') may be expanded in power

series about z' = z, with remainder terms,

q(z') = q(z) + (l' - z) q'(z) +W - z)
2 q"(z)++ «,(«' , i),

/(«') = ZOO + («'- 2) I'M + !(*' - «)
2 /"(«)+••• + Ra(«', *).

Such expansions exist except at the ends of the antenna or at a potential

discontinuity, where the charge density is infinite. Substituting in

equations 60, we have

I/ i
, \ C* f

2
* C0S Pr

i > j '

e J Z1 Jo

2,r
(z' — 2) cos &r

*2

dz' dip' 4-

(62)

W 7 «/* Jo 8^ **+"
Again we note that, as the radius of the current filament approaches zero,

the first terms increase indefinitely while the other terms remain finite.

Hence,

(63)

t? • 7/ n f 22 T 2,r cos/3r , , , ,
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That part of the impressed field which is needed to compensate for

Fz equals — Fz ; the ratio

Z =W .

^
will be called the series impedance per unit length of the wire. Thus,

Z=jult f f
2

'^dz'(h'. (65)
J z! Jo oir r

The ratio q(z)/V(z) will be called the capacitance C per unit length;

thus,

C e Jn Jo 87T
2r

The expression

Y = jcoC (67)

will be called the shunt admittance per unit length of the wire. The

asymptotic equations 63 may then be written as

Fz ZI, q~CV. (68)

If the current filament is curved, we may proceed as above and

obtain asymptotic expressions similar to equations 63,

17
l

( \ f " f^ C0S /*" A ' A >

r 8 ~ -jcoju I(s) I I
2

cos(s ,
s) rfs tf<p

,J si Jo ott r

(69)

where r is the distance between two typical points on the surface of the

filament.

8.14 Asymptotic equations for the potential and current in a

thin wire

Substituting from equations 68 into equations 50 and noting that

?
= " -7- "ST '

70
Joj dz

we have (changing the partial derivatives into ordinary derivatives since

q and I are functions of z only),

= -ZI + E^z), ^-= -77. (71)
dz "

dz
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Where there is no impressed field, we have

dV dl

These are ordinary transmission line equations.

Since Z and Y are purely imaginary, there is no dissipation of power.

This means that equations 72 do not take into consideration the radia-

tion of power. This is not surprising since these equations have been

obtained on the assumption that the radius approaches zero. In this

case the energy density in the vicinity of the wire, for a given current,

increases indefinitely; so does the total stored energy. Hence, if we

keep the stored energy constant, the current must diminish as the radius

approaches zero. Consequently, the distant field and, therefore, the

radiated power will approach zero with the radius of the antenna.

Calculations would show, however, that the approach to the limit is

extremely slow, and that even for the thinnest wires available in prac-

tice the radiation is not negligible. Thus, we shall not be satisfied with

the first approximation obtainable directly from equations 72; and in

Chapter 13 we shall discuss a method of using equations 72 to obtain a

second approximation which takes radiation into account.

From equations 72 we obtain the secondary parameters of the wire,

the characteristic impedance Zo, and the propagation constant r.

Thus, from equations 65, 66, and 67, we find

t ^if.i.:i *££*«

=»rf^*'. <">

and

T = VZY = jaV^ =j(3=j^. (74)

Thus, the propagation of waves along the wire takes place with the

velocity of light.

In the next section we shall find

Z (z) = 60 ( log-^ + 0.116^ + 30[Ci /3(* - zx ) + Ci (3(z2 - *)]. (75)
2ira

The Ci function is large for small values of the argument and approaches

zero for large values. Hence, the terms in square brackets are im-

portant near the ends of the wire but not elsewhere. The corresponding
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expressions for the primary parameters are

Z = joL, Y = juC, C = -^- y

L
(76)

L =
~h (

l0g
~ha~

+ °' 116
)
+

4^r~
[Ci KZ ~ Zl) + Q P (Z2 ~ Z)l

As a approaches zero the constant term in the above equations in-

creases, while the term depending on z is unaltered. Thus, we make the

final step and drop the variable terms in L, C, and Zq. The limiting

forms of current and potential distributions are thus sinusoidal.

8.15 Evaluation of the characteristic impedance of a wire*

We shall now evaluate the characteristic impedance given by equation

73. The expression 58 for r we shall write as follows

:

r = [(*' - zY + p
2

]

h
, p = 2a sin §(*>' ~ *>). (77)

First we shall integrate with respect to z'. If we write

cos (3r 1 1 — cos |8r

r
(78)

we find that the last term is small when r is small. Hence, in this term

we may approximate r by \z' — z\; for, if \z' — z\ is much larger than p,

then p is negligible; and, if \z' — z\ is comparable to p or less than p, then

r is small and the entire term is small. Therefore,

cos /3r 1 1 — cos/3(z' — z) ,_„.—
1 / i

— * (79)
r r \z — z\

The denominator in the second term equals z' — z when z' is greater

than z; otherwise, it equals z — z' . Therefore, in integrating equation

79 we must divide the range of integration into two intervals, one from

z' — zi to z' — z and the other from z
r = z to z' = 22. Thus,

r*» cos|3r , = r* dz' p* l-cos P{z
f -z)

,

CZi dz' C z l-cos/3(z
r -z) ,_

Jn [{*'-z) 2+P2
]
y* J zl z-z'

f.

~ Z
±dz'. (80)

z —z

* In antenna theory the value of the "characteristic impedance" depends some-
what on the particular method of analysis (see Section 13.14).
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In the first and last integrals, we substitute z' — z = t; in the second,

z — z' = t. Thus, we find

- cos #
dl _

J"**

cos fir ,
•*«*-» dt /*«-"

J_
„ r * -Jn- Z [J

2 + p
2
]
h Jo

— one Rt

dt. (81)
i.

t

- cos f3t

To integrate the first term, we note that

d[t + (t
2 + p

2 )«] = dt + t(fi + p»)-« dt =
[t +
$+ffi

di
; (82)

hence,

dt d[t + (t
2 + P

2
)
y>]

(fl + p2)H -
t + (*

2 + p
2 )^

Integrating, we obtain

'*»-*
eft

(83)

*/ Z\ (f +^r-W+V + Wl
zi—z

Z\—

2

- l0S
ft
_ , + [(Z1 _ f)i + p

2]H (84)

The denominator of the logarithm in equation 84 is small because

z\ — z is negative, whereas the second term is positive and of nearly

equal magnitude. A more convenient form is obtained if we multiply

the numerator and the denominator of the fraction by

z - Zi + \{z - Zi)
2 + p

2]^.

Thus, we find

**-z dt

*) Z\1-. (*
2 + p

2)*

= log 4" f^2-Z+ [fe-z) 2+ p
2]^}{z-Zi+ [(z-Z 1 )

2+ p
2]^}

P

a, log
4fe - *)(* - gi)

. (85)
P

The final approximation is good except very close to the ends of the wire.

The second and third terms in equation 81 are cosine integrals.
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Hence,

J"*

2 cos /3r

i r
dz'

= l g JK?? ?K2 ?l)_ _ Cin p(z
_

2i)
_ Cin £ fe _

2)
p

= 2 log ~- + 2 log 2 - 2C + Ci 0(3 - 21) + Ci 0(22 - ^), (86)

where C = 0.577- • • is Euler's constant. The last two terms are small

compared with the first except near the ends of the wire. Hence, if the

end effect is neglected, the integral depends only on X and the radius a of

the wire that occurs in p.

To obtain Zq as defined by equation 73, we have to integrate equa-

tion 86 with respect to <p'
; in effect, we have to obtain the average value

of the integral round the circumference of the cylinder,

av
J*

2 Cos f3r . , 1 C , , C z
* cos fir , ,

,__.— dz' = -=— / dtp' I — dz'. (87)
«, r 2ttJo Jn r

The only term depending on <p' is log p. Since the average value is in-

dependent of (p, we may let <p = in equation 77. Hence,

-7T- / logpV = -=— I log 2a dip' + 15— / log sinVV
tirjo AttJq attJo

= log 2a - log 2 = log a. (88)

Thus, the average value of log p round the circumference of the circle equals

the logarithm of the radius of the circle. We shall frequently use this

result.

Thus we have found

1
f* f

2r ™* &r &> d ,

2irJ tl Jo r %

= 2 log 7^- + 2 log 2 - 2C + Ci 0(2 - z x ) + Ci 0(z2 - z). (89)

Substituting in equation 73 we obtain equation 75.

8.16 Asymptotic form of the potential and current distribution

on thin wires

The numerical results obtained in the preceding section indicate that,

whether a wire is straight or curved, whether it is isolated or surrounded
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by other wires, the relative variations in the distributed parameters

Z, Y decrease with the decreasing radius of the wire. The effects due

to the curvature and the environment are independent of a and thus

become smaller in comparison with the term involving log(X/27ra),

which expresses the effect of the size of the wire. Hence, the asymptotic

equations governing the distribution of potential and current on all

wires, straight or curved, are

= -jcoL/ + #(«), 4r = -i"CF, (90)
ds

* \ />
ds

where L and C are constants based on the average value of the integral

in the preceding section (equation 89). Thus,

(91)

Z =

X
i n -, -, a , n- of x sin 18(22

— Z\)

2^ + °- 116 + Cl K* ~ Zl) - p& - Zl ) 1

In antenna theory we are interested primarily in wires whose length

is comparable to A/2 or greater than X/2, so that the last two terms tend

to become negligible as a decreases. If X ^> 2^(22 — 21), we have

approximately

Ci (3(z2 - 21) ~ log 18(22 - 21) + 0.577.

Hence,

.
2o = 60 [log^ +^^^1 + log 2-l]

=6oriog
2("2 ~ zi) -ii (92)

Thus, at sufficiently low frequencies Zq is independent of X. Neverthe-

less, log(X/27ra) is ultimately the dominant term if X and 22 — z\ are

kept fixed while a is permitted to approach zero. It is very important

to remember that Zo is a function of three parameters : the wavelength

X, the length of the wire 22 — zi, and the radius a. No general state-

ment can be made with regard to its order of magnitude unless some of

these parameters are kept fixed. Because of the approximations in-
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volved in equation 92, a should always be substantially smaller than

either of the other two parameters.

Along any portion of the wire where the impressed field vanishes,

the general solution of equations 90 is

I is) = A cos 3s + B sin fis,

V(s) = - -Jjp -^ = -jZ A sin $s + jZ B cos jto.

These are the asymptotic forms of current and potential distribution.

The constants of integration are determined from the boundary condi-

tions at the generator, at the junctions, and at the ends of the wire.

8.17 Coordinates on split wires

Linear antennas are not continuous wires; they have terminals and

junctions with the feed lines. If the antenna is disconnected from the

feed line, it becomes a discontinuous structure. Even when we imagine

z = -l z=-o z = +o z = L z = -l z=o z=£-o z=|+o z=l

(a) (b)

Fig. 8.4 Coordinates on split linear segments.

a small-sized generator between the terminals, as we often do in the

sectional analysis of all transmission systems, we still have a discontinu-

ous physical structure, since the properties of the region occupied by the

generator are quite different from those of the external region. It is

sometimes convenient to use continuous coordinates on such discontinu-

ous line segments (Fig. 8.4).

Thus, in Fig. 8.4a the origin of the coordinate system is split and is

represented by two points z — — and z = +0, irrespective of the dis-

tance s between these points. Similarly, in a segment split off the

origin (Fig. 8.46), one end of the gap is given by z = £ — and the

other by z = £ + 0. The direction from z = % — 0tO2 = £-r-0 should

coincide with the positive z direction.

Split coordinates are chiefly useful in describing the potential and

current distribution in linear antennas. When considering the field

outside the antenna, the coordinates should be changed to the usual

system. If, for instance, the origin of the usual system is in the center

of the gap (Fig. 8.4a), the transformation equations are:

z' = z + hs, z > 0:
94

z' = z - is, z < 0.
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If the origin of the normal system is at z' =0, (Fig. 8.46), then,

z = z.

. z' = z + s, z >£.
(95)

/ z = -o z = + o \
z=-l

!

z = l

Fig. 8.5 Asymptotic current distri-

bution in a symmetrically fed dipole

antenna.

8.18 Asymptotic current distri-

butions in dipole antennas

Asymptotic current distributions are

simple and easy to determine. As

our first example we shall take an

antenna consisting of two wires

making a 180° angle. We assume

that this antenna is connected to a

two-wire transmission line (Fig. 8.5).

The generator is connected across

the terminals C, D. In each antenna arm the current is sinusoidally

distributed; hence,

I(z) = A\ cos |Sz + Bi sin Pz, z > +0;
= A 2 cos (3z + B2 sin Pz, z < -0. (96)

At the floating ends* z =zkl, the current must vanish in the limit,

f

1(1) = I(-l) = 0. (97)

The network is symmetric, and, if the generator is balanced with respect

to the feeder line at C, D, the currents in AC and BD must be equal

and opposite; hence, the antenna current entering A must equal that

leaving B,

7(-0) = 7(+0). (98)

From equations 96 and 97, we have

Ai cos pi + Bi sin # = 0, A 2 cos 01 - B2 sin pi = 0. (99)

From the first equation we can express B\ in terms of A\ or both in

terms of some new constant I\. The second equation is similar. Thus,

A\ = h sin pl
}

B\ = —h cos pi;

A 2 = I2 sin pi, B2 = I2 cos pi.

(100)

Substituting in equation 96, we find

I(z) = h sin p(l - z), z > +0;
= I2 sin p(l + z), z < -0.

* Free ends or ends not connected to any other conductor or generator,

t The end effect will be considered in Section 8.23.

(101)
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Using equation 98, we find h = h = Io, and

I(z) = 7 sin 0(1 - z), z > +0;
•= 7 sin j8(Z + 2), z < -0. (102)

Exactly the same asymptotic form of current distribution is ob-

tained for a pair of inclined wires (Fig. 8.6a) or a pair of parallel wires

z=l

B

Z= +0

2= -0

z = l

z=-l

Z=-I
(b)

Fig. 8.6 Asymptotic current distribution (a) in a symmetrically fed V antenna and

(6) in a parallel pair.

. . z=£-o z=|+o

z=-l

>u
z=o

^D
z=l

(Fig. 8.66) ; the reason is that in all these cases the boundary conditions

at the floating ends and across the

generator are the same. Because of

the cancelation of distant fields pro-

duced by closely spaced oppositely

directed current elements, the parallel

pair will radiate much less than

the diverging wires; and its current

distribution will be less affected by
radiation.

In the asymmetric case (Fig. 8.7)

we shall simplify the procedure by

starting with sinusoidal functions which vanish at z =±Z; thus,

Fig. 8.7 Asymptotic current dis-

tribution in an asymmetrically fed

dipole antenna.

7(g) = h sin (3(1 - z),

= 72 sin0(Z + 2), 2 <|.

From the continuity of current at z = £, we have

7isin/3(Z- = 72 sin /?(£ + £),

To satisfy this equation, we write

7i = Asin/3(Z + {), h = Asin/3(Z - £).

(103)

(104)

(105)
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Substituting in equation 103, we obtain

I{z) = A sin /?(* + £) sin /3(Z-z), z > £;

= A sin 0(Z - {) sin p(l + z), • z < f. (106)

The asymmetric case requires further consideration when the length

of the antenna equals an integral number of wavelengths. If, for

example, 21 = X, equation 106 gives

I(z) = -A sin # sin jfts = 7 sin /3z (107)

for either positive or negative values of z. This distribution is shown in

Fig. 8.8a. The current vanishes at z = and flows in opposite direc-

tions on the two sides of this point. The form of distribution seems to
•

^"^~^"\
x'"' "^ /' ~\

^7\ /', I \
,

Z-A/2. Z=- /'/2 Z = -0 Z=+0 Z=^/2\ /z=|-o z=4+o
^ --^ (a) (b)

Fig. 8.8 Asymptotic current distributions in full-wave dipole antennas: (a) asym-
metrically fed; (6) symmetrically fed.

be independent of the position z = £ of the generator. Suppose, how-
ever, that the generator is in the center. By symmetry we must have
the distribution of the form shown in Fig. 8.86. Likewise, from equa-

tion 102, we have

I(z) — Iq sin |8z, z > 0;

= -Jo sin /&, z < 0. (108)

There appears to be a sudden change in the form of current distribution

as the generator is shifted to one side from the exact center. We should,

however, remember that we are dealing with limiting forms, and some
peculiarities are to be expected. In addition to the above sinusoidal

terms we shall have complementary terms. For very thin wires the

latter are small; but at points where the principal current is nearly equal

to zero even small complementary terms will be important. The transi-

tion from the form in Fig. 8.86 to that in Fig. 8.8a is gradual. The
rapidity of transition increases as the radius of the antenna decreases.

The complementary terms, being in the nature of correction terms,

are frequently obtained in one way or another by using the principal

terms. In the above-mentioned singular cases the question will arise as

to which of the two forms should be used as the basis for calculating the

complementary terms. This difficulty may be overcome by considering

the asymmetric feed in Fig. 8.7 as the resultant of the symmetric feed in
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Fig. 8.9a and the antisymmetric feed in Fig. 8.96. At z = — £ the re-

sultant impressed voltage vanishes so that the entire impressed voltage

is at z = £. If the length of the antenna is an integral number of wave-

lengths, it will be found that the symmetric component for a given volt-

age is much larger than the antisymmetric component when £ is small;

but, as £ increases, this relationship is gradually reversed.

z = ~l z=-*4 z=-f+ o
z=0 z=|-o z=|+o z=l

(a) _^

,-/" \i/j; \
\ z=-f-o z=-|+o/z=o f / * , Z=l
\ *

^/ z=^-o z = £+o

X / (b)

Fig. 8.9 Asymptotic current distributions (a) in a symmetrically fed antenna and
(b) in an antisymmetrically fed antenna.

The following are the asymptotic expressions for the two modes of

current distribution:

Symmetric mode (Fig. 8.9a)

:

I{z) = A cos j8f sin (3(1 - z), £ < z < I;

= Asin/3(Z - £) cos (3z, -£ < z < £;

= AcosjSf sinj8(Z + 2), -Z < 2 < -£. (109)

Antisymmetric mode (Fig. 8.96)

:

J(z) = A sin 0£ sin /3(Z - 2), £ < 2 < Z;

= A sin/3(Z - f) sin/3z, -£ < 2 < £;

= -A sin j8{ sin /3(Z + z), -Z < 2 < -{. (110)

The derivation is left to the reader.

8.19 Asymptotic current distribution in reflecting antennas

By a reflecting antenna we mean simply a wire in an electromagnetic

field. In a receiving antenna there is a passive impedance, a " load," in

place of the generator of a transmitting antenna. Reflecting antennas
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are receiving antennas in which the terminals of the load are short-

circuited.

To obtain the current in a reflecting antenna, we note first that the

current in an infinitely long wire in a uniform field parallel to the wire is

constant. In a finite wire the current must vanish at the ends, which

must, therefore, act as virtual sources of waves on the wire. The electric

charge associated with the uniform current would tend to concentrate at

the ends, and the increasing force due to it would oppose the flow of

charge. To summarize: (1) the incident uniform field may be con-

sidered as a uniform distribution of generators producing a uniform

(a)

L " 8
L "

2

(b) _^- ^-^ (d)

Fig. 8.10 Comparison between asymptotic current distributions in transmitting

antennas (a, c) and the corresponding reflecting antennas (6, d).

current
; (2) the ends of the wire act as point generators, and the current

distribution due to them is, according to the preceding pages, sinusoidal.

The total current in a wire extending from z — — I to z — I due to a

uniform field parallel to the wire is, thus,

I(z) = A + BcosQz. (Ill)

There can be no sine term because I(— z) = I(z). Since I(— l) =

1(1) = 0, we have

A = -Bcos0l, *=--^r (H2)

Hence,

Tt \ o/ a m\ a COS 0Z — COS |8z /110 .

I(z) = J5(cos fa - cos pi) = A ^jt

(113)

In terms of the current at the center of the wire, z = 0, we have

M-HO) "»*-«»#
. (ii4 )

1 — COS fil

Figure 8.10 illustrates the difference in the forms of current distribu-

tion in transmitting and reflecting antennas. When I = X/4, these

current distributions are alike— to the present order of approximation.
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8.20 Asymptotic current distribution in receiving antennas

In a receiving antenna there is a load Z. The voltage across this load is

ZI, and the load acts as a virtual generator with an internal emf equal to

— ZI. Therefore, the current in a receiving antenna in response to a

uniform field parallel to the antenna will be the sum of a current of the

form peculiar to the reflecting antenna and a current of the form peculiar

to the transmitting antenna. Thus, for a load in the center, z = 0, the

current is

I(z) = I sin 0(1 - \z\) + £(cos/3z - cos/3Z). (115)

The constants 7o and B depend on the impressed field, the length of the

wire, the wavelength, the radius of the wire, and the impedance of the

load.

8.21 Asymptotic potential distribution in dipole antennas

To obtain the asymptotic distribution of potential we differentiate the

current and multiply the result by an appropriate factor, as in equation

93. Thus, from equation 102 we find that, for symmetrically fed dipole

antennas,

V{z) = -J-T ^-= -jZolo cos /3(Z - z), z>0;
jaC dz (n6)

= jZo/ cos/3(Z + z), z < 0.

Since the sine and cosine waves are displaced with respect to each

other by one-quarter wavelength, the maximum potentials will be at the

floating ends of the antenna and at the other current nodes. Points of

zero potential will coincide with points of maximum current amplitude.

8.22 Effects of radiation on the antenna current

We have already discussed the fact that the asymptotic current distri-

butions do not take radiation into account. Equations 102 and 116

provide another demonstration, since the input impedance obtained

from them is a pure reactance,

7 7(4-0) - V(-0) .„
,Zi = jt^z - = -2jZ cot 0Z. (117)

In Section 5.19 we have found that the wave excited by a current

element produces an electric intensity, one component of which is 180°

out of phase with the current. Thus, the wave introduces a drag on the

moving charge generating it. This component does not vary much with

the distance from the element as long as this distance is substantially

smaller than X/2. Hence, the reaction field due to radiation from an-
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tennas that are not too long is approximately constant, and the current

induced by it in the antenna will be of the same shape as in the reflecting

antenna. Hence, a more accurate form of the transmitting antenna

current is

I(z) = J sin (3(1 - \z\) + jkl (cos f3z - cos 0Z), (118)

where j has been introduced to exhibit the fact that radiation introduces a

quadrature component into the antenna current. The coefficient k

slowly decreases as the radius of the antenna decreases.

When I = X/4, the two terms merge into one,

I(z) = (1 +jh)l cospz. (119)

If I = X/2,

I(z) = J sin /3|z| + jkl (l + cos (3z). (120)

Hence in this case it is the second term that is important when z is small.

The second term in equation 118 is the " feed current" which

supplies the radiated power to the antenna. In Section 11.18 we shall

return to this subject and supply the missing information about the

magnitude of k.

8.23 End effects in dipole transmitting antennas

In deriving the asymptotic form of the current in dipole antennas, we
assumed that at the floating ends the current vanished (see equation 97).

This is the true boundary condition in the limit, as the radius of the wire

vanishes. Our object, however, is to obtain a working approximation

for antennas with finite dimensions, and we must make an allowance for

the charge on the flat ends of the wire. Since these flat ends or " caps "

are small, the accumulated charge may be calculated from electrostatic

equations. The capacitance of a disk of radius a is Sea; hence, the ca-

pacitance of one face of the disk equals 4sa. Thus, the current entering

the cap at z = I is 4jco£a V(l), where V(l) is the potential of the end

z = L We shall thus write

"
Jcap = jaC^Vd) = 4joea V(l). (121)

There is also a " fringing effect " near the ends of the wire. The
electric lines of force become crowded toward the ends and bulge out as

illustrated in Fig. 8.1 la. This is due to a higher concentration of charge

near the ends, which implies a greater capacitance per unit length. To
understand this Ave note that at any intermediate point a charged particle

is subject to a force exerted by the charged particles on both sides of it,

while at the end it is acted upon only by the charge on one side. That is,

if we assume that the charge is distributed uniformly along the wire, the

potential at the intermediate points is twice as large as the potential at
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the end. Now near the ends the potential must be substantially con-

stant, since its gradient is proportional to the current and the current is

small. Hence, more charge will be pushed toward the ends, which is

another way of saying that near the ends the capacitance per unit length

is greater.

The sinusoidal form of potential and current distribution is charac-

teristic of a uniform distribution of the inductance and capacitance.

Hence, we must expect a deviation from the sinusoidal form near the

/

\ i » ! i /

\ i i i / / /

\ \
i ' / / /

|*~*~4«- i >\ 1 4<— d-A

Fig. 8.11 The capacitance of the flat ends of a wire and the excess of capacitance

per unit length near the ends over that of the intermediate sections of the wire

combine to increase the effective length of the wire.

ends of the antenna. However, the end effect is large only in the imme-

diate vicinity of the ends and can be represented, therefore, by a lumped

capacitance at the ends, added to the cap capacitance. That is, the

boundary condition at the ends, as far as our principal current compo-

nent is concerned, is

1(1) = jco(C t + Ccap ) V(l), (122)

where Ct is the effective capacitance due to the fringing and Ccap is the

capacitance of the cap.

These end effects effectively lengthen the antenna as shown by the

dashed curve for the current in Fig. 8.116. To obtain the effective ex-

tension 5 in the length of each arm, we equate the end capacitance to the

capacitance C8, where C is the average capacitance per unit length as

given by equations 91. Thus,

W T" (-'cap
C8 = C t + C,cap> b =

c
(123)

The fringing effect we shall obtain in Chapter 13. The part of 5
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due to the cap capacitance may be obtained from equation 121. Thus,

cap ~ C ~ uC "
u ;

Since

n aVLC 2t

COS =

VL/C *Zo

(125)

we have, in view of equation 121,

4aZo aZo noo\
5caP = - -on-

•

( 126)
7] Suit

Taking the end effects into account, we replace the expressions 102

for the asymptotic current in a symmetrically fed dipole antenna by

I(z) = 7 sin (3(1 + 8 - z), <z<l;
= I sm(3(l + 8 + z), -I < z < 0. (127)

Although 8 is small, it has a direct effect on the position of the res-

onant and antiresonant points. For very thin antennas the effect of

the cap capacitance becomes negligible, but the fringing effect remains

noticeable even for the smallest practicable dimensions.

8.24 Current distribution in inductively and capacitively loaded

antennas

If an impedance Z is inserted in a wire between z = £ — and z = £ +
(Fig. 8.12), the potential drop is

VAB = 7({ - 0) - F(£ + 0) = Z /(£). (128)

<$>
z=4-o'—1(—' z=^ + o

z

Fig. 8.12 An antenna loaded with an antiresonant circuit.

Let us begin at an open end, z = I, for instance. Expressing the

end effect by an effective extension of the antenna to z = I + 8, we have

I(z) = A sin (3(1 + 8 - z), £ < z < I. (129)

For the potential, we find

V(z) = -jZ A cos p(l + d-z), £ < z < I. (130)
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To the left of z = £ — 0, we have another sinusoidal form

:

I(z) = Bsinfa + D cos /3z, z < £,

V(z) = jZ B cos f3z - jZ D sin /3z.

As implied by equation 128, we assume that the capacitance of the

impedor Z to the antenna is negligible so that the current entering the

impedor equals that leaving it,

B sin ft + D cos ft = A sin 0(1 + 5 - J).

From equations 128, 130, 131, and 132, we have

£ cos ft - D sin /3£ + A cos 0(1 + 5 - *£) =

Z

(132)

JZo
Asinj8(Z + 5 - {), (133)

From the last two equations we can express B and D in terms of A

.

Equations 131 will hold until we reach another discontinuity; then the

above procedure is repeated until we reach the other end where we use

the appropriate boundary condition given by equation 122.

8.25 Asymptotic forms of current distribution in loosely coupled

networks of conductors

We shall now consider networks of conductors such as the shunt-excited

antennas shown in Figs. 8.13a and b. In this section we shall consider

only those parts of the wire network that are loosely coupled, so that the

z=-l
2-

= z=l
E C
z=-l z=-t

D F

z=o z=£ z=l

fizT

Jim
B

A
x = £ A [B

(a) x=l. (b) ll It

-*-sV

Fig. 8.13 Shunt-excited antennas.

characteristic impedance of each wire is not seriously affected by the

proximity to the other wires ; that is, we shall exclude the parallel pair

feeding the antenna in Fig. 8.136. We shall also assume that the radii

of the wires are the same so that their characteristic impedances are the

same. In this case the continuity of the potential at each junction of the

network implies the continuity of the derivative of the. current.
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< z < I;

-I <z < 0;

< x < £;

£ < x < h.

(134)
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For the network in Fig. 8.13a, we write

I(z) = 7isin/3(Z - z),

= I2 smp(l + z),

I{x) = h cos fix + 14 sin fix,

= h sin fi(h — x),

From the continuity of current at x = £, we have

h cos ££ + J4 sin fi£ = I5 sin fi(h - £)

The total current leaving the junction, z = 0, x = 0, must vanish, and
the derivatives of the currents in the various branches must be con-
tinuous ; therefore,

h sin fil - I2 sin fil + h = 0,

— I\ cos fil = I2 cos fil = 14.

(135)

(136)

// /

I .__.___.4__/_J

(a) (b)

Fig. 8.14 Asymptotic current distribution in networks of wires when the length of

one branch is A/4 or an odd multiple of X/4: (a) when the other branch is not an
odd multiple of X/4; (b) when the other branch is an odd multiple of X/4.

From these equations, we have

I2 = —Ii, I4 = —I\ cos fil,

Substituting in equation 135, we find

2 sin fil cos fi£ + cos fil sin /3£

h = -21 ! sin fil (137)

h= -
(138)

sin/3(Zi-£)
M1 '

Thus, all the coefficients have been expressed in terms of /_, and the
shape of the asymptotic current distribution has been obtained.

Similarly, for the shunt-excited antenna in Fig. 8.136 we find

I(x) = _4[sin /3£ cos fi(l - £) sin fi(h - x) - cos fil cos fi(h - x)];

I(z) = A cos fi(l - £) cos/32, < \z\ < £; (139)

= A sin j8f sin fi(l - \z\), £ < \z\ < I

The details of the derivation are left to the reader.
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Exceptional cases arise when the length of some branch of the net-

work equals (2w + l)X/4, where n is an integer. Thus, in the case

shown in Fig. 8.14a, the derivative of the current in AC at A vanishes.

Now, if the length of AB is different from a quarter wavelength or an

odd number of quarter wavelengths, the derivative of the current in it

will be different from zero unless the current is identically equal to zero.

Thus, the asymptotic form of the current distribution is that shown by

^L X— -*- *- —

*

\ f

Zl X

I t

(a) (b;

Fig. 8.15 (a) Symmetric and (6) antisymmetric modes of shunt excitation.

the dotted curve in Fig. 8.14a for alHengths of AB except the odd mul-

tiples of A/4; but, if AB is equal to A/4, then the current will be of the

form shown in Fig. 8.146. This discontinuity in the form exists only in

the asymptotic case. In any actual case the transition is continuous,

although it may be very rapid when the wires are thin.

In calculating the correction terms in such exceptional cases, it is

necessary to consider the asymmetric feed in Fig. 8.14a as the result of

superposing the two feeds in Fig. 8.15.

8.26 Potential and current in thin, tightly coupled parallel

wires

Consider now two thin parallel wires of equal length I (Fig. 8.16).

Either we may write equations 43

for the total potential and total

dynamic component of E at a typi-

cal point of either wire, or else

we may split these quantities into

components associated with the

currents and charges in each wire.

The latter method is more convenient. Let Vi and V2 be the poten-

tials of two opposite points A, B, and let

Vi = Vn + F12, V2 = 72 i + 722 ,
(140)

(2)

(0

I 2
—

*

B(V2 )

MV,)

T
1

1

S
1

1

U-— 1-- —

1

Fig. 8.16 Parallel wires.
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where Vn is the potential at A due to the charge on wire 1, Vu the

potential at A due to the charge on wire 2, etc. Similarly, we split the

dynamic components,

F,,i = Fz,u + F2 ,i2, Fz ,
2 = Fs ,2i + F2 ,22. (141)

// the spacing s between the axes of the wires is small, and if we use the

same approximations as in Section 8.16, we have

Fz ,n = —jwLn/i,

ft.u ft* - : . - .
(142 >

where

2,1^ * Z,&\. j t-t ' T T
-j— = -y— = —Jo>Li2, r z ,22 = —JUL22I2,
l2 ii

* - -t (S "3S-
+ °- 116 + Ci "l ~ T") '

(143)

Lis = -^ flog t£- + 0.116 + Ci /M -
Sin # ^

2tt \
& 2xs ' ' '

r
0Z )

Equations 90 may now be written

dV 1 . T T . ... (i/i d/2 . T7-

-^- = -3o)LnIi-ju)Li2l2+hi\z), Ln -^- +L12 —^- = -JcoMsFi,

(144)

-I— = —jo}Li2li—jcoL22h+E2 i
(z), L12 —1 \rL22 —\— = —J<0JUS72.

If the wzres are of the same radius, L22 — L11, then we can obtain

separate equations connecting V\ — V2 with I\ — I2 and Vi + V2 with

/1 -f- J2. Thus,

d(Fi - V2 ) = _MLn _ Ll2)(/l _ h) + [Eli{z) _ E2 i
{z)]}

(145)

**"
(T/i _ y2l

dz

d(h - h)
dz

Similarly,

d(Vi + V2 )

dz

d(h + h)

L\\ — L\2

= -MLu + L 12)(h + h) + [Ei'(z) + tfa'COL

(146)

""" (Fi + F,).
dz Ln + L 12
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If the impressed field is such that 12 = ~h, we have only the

" push-pull " mode of propagation given by equations 145. In this

case the equations are identical with the usual equations for two-wire

lines, since

2(Ln -L12) = -^log —

,

(147)
7T (X

Vi — V2 is the transverse voltage between A and B, and \{I\ — I2) = Ii

is the longitudinal current in one wire. If 12 — Ii, we have only the

" push-push " mode given by equations 146.

Denoting the mean potential of A and B by V and the total current

by/,

V = h(Vi + V2 ), J = /i + /2 , (148)

we find

dV
= -jcoLi + H&'W + ft'Wli -J = - ^jt v

>
(149 >

where

L = 2WI1 + -^12)

= JS- (log—^ + 0.116 + Ci /SI - ^5^) • (150)
^tt \ 27rvas P* /

Hence, the equations for the push-push mode on parallel wires are the

same as those for a single wire whose radius is the geometric mean of the

radius of each wire and the interaxial spacing.

If the radii are unequal, there are still two independent modes of

propagation; but the magnitudes of the currents in the wires are no

longer equal in either mode. For small inequalities it is best to sub-

divide I\ and h into weakly coupled push-pull and push-push modes.

8.27 Networks, some of whose parts are strongly coupled

The simplest example of a wire network, part of which is strongly

coupled and the rest weakly coupled, is a two-wire line feeding an

antenna (Fig. 8.17). Both in the line and in the antenna the current

and potential distributions are substantially sinusoidal; but the sinu-

soids are not the continuations of each other. Later we shall find, for

instance, that the antenna will be resonant when its length is a few per

cent shorter than one-half wavelength and that its input resistance will

be approximately 73 ohms. Suppose that the characteristic impedance

of the parallel pair is equal to this resistance; then the waves in the

parallel pair will be progressive. In the antenna, on the other hand,

the waves are very nearly stationary. If we start increasing the dis-
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c x

Fig. 8.17 A two-wire trans-

mission line feeding a half-wave

antenna.

tance between the parallel wires, we shall upset the impedance match,

and standing waves will begin to appear in these wires. When the dis-

tance is large, the principal current in each arm of the antenna will be a

sinusoidal continuation of the principal

current in the corresponding member
of the parallel pair. On the other hand,

if the separation between the wires is

reduced so that the characteristic im-

pedance of the two-wire line is much
smaller than 73 ohms, the current in the

line will approximate that existing when
the line is open at A, B. This illus-

trates the effect produced by the proxim-

ity of wires carrying equal and opposite

currents.

At this point we should stress that,

in order to determine properly the con-

nection between the current and potential distributions in those parts

of the network that are strongly coupled with those in the weakly coupled

parts, it is, in general, essential to use more accurate expressions for the

current in the weakly coupled parts than the asymptotic forms so far studied.

To understand this we recall that at a junction x = 0, z = (Fig. 8.17)

the current and potential must be continuous ; hence their ratio must be

continuous. This means that the impedance seen by the two-wire line

must equal the input impedance of the antenna. The ratio between the

incident and reflected waves in the two-wire line will thus depend on

the ratio of the antenna impedance to the characteristic impedance of the

two-wire line. The radiation usually has an important effect on the

impedance of the antenna. At resonance, for example, the impedance

would be zero were it not for radiation ; because of the radiation the im-

pedance is 73 ohms. If the characteristic impedance of the two-wire

line is much larger than 73 ohms, then the antenna will act approxi-

mately as a short circuit ; but, if the characteristic impedance of the line

is much smaller than 73 ohms, then the line will be almost open electri-

cally. This change from one to the other of two opposite conditions is

due entirely to radiation which is not included in the asymptotic current

distributions studied so far. To summarize : By the methods developed

in this chapter we are able to find the forms of potential and current

distributions in the strongly coupled parts of a wire network and in the

weakly coupled parts. To connect the two distributions we must cal-

culate the feed current due to the radiation from the weakly coupled part
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of the network; this is equivalent to the calculation of the antenna

impedance.

8.28 Effects of a sudden change in the radius of the antenna

The distant field of an antenna increases with its length, and it is found

particularly desirable that the length of each arm be comparable to

X/2. At the lower broadcast frequencies, around 550 kc/sec, this length

is of the order of 900 ft. For mechanical reasons a tower of this height

must have a fairly large cross section near the base ; it is also desirable

2a 2 2a,
i

i

z=-l,-l2 iymmmm z=l,+l2

A B
Z = -li ^ z=-o Z=+0 Z-\-\

Fig. 8.18 An antenna composed of two wires of different diameters.

that near the top its cross section should be small. Some such towers

with thin poles on their tops have actually been built and found unsatis-

factory as far as extension in effective length is concerned. Theoreti-

cally it is not difficult to see the reason.

Consider an antenna made up of two sections of different diameters

(Fig. 8.18). In this study we shall assume that the current at the end

z — li -\- I2 vanishes ; hence,

I{z) = A sin /3(Zi + h - z), h < z < h + h] , s

(151)
V(z) = -jZ "A cos/3(Zi + h - z).

In the thick portion,

I(z) = £sin/3(Zi - z) + Ccos(3(h - z), < z < h;

V(z) = -jZo'BcosPih - z) +jZ 'CsmP(h - z).

If Ave neglect the capacitance of the junction between the thick and thin

parts of the antenna, then,

I(h - 0) = I(h + 0), V(h - 0) = V(h + 0). (153)

Using these conditions, we can express B and C in terms of A. Thus,

we obtain

I(z) = A sin /% cos j8(?i — z) -\—y-j- cos $h sin (3(h — z)[y 11 y 1

sin (3(h -\- h — z) -\ ~
,

—— cos $2 sin (3(h — z) >

< z < h. (154)
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If we now assume

Zo = 3.5Zq
, h = 4Z2 , (155)

we find that the current is distributed as shown by the solid curve in

Fig. 8.19. The dotted curve corresponds to the case of equal imped-

ances. Thus, very little current will flow in the thin part of the antenna

unless the entire antenna is thin. *
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Fig. 8.19 The solid curve represents the main part of the current in the nonuniform

antenna of the type shown in Fig. 8.18. The dotted curve is the corresponding

current in a uniform antenna.

If we do not neglect the capacitance of the junction at z = h, the

current will appear to be slightly discontinuous at this point; but the

general shape will be the same.

8.29 Some of the same conclusions from another point of view

So far the entire analysis of current and potential distributions in this

chapter has been based on the expressions for the field on the surface of

the antenna in terms of the current and charge. We have dealt with

the forces exerted by the charge and the current in one section of the

antenna on the charge in another section. From this point of view the

oscillations of charge and current are propagated essentially by electro-

* For experimental confirmation, see G. H. Brown, A critical study of the

characteristics of broadcast antennas as affected by the antenna current distribution,

IRE Proc, 24, January 1936, pp. 48-81.
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static and electromagnetic induction in much the same way as in ordi-

nary electric circuits. The conceptions of wave propagation in space,

as propounded in Chapters 3 and 4, have not entered our analysis except

indirectly through the expression for the field of an electric current ele-

ment. We could have accepted this expression as the fundamental

hypothesis of electromagnetic theory directly related to experience,

instead of deriving it from Maxwell's equations which, after all, we also

had to accept as postulates based on experience. This point of view is

logically self-sufficient. In this chapter we used it primarily to obtain

some useful approximations ; but it can be employed theoretically for the

exact analysis of all electromagnetic phenomena. Its reduction to

practice, however, is limited by mathematical difficulties.

Another point of view is based more directly on Maxwell's equa-

tions. It is also self-sufficient and theoretically it might be used to solve

exactly all electromagnetic phenomena. In practice, however, it is also

limited by mathematical difficulties.* Fortunately the two points of

view are supplementary in that some questions may be answered more

easily from the first point of view

and others more easily from the

second. Here we shall merely dis-

cuss qualitatively the factors

affecting current distribution from

the point of view of wave propa-

gation in three-dimensional

media.

Let us consider a conical

tower above a perfectly conduct-

ing plane (Fig. 8.20). In the

region bounded by a sphere con-

centric with the apex of the tower

and passing through the end surface, there exist TEM waves. As shown

in Section 4.6, these waves obey ordinary transmission line equations

with constant L and C. If r is the distance from the generator along

the surface of the tower and if we had no other waves but TEM waves,

our solution would be

O B

W////////////////.

<\o

(S)

—
Fig. 8.20 A conical tower above a per-

fect ground.

I(r) = I sin p(l + 8 - r), < r < I,

V e (r) = -j#/ocos/3(Z-r-5 - r),

(156)

* Either method may be used to develop an iterative process which ultimately

should give an exact solution; but the numerical complexity makes it impractical

to carry out more than two or three initial steps, at best. See S. A. Schelkunoff,

Advanced Antenna Theory.
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where Ve (r) is the voltage between the cone and the plane along a typical

meridian, and should not be confused with the difference of the quasi-

static potentials. The voltage along a meridian will include also the

integral of the 6 component of the dynamic electric intensity. For a

small angle cone,

97
2£ = 601og—

,

(157)
a

and 8 is determined by the current flowing into the " cap " on the top of

the cone. Thus,

HI) _ tan/35 _ jfii

V,(fi jK K

where C is the capacitance per unit length associated with the principal

waves; hence, 8 is known as soon as I(l)/V(l) is determined. We have

already seen that this ratio is proportional to a/A.

As we have said, these equations are based on the assumption that

inside the sphere S (Fig. 8.20) we have only TEM waves, or, at least,

that these waves are the only ones of importance. On the spherical

surface S we have a distribution of the meridian electric intensity Ee,

varying inversely as sin 6, as shown by equations 4-25. This intensity

excites a wave outside S. This free-space wave will carry away a cer-

tain amount of power. It will also have a reactive effect which will tend

to increase 8 in equations 156.

The intensity of the free-space wave decreases as the angle of the

cone decreases. This occurs because Ee is strong in the region near

the cone, precisely in the region where the action of Ee on one side of

the cone is opposed by the action on the other side, once the conductor

separating the two sides is no longer present. For a given total meridian

voltage, a greater part of it is thus effectively neutralized as the angle of

the cone is decreased. The free-space wave has a nonvanishing Er .

Since the field must be continuous across S, we must have a wave inside

S in addition to the TEM wave. This " complementary wave " repre-

sents the reaction of the free-space wave on the antenna region, and its

nature is rather complicated ; but the only thing that concerns us here is

that this wave will modify the current distribution (equation 156), and

that this modification is diminished as the cone angle is diminished.

Next let us consider a conical tower surmounted by a slender conical

pole (Fig. 8.21). We assume that, if the top pole were continued down

to the base, its apex would coincide with the apex of the tower. The

primary effect of the discontinuity in the structure will be on the princi-

pal waves. Evidently our equations for the current and the meridian
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voltage will be the same as those in Section 8.28 with

2Zi v '. 2 (fa + h)
A.2 = 60 logKi = 60 log

a\ d2
(159)

substituted for Z\ and Z2 ". If K2 = 3.5Ki, we shall thus have the

current distribution given by the solid curve in Fig. 8.19: that is, if we

neglect the capacitance of the top of the tower. This capacitance may

be included in the same way as the end capacitance was included in

equations 156.

As explained in Chapter 4, a tower of arbitrary shape may be con-

sidered as a continuously deformed conical tower. The equations for

radius a 2

radius a,^ jl

\ (3)

\ (2) \
(0 \

/V/V/V/V^/V/V/V/V/V/V/V/V/V/V/V/V//'/'/ /

Fig. 8.21 A conical tower surmounted by a slender conical pole.

the principal waves will now depend on variable L and C. As the trans-

verse dimensions of the tower are decreased, the relative variations in L
and C become smaller. Hence, the current distribution will be nearly

sinusoidal.

Our new point of view leads to the same conclusions, although by

different routes. In the main, the current distribution in conductors of

small cross section is sinusoidal ; but there are effects due to radiation,

sudden discontinuities in the dimensions of the conductor, and the " dif-

ferential discontinuities " involved in gradual changes in the dimensions.

In a quantitative comparison of the equations in this section with

those in the preceding sections, we should bear in mind that the voltage

taken along the meridians includes a contribution from the dynamic

component of electric intensity in addition to the difference of quasi-

static potentials. However, as the radius of the antenna decreases, the

dynamic component, determined solely by the current, remains constant

if we keep the current constant ; at the same time the potentials of the

various points on the conductor will increase. Hence, the ratio of the

meridian voltage to the potential difference will approach unity. Thus
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we should expect that, while there will be a difference between K and Zo,

the ratio K/Zq will approach unity as a approaches zero. This is the

case. This means that the first-order approximations obtained by the

two methods may be different. These differences will be absorbed in the

succeeding approximations.

8.30 Guided and radiated power

If the distance between two parallel wires is very small compared with X,

the characteristic impedance of the pair is much smaller when it is

operated in the push-pull mode than when it is operated in the push-push

mode. Hence, the currents in the wires are very nearly equal and

opposite, particularly when the pair is energized by a nearly balanced

generator. The distant fields produced by two closely spaced equal and

opposite current elements nearly cancel each other, and the radiated

power should be small. In fact, calculations show that, when the dis-

tance s between the wires is small compared with X, the power radiated

by long parallel pairs operated in the push-pull mode is independent of

their length and is proportional to (s/X)
2

. The radiation from such a

pair is strictly an end effect : at the generator and at the other end of the

pair, spherical waves are formed, and these waves carry away a small

fraction of power; there is no radiation from the parallel pair as such.

The field is very strong in the immediate vicinity of the wires ; most

of the power leaving the generator flows close to the wires, and it may
easily be absorbed by a proper resistance at the far end ; thus, the parallel

pair is an effective " transmission line " for conveying power from one

place to another. If the load resistance does not equal the characteristic

impedance of the line, it will not accept all the power carried by the in-

cident wave; but this power is returned to the generator and, in the

steady state, the generator will supply less power to the line, just the

amount accepted by the load and a small quantity for radiation.

Although the greatest fraction of the total power guided by the

parallel pair is flowing close to the wires, some is far away. That small

fraction is not diverted to the load at the end of the line but is entirely

consumed in generating a free-space wave. Similarly, at each bend of

the line (Fig. 8.22) one system of parallel wavefronts must be trans-

formed into another, and the power flowing at large distances from the

line will not follow the bends in the line but will be lost into free space.

When our object is not to convey power from one point to another

but to radiate it into free space, we should create conditions favoring the

greater flow of power where it is free from the guiding effect of conduc-

tors. If the parallel pair is open at the far end (Fig. 8.66), most of the

power is reflected back to the generator simply because most of it flows
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close to the wires. If we start spreading the wires as in Fig. 8.6a, a

greater fraction of power will flow at larger distances from the wires and
will thus be free to escape. If the radius of the antenna is made smaller,

more power will lie closer to the

wire, and a lesser proportion will be

available for radiation. In the steady

state, of course, the generator sup-

plies the radiated power and no more

(except for a small heat loss in the

antenna). Consequently, the fore-

going statement should be inter-

preted as meaning that in the case

of thin antennas the energy radiated

per period will constitute a smaller fraction of the energy stored around

the antenna than in the case of thick antennas. The Q of a thin antenna

is larger than the Q of a thick antenna.

The quality factors of practical antennas are never large. It is

physically impossible to make a long wire sufficiently thin and of raa-

Fig. 8.22 Some radiation takes place

at each bend of a parallel pair.

Fig. 8.23 A rhombic antenna terminated into a resistance.

terial whose conductivity is sufficiently high to realize a Q larger than 20.

Nevertheless, in theory the Q of a perfectly conducting antenna increases

indefinitely as the radius decreases so that in the limit the antenna

radiates only an infinitesimal fraction of its stored energy.

In Chapter 14 we shall consider rhombic antennas (Fig. 8.23).

For several reasons such antennas are terminated at the far end into a

resistance such that the current waves along the wires are largely pro-

gressive. In accordance with equation 90, the asymptotic current in the

rhombic is

I(s) = Io{0)e-^ s

, (160)

where s is the distance from the generator. This implies that all power
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leaving the generator is absorbed by the resistance at the far end.

Asymptotically this is true for, as the radius of the wire approaches zero,

an increasing fraction of the total power will flow in the immediate

vicinity of the wire. To state it differently : As the radius decreases less

current flows in the wire for the same amount of power ; hence, the dis-

tant field which carries some power away becomes smaller. Neverthe-

less, when the rhombic is long, it is physically impossible to make wires

thin enough to convey much more than one half of the power leaving the

generator to the load at the other end, even if this were desirable. On
account of radiation, the amplitude of the current will gradually diminish

with increasing distance from the generator. From the point of view of

principal waves on rhombics, we have two discontinuities; one at the

junction of the two-wire line with the rhombic where the plane wave-

fronts do not match the diverging spherical wavefronts, and the other at

the bend of the rhombic where the diverging wavefronts do not match

the converging wavefronts in the second part of the rhombic. These

discontinuities require complementary fields to make the total fields

continuous. Radiation is associated with these complementary fields

;

they also add terms to the principal current on the wires.

Linear antennas may be several wavelengths long but never as long

as transmission lines except those used for laboratory purposes. This

restriction on length has been implicit in the present discussion. Since

the field is much stronger in the vicinity of a wire than at some distance

from it, the wire acts as a transmission line. However, the guiding ac-

tion of a single wire is never so complete as the guiding action of a pair

of parallel wires, or of a single dielectric wire, * or of a conducting wire

with a dielectric sheath. f In a true nondissipative waveguide the

amplitude of a guided progressive wave remains constant along the guide.

But, along a semi-infinite perfectly conducting wire, excited at its acces-

sible end, the amplitude varies approximately inversely as the square

root of 2 log (2r/o) — 1, provided the distance r from the end is greater

than A/2. The rate of decrease is small but nevertheless the guided

power gradually breaks away from the wire. The power flow within a

cylinder of some given radius b, coaxial with the wire, decreases inversely

as 2 log (2r/a) — 1 . These quantitative results can be readily obtained

from Manneback's solution of Maxwell's equations for waves on in-

finitely thin perfectly conducting wires. t And, in a practical case,

* Electromagnetic Waves, pp. 425-431.

t G. Goubau, Surface waves and their application to transmission lines, Jour.

Appl. Phys., 21, November 1950, pp. 1119-1128.

t C. Manneback, Radiation from transmission lines, AIEE Jour., 42, February

1923, pp. 95-105. S. A. Schelkunoff, Advanced Antenna Theory, John Wiley, New
York, Section 2.25, to be published.
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when the wire is not a perfect conductor, there is a further tendency for

the power to break away from the wire as well as to be absorbed by it.

8.31 Resonance and antiresonance

By definition at resonance the reactive component of the input impedance

vanishes, and, for a given impressed voltage, the input current is large.

Hence, for a given current the potential difference across the generator is

small. At antiresonance the reactive component also vanishes ; but for a

given impressed voltage the input current is small or for a given input

current the voltage is large. In the nondissipative cases the input volt-

age vanishes at resonance and the input current at antiresonance.

These are the asymptotic conditions for resonance and antiresonance in

antennas; they are also approximate conditions for actual antennas,

since it is known that the dissipation of power produces only a second-

order effect on the resonant and antiresonant frequencies.

When the end effect in dipole antennas is included, the current is

given by equation 127 where 8 is defined by equation 123. Hence, at

antiresonance,

sin (3(1 + 8) = 0, P(t+B)=nr
t

n = 1, 2, 3,- •'-, (161)

or, for the antiresonant wavelengths, we find

X - 2(Z + S)
• (162)

n

At resonance the input potential difference vanishes,

cos/3(J + 5) =0, . 0(1 + 8) = (2ra + 1
)T

,

(163)
4(1 + 8)

X - 2n+l ' n-0,1,2,-...

As the radius approaches zero, 8 slowly approaches zero, and in the

limit the resonant wavelengths are the odd submultiples of 4Z whereas

the antiresonant wavelengths are the even submultiples. This rule may
be used for practical antennas, provided we use the effective length

I + 8 instead of the actual length I. For this reason we assume in what

follows that the end effects have been included in the effective values of

the various lengths.

In the case of the shunt-excited antenna in Fig. 8.136, the resonant

condition is obtained by differentiating I(x) and equating to zero the

discontinuity in I'(x) at x = (that is, if this point is considered as the

input point). Thus, from equations 139, we find

sin # cos /3(Z - £) cos /3h + cos /3Z sin (3h = 0. (164)
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For the antiresonant condition,

sin /3£ cos P{1 - £) sin Ph - cos pl cos Ph = 0. (165)

For the antenna network in Fig. 8. 13a, we have, from equation 134

and other equations in Section 8.25,

I(x) = —Ii(2 sin pi cos Px + cos pi sin Px), x < £;

2 sin pi cos /3£ + cos pi sin /3£ T . „,_ .= =—£77 tt 1 1 sin j8(/i - z),
sin /3(Zi — £)

'

x > {. (166)

For an antiresonant condition, 7(f) = 0, and

2 sin # cos |8{ + cos ySZ sin /3£ = 0. (167)

If neither cos pi nor cos jSf is equal to zero, we may divide equation 167

by the product of these quantities and obtain

tanjSJ = -2 tan 0Z. (168)

If cos pi = 0, then, for the antiresonant condition, we must have

cos P£ = ; and, if cos /?£ = 0, then cos pi = 0.

Such equations as 168 may be solved graphically by plotting both

sides of the equation as functions of their arguments and pairing those

values of /?£ and pi that correspond to equal ordinates. In this way /3£

may be plotted against* pi.

Differentiating equation 166 with respect to x, we find

I'{x) = Ph(2 sin pi sin Px — cos pi cos Px), x < £;

2 sin pl cos p% + cos pi sin P£ _ T _,. . . . /,™\
= sin ffft- tf

C°S ~ ^ ^

Hence, for a resonant condition, we have

J'(|-0) -I'ft + 0), (170)

or

2 sin /3Z sin /3£ — cos pl cos /?£

= (2 sin /SZ cos 0£ + cos 0Z sin 0£) cot 0(Zi - £). (171)

If there is any substantial difference between the characteristic

impedances of the various sections of the antenna network, we should

take the actual impedances into consideration. Let the generator be at

A, B of the network in Fig. 8.24. Let AC = h, DF = I, DH = l2 .

Let the characteristic impedance of the " Lecher wires," AG and BH,

* Applied Mathematics, Chapter 3.
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be K\ and let the average characteristic impedance of the antenna,

DF and CE, be K. The resonant condition corresponds to natural

oscillations of the network when the input terminals A, B are short-

F

I

B D H

U G

Fig. 8.24 A pair of Lecher wires and a dipole antenna.

circuited. Since no current flows between C and D, the total admittance

across C, D must vanish ; therefore, the resonant condition is

-jKr 1 cot ph + jK- 1 tan pi + jK^ 1 tan ph = 0,

or

or

cot (3h - tan ph = -j~- tan pi. (172)

Similarly, for an antiresonant condition, we find

jKr 1 tan ph + jK- 1 tan pi + jKr 1 tan 0Z2 = 0,

tan 0Zi + tan ph = j?~ tan pi (173)

This is also the condition for the natural frequencies of the wire network.

8.32 Effects of resistance on the antenna current

Throughout the entire chapter we have assumed that the conductors are

perfect. The conductivity of copper is so large that its effect on the

current distribution is negligible. This is to be expected, since the

attenuation due to ohmic losses is appreciable only in long transmission

lines. No serious complications arise from the inclusion of the internal

impedance Zi of the conductors in equation 48 ; but the most significant

effect is a small increase in the input resistance. This increase is easy to

evaluate as follows: (1) we neglect the ohmic loss and evaluate the

current; (2) we evaluate the ohmic loss corresponding to this current;

(3) we divide the result by one half of the square of the input current, as
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suggested in Section 8.3. In this method we neglect the square of the

small correction term as compared to its first power.

8.33 Effects of proximity between antenna terminals

There is always some local capacitance between the terminals of any

physical circuit (see Section 2.4). At low frequencies its effect on the

performance of the circuit is negligible ; but at high frequencies and partic-

ularly in the microwave region the effect may be substantial. In any

practical case we are not concerned with antenna terminals as such.

When the antenna is in operation, its terminals are connected either to a

transmission line or to local circuits. Depending on the frequency, this

transition region may, or may not, have much effect on the antenna per-

formance. It is only in theory, when we wish to consider an antenna

separately from the circuits connected to it, that it is essential to include

the distance between the terminals in our calculations. Generally this

distance cannot be made equal to zero without making the impedance

equal to zero. But, if the wires are tapered to mere points, the im-

pedance remains finite as the distance between the terminals vanishes.

The admittance of the region in the vicinity of such terminals is calcu-

lable and can be taken out of the antenna admittance and replaced by the

admittance appropriate to a different input configuration. This enables

us to assign a unique meaning to the " antenna impedance " for both

theoretical and practical purposes. Antenna input regions will be con-

sidered in more detail in Section 12.10.

It should be added that the distance between the terminals does

not affect appreciably the current at distances comparable to or larger

than the antenna radius, and a unit voltage between infinitely close ter-

minals always produces a finite current everywhere except at the ter-

minals.

PROBLEMS

8.5-1 Explain why the distant electric intensity of any current distribution

which may be enclosed by a finite surface is substantially perpendicular to the radius

drawn from a typical point within the current distribution. Show that the quasi-

static potential contributes to the electric intensity perpendicular to such a radius

only terms that diminish with increasing distance r at least as rapidly as 1/r 2
.

8.6-1 Show that equation 13 may be written as follows

:

f*.±--*iff*. X 2

This equation shows that, in a region of a weak magnetic field (weak in the sense

that i)H « #) enclosed within a cube whose edges are very small compared with X,
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we have approximately

/E8 ds = 0.

Hence, in such a region we may assign static potentials to various points. This

explains why it is permissible to speak of a "potential drop" across the terminals of

a circuit element and use the essentially static conceptions in network theory, even

though the frequency may be as high as one million cycles per second. It should be

noted, however, that if the distance d between two networks is such that 2wd/\ is

not small compared with unity, the local potentials in the two places are unrelated.

That is, two points in such different places can be at the same potential with reference

to ground and yet may not be said to have "equal" potentials.

8.8-1 Derive the low-frequency expressions for the potential and dynamic

component of E for a thin filament of charge and current.

Ans.

V =Jfs
2 /*2ir

*i Jo

q(s) ds d<p'

8w 2
sr

_ . f* C 2* I(s)cos(s,z)
,

r z = —Jan I I —^ ds d<p
,

J«i Jo 8ttV

where Fz is a typical Cartesian component of F.

8.8-2 Assume that an infinitely thin current filament of strength I(z)

= /o exp j{oit — fiz) extends along the z axis from z = z\ to z = zi. Find the

scalar potential and the dynamic component of E.

JQe J(.ut—Pz2—pr2 )

Ans. V =
JoejM-/fei-0ri) vIq

4:irjo)£r2

Fp
= F9 = 0;

J0)fX

4:7rja)eri

+ -LJL (u - jv)ei(ut-Pz)
;

4?r

F
47T

/oe
/M-0z)(M _

jv ) f

where

u = Ci P(r 2 + 22 - z) - Ci &{n + z\ - z),

v = Si /3(r 2 + 22 - z) - Si /3(n + 21 - 2),

n - [(21 - 2)
2 + pY2

,
r 2 = [(Z2 - z)

2 + pY\

8.8-3 Solve the preceding problem for I(z) = Iq exp ,7(0^ + ^2).

ylns. F =
IQel(<»t+Pz2-Pr2) /^/(wH-Zkl-flr!) ^

47rjcoer2 47r/cosri 4x
(wi - >i)e7(w^2)

,

where

F. = - Jco/x

/06'<»^«>(t*i ->i),

mi = Ci j8(n -21+2) - Ci /3(r 2 - 2 2 + 2),

»i = Si /3(n - 21 + 2) - Si 0(r 2 - 22 + z).

8.15-1 Evaluate the characteristic impedance of a wire of radius a extending

from 2 = z\ to 2 = 22 at vanishingly small frequencies.
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Ans.

Z = 30 log
{Z2-Z + 1(Z2 - z)

2 + aY2 \{z-z l + [(z- Zl )

2 + aY2
I

except in the immediate neighborhood of the ends,

4(22 - z){z - Z\)
Z ^ 30 log

a~

8.15-2 Calculate the average value of the characteristic impedance in the

preceding problem.

Ans.
2(22 — Zl)

av(Zo) = 60 log -^ - 60.

Fig. 8.25 Square and circular loop antennas fed by two-wire lines: (a) and (6), in

push-pull; (c) and (d), in push-push.

8.18-1 Derive equations 109.

8.18-2 Derive equations 110.

8.18-3 Obtain the asymptotic expression for the current in loop antennas of

length 21, fed in push-pull as indicated in Figs. 8.25a, b.

Ans. I(x) = A cos/3(Z - x).
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8.18-4 Obtain the asymptotic expression for the current in loop antennas of

length 21, fed in push-push as indicated in Figs. 8.25c, d.

Ans. I(x) = A sin P(l — x),

provided the positive direction of the current is chosen counterclockwise (or clock-

wise) at all points.

8.19-1 Obtain the asymptotic form of current distribution in a reflecting

antenna making an angle \p with the direction of propagation of the incident wave.

Ans. I(z) = A [cos pl cos(Pz cos \p) — cos (pl cos \p) cos Pz].

8.20-1 Let the impressed field be parallel to the antenna extending from

z = — I to z = I. Find the asymptotic current distribution when the terminals of

the antenna at z = are open.

I ,

sin pl
~|

Ans. I(z) = I sin p(l - \z\) - (cos Pz - cos pl)
1 — cos pi

= h [sin p(l - \z\) - cot i/3Z(cos Pz - cos pi)].

8.20-2 Obtain the asymptotic current in a receiving antenna whose load is at

z = £, assuming that the field is parallel to the antenna.

Ans. I(z) = A (cos Pz — cos pi) + 7i(z),

where 7i(z) is the current when the load is replaced by a generator.

8.20-3 Solve the preceding problem for the case of infinite load.

Ans. I{z) = I\(z) (cos Pz — cos pi).
cos P£ — cos pl

8.21-1 Obtain the asymptotic potential distribution in loop antennas (Figs.

8.25a, b; see Problem 8.18-3).

Ans. V(x) = jZQA sin p(l - x),

where Za is the impedance of the loop.

8.21-2 Obtain the asymptotic potential in an asymmetrically fed antenna

(see equation 106).

Am. V(z) = -jZ A sin p(l + £) cos pil - z), z > £;

= jZoA sin p(l - £) cos P(l + z), z < £

8.21-3 Obtain the asymptotic potential distribution in the symmetric mode
(Fig. 8.9a), corresponding to the current distribution given by equation 109.

Ans. V(z) = —JZqA cos j3£ cos p(l — z), £ < z < I;

= -jZ A sin p(l - £) sin Pz, -| < z < £;

= JZqA cos PZ cos p(l +z), -I < z < —f.

8.21-4 Obtain the asymptotic potential in the antisymmetric mode (Fig.

8.96).
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Ans. V(z) = -jZ A sin 0£ cos p(l - z), £ < z < 1;

= jZ A sin 0(1 - £) cos pz, -£ < z < £;

= -jZ A sin 0£ cos /3(Z +2), -Z < 2 < -£

8.25-1 Derive equations 139.

8.26-1 Discuss the advantages of introducing new variables in equation 144

:

/' = i(/i - h), V = Vi - v% i" = h + i2, v" = |(7! + y 2 ),

in case Ln is not very different from L22.

8.28-1 Derive the asymptotic current distribution in the antenna shown in

Fig. 8.18, assuming that the impedance ratio Zq"
'

/Zq is maintained constant.

Ans.

= A
I

sin jSZ 2 cos /3(Ji — z) -\—^-7— cos $1<l sin p(l\ — z) > < z < Zi;

/(«) = A sin j3(Zi + l2 — z), h < z < h + h;

sin j3Z 2 cos /3(Zi - z) + —7[Z " — Z '

sin /3(Zi + Z 2 - z) H
°

, ° cos /3Z 2 sin /3(Zi - z) > < z < h.

8.30-1 By direct substitution verify that the following expressions (C. Manne-
back, Radiation from transmission lines, AIEE Jour., 42, February 1923, pp. 95-105),

Zoe-'*(l + cos 6) he~^H v = —
> Ee = vi*,?, E r = -——- >

4-n-r sin 47rjcoer

satisfy Maxwell's equations. Show that this field implies an electric current along

the axis = and that its strength is I(z) = I§e~^ z
.

8.30-2 Using the expressions in the preceding problem, show that the intensity

of the magnetic field generated by a progressive current filament, l{z) = I§e~^ z
,

extending along the axis = from z = to z = zi is given by

4irpH v = I e-tfr
(l + cos 0) - 7 e

-^ (zi+ri) (l + cos 0i),

where p is the distance from the axis, r\ the distance from the end of the filament at

z = z\, and 6\ is the polar angle if this end is taken as the origin of the second spherical

coordinate system.

8.30-3 Using the expression in the preceding problem, show that the magnetic

intensity of the field generated by a sinusoidal current, I(r) = A sin 0r, extending

along 6 = from r = to r = X/2, is given by

47rp#„ = jA(e-rtr + e-'^i).

8.30-4 Using the result of the preceding problem and Maxwell's equations

in cylindrical coordinates, obtain the intensity of the electric field.

Ans. 4:irpEp = jAv(e~ }fir cos 6 + e~^ri cos 0i),

47r \ r r\ I
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8.31-1 Obtain approximate resonant wavelengths of loop antennas (Figs.

8.25a, b).

21
Arts. \n — > n = 1, 2, 3, "

• '

.

n

8.31-2 Obtain approximate antiresonant wavelengths of loop antennas.

Ans. \n = -——— > » = 0, 1, 2, 3, • * *

.

2n + 1



IMPEDANCE, RECIPROCITY,
EQUIVALENCE

In a radio transmission system the transmitting and receiving an-

tennas are only two of the many elements serving various purposes.

The transmission of signals from one antenna to the other depends on

their current distribution, on the fields produced by these distributions,

and on the manner in which these fields are affected by the earth and by

the atmosphere. But, as they pass from their source to the transmitting

antenna, and from the receiving antenna to their destination, these

signals are affected by the circuital properties of the terminal equipment

and by the antenna impedances. To calculate the impedance of a

specific antenna we have to solve the corresponding field problem —
that is, we have to solve Maxwell's equations subject to special boundary

conditions at the surface of the antenna. However, some of the most

important general properties of the impedance may be obtained from

much more basic considerations. These properties are common to all

dynamical systems, mechanical and acoustical systems as well as electri-

cal, and they are independent of the particular form of the dynamical

equations as long as these equations are linear. These properties are

basic in the sense that, if we were to find an inconsistency between them

and Maxwell's equations, we should have to reject Maxwell's* equations.

Such properties were considered by Otto Brune with special refer-

ence to electric networks;* but his results are easily extended to all

linear dynamical systems and to systems with an infinite number of

degrees of freedom. In this chapter we shall consider some of these

general properties of impedances.

* Synthesis of a finite two-terminal network whose driving-point impedance is

a prescribed function of frequency, Jour. Math. Phys., 10, August 1931, pp. 191-236.

270
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9.1 Impedances as functions of a complex variable

Let us assume that the instantaneous values of the electric and magnetic

intensity are the real parts of complex quantities E exp(pt), A exp(pt),

where p is the oscillation constant,

V = £ +i«- (1)

The imaginary part co is the frequency of oscillations, and the real part

£ is the relative rate of growth of the amplitude. In practice, we are

interested chiefly in sinusoidal oscillations for which £ = ; but the more
general form (equation 1) enables us to obtain a better insight into the

dependence of antenna impedances on frequency by using the theory of

functions of a complex variable. Performing the differentiation with

respect to t in Maxwell's equations 2-18 and 2-19 and canceling the

exponential time factor, we have

Ce s ds = -pm ffHn dS, Ch s ds = (g + pe) CfE n dS. (2)

Irrespective of a particular field problem, the solutions of these equations

E(x, y, z;p), H(x,y, z; p) are functions of the coordinates of a typical

point and of the complex variable p. These solutions are analytic func-

tions of p, except perhaps for some isolated values of p.

The voltage and current at the input terminals of a transmitting

antenna, or any other physical circuit, are determined by the integrated

values of E and H, and thus are functions of p alone; V(p) and I(p), let

us say. The ratio of these functions is called the input impedance Z(p)

of the antenna, and its reciprocal the input admittance Y(p),

*«

=

M- '

Y™ -w •
(3)

hence, the generalized Ohm's law,

V(p) = Z{p) I(p), J(p) = Y(p) V(p). (4)

The actual form of Maxwell's equations has little bearing on these

equations ; the only requirement is that the field equations be linear so

that the exponential time factor can be canceled from them. The so-

called " electric circuit elements " are merely physical circuits whose

impedances are particularly simple functions of p. The circuit is a

resistor if its impedance is independent of p,

Z(p)=R; '

(5)

it is an inductor if its impedance is proportional to p,

Z(p) = Lp; (6)
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and it is a capacitor if its impedance is inversely

proportional to p,

z(p) = -^r (7)

Fig 9 1 A schematic
Figure 9.1 shows the conventional schematic

representation of an representation of an impedor: that is, any concealed

impedor. passive network (either discrete or continuous)

with two accessible terminals. In the case of an

antenna the interior of the impedor includes the earth and the space

around it. We use this representation when we wish to stress our in-

terest in the voltage and current at the antenna terminals and our

lack of interest in the interior structure.

9.2 Zeros and infinities of impedance functions

The zeros of the input impedance Z(p) are the roots of

Z(p) = 0. (8)

They give those values of the oscillation constant for which the voltage

across the input terminals vanishes while the current does not. Hence,

they represent the natural oscillations of the antenna when its terminals

are short-circuited.

The infinities of the impedance are the zeros of the admittance,

Y(p) = 0. (9)

They give the oscillation constants for which the current through the

input terminals vanishes while the voltage does not ; they represent the

natural oscillations of the antenna with its terminals floating (or

"open").
The natural oscillation constants of any passive physical circuit, that

is, a circuit without concealed sources of power, must lie either in the left

half of the complex p plane or on the imaginary axis ; otherwise, the real

part of p would be positive, and the oscillations would grow in amplitude

without any contribution of power to the circuit. An antenna in free

space loses power by radiation, whether its terminals are short-circuited

or left floating ; hence, the zeros and infinities of its impedance are in the

left half of the p plane. The only exception is the point at the origin,

p = 0. This point corresponds to a static field, since at this point

exp(pt) — 1 at all times. If the terminals of an antenna consisting of

two separate conductors are floating, we can place opposite charges on

these conductors and create a voltage across the input terminals while

the current will be zero ; hence, p = is an infinity of the impedance of
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such an antenna. All such antennas may be called dipole antennas

(Fig. 9.2a).

Similarly, we may consider a loop antenna (Fig. 9.26) : that is, an

antenna consisting of a single conductor so bent that its ends are brought

close together. Then, if the terminals are short-circuited and if the con-

ductor is perfect, a steady current can flow in the loop since there is no

7^

(a)

Fig. 9.2 (a) A dipole antenna and (6) a loop antenna.

loss by radiation. Thus p = is a zero of the impedance of a perfectly

conducting loop antenna and, of course, an infinity of its admittance.

If p = pi is a zero of Z(p), then,

Z(p) = (p-pi) n
f(p), (10)

where f{p) reduces to a nonzero finite value at p = pi and n is positive.

In the theory of functions the term " zero " is usually reserved for the

case in which n is an integer ; otherwise, the point is a branch point. In

the vicinity of a branch point Z(p) is multiple-valued ; the various values

coalesce at the branch point itself. The exponent n is called the order of

the zero. The zero is said to be simple if n = 1.

In the case of infinities n is negative. If n is an integer, the infinity

is said to be a pole of order \n\. If n = — 1, the pole is said to be simple.

There is an important theorem concerning the distribution and

character of zeros and poles on the imaginary axis : those zeros and poles

of a passive impedance which lie on the imaginary axis are simple, and they

separate each other. For the proof the reader is referred to Brune's paper

already cited. From this theorem it follows at once that no passive

impedance could be proportional to the nth. integral power of p unless

n = db 1 for all values of p ; otherwise, p = would not be a simple zero

or pole. This means, for instance, that the voltage across a passive

physical circuit could not be proportional to the second time derivative

of the current,

d2I
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as it can be proportional to the first time derivative,

V = Lf- (12)

If equation 11 were true, we should have, for an exponentially varying

current,

V = Ap2I, Z(p) = Ap2
, (13)

and the impedance would have a zero of the second order at the origin.

There is no such fundamental objection to equation 12 for an inductor.

A physical inductor would always have some resistance, and its imped-

ance must contain a constant term. A more exhaustive analysis would

show, in fact, that its impedance must contain the higher powers of p,

Z(p) = R + pL + a2p
2 + asp3

-\ ; (14)

but it can also be shown that, if we were not limited by available mate-

rials and practicable dimensions of the structure, all coefficients except L
could be made arbitrarily small. All that we would have to do is to

select increasingly better conductors, to decrease the length of the coil

and simultaneously decrease the radius of the wire sufficiently to keep L
constant. This illustrates the difference between the physically unat-

tainable ideal inductor defined by equation 12 and the physically impossi-

ble passive element described by equation 1 1 . For convenience, much of

our thinking is done in terms of idealized elements and systems; the

results thus obtained are approximately true for actual systems, to the

extent to which the ideal systems approximate the actual; but the re-

sults which might be obtained for physically impossible systems could be

of no value to us.

In the preceding chapter we have seen that, as the radius approaches

zero, the radiation from the antenna also approaches zero; hence, the

damping constants of natural oscillations will approach zero, and the

zeros and poles of the antenna impedance will approach the imaginary

axis. The positions of the zeros may be found from the condition that

the input voltage should vanish, which is the condition we used to deter-

mine the limits approached by the resonant frequencies in Section 8.31.

For a dipole antenna the latter are given by equation 8-163 where

|8 = coVjus = pvyLe/j] since the end effect represented by 5 approaches

zero in the limit, the asymptotic positions of the zeros of the dipole

antenna are given by

Vm = ^ *
» m = 1, 3, 5, 7, •

• •. (15)
2ZVjue
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The asymptotic positions of the poles are obtained from equation 8-161,

Pi

jnnr

2Z\Z/*e
m = 0, 2, 4, 6, (16)

To these we must also add the zeros and poles corresponding to the

negative values of m for the following reason. The coefficients in Max-
well's equations 2 are real; therefore, the coefficients in Z(p) are real.

Taking the conjugate of equation 8, we obtain

[Z(p)]* = Z(p*) = 0. (17)

CO

3j/r
2

J77U

u

UL =

\-fue

0-^U

-J77U

o-^u

Hence, if p = p n is a zero of Z(p), then p = p n * is also a zero. The
same is true of the zeros of Y(p) and, hence, of the poles of Z(p). Thus,

the zeros and poles of Z(p) occur in

conjugate pairs, or else they must

lie on the real axis. The conju-

gates of equations 15 and 16 are

given by the negative values of m.

Figure 9.3 shows the asymp-

totic distribution of zeros (hol-

low circles) and poles (solid circles)

of the impedance of a dipole an-

tenna. For a loop antenna, the

positions of zeros and poles are

interchanged. An antenna of non-

zero radius radiates power, and its

natural oscillations are damped;

hence, the zeros and poles will

move off the imaginary axis into

the left half of the p plane (all

except p = 0). They are close to

the imaginary axis for antennas

of small radius, and far away for those of large radius. Figures 9.4 and

9.5 show a spherical antenna and the location of the smallest zeros of

its input impedance. The poles are not shown because their positions

depend on the distance between the hemispheres.

In the next section we shall find that the zeros and poles determine

the impedance except for a constant factor; hence, they determine the

behavior of the impedance as a function of frequency.

9.3 Expressions for Z(p) and Y(p) in terms of zeros and poles

The impedance of a network consisting of a finite number of resistors,

Fig. 9.3 The asymptotic distribution

of zeros (hollow circles) and poles (solid

circles) of the impedance of a dipole

antenna. For a loop antenna, the posi-

tions of the zeros and poles are inter-

changed.



276 IMPEDANCE, RECIPROCITY, EQUIVALENCE 9.3

u =
aV/7i

2U -U

U)

-2ju

-JU

-ju-

2ju-

Fig. 9.4 A spherical antenna. Fig. 9.5 Location of the smallest zeros

of the input impedance of the spherical

antenna.

inductors, and capacitors is a rational fraction,

N(p) anp
n + a n_ip n~l +

Z(p) = + a>ip + ^o

D(p) bmp
m + bm-ipm

- 1
H h 6ip + b

(18)

with reaZ coefficients ; so is the admittance. This conclusion follows from

the differential equations of the network. For example, the equation for

the instantaneous values of the current in a series circuit (Fig. 9.6) is

-,4L + Kf,+ k dt
= Vv

dt '
""*

' C

where V\ is the input voltage. Substituting

Vi = Vie*', 7i = he*',

and solving, we find the impedance and admittance,

p
2LC + pRC + 1

(19)

(20)

Zi(p) =^- = R + pL +h pC PC

Yi(p) = pC
(21)

p
2LC + pRC + 1

Similarly, for a parallel circuit (Fig. 9.7) we find

Z^ =
P>LC + iaL + 1 '

F2(P) = ° + PC +

where G = l/R is the conductance.

pL
(22)
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If the network contains more meshes, there will be more differential

equations. On substituting typical exponential variables V exp(pt) and

/ exp(pt), each differentiation with respect to t becomes equivalent to a

multiplication by p. After canceling the exponential factor, we obtain

linear algebraic equations in typical variables V, I whose coefficients are

polynomials or rational fractions (when there are terms such as 1/pC or

R _j_
° A/V\ 1

Y2 ~z 2

I ^
c

Fig. 9.6 A series circuit. Fig. 9.7 A parallel circuit.

1/pL). Solving these equations for any particular ratio V/I, we find

that this ratio must be of the form suggested in equation 18. If V and /

belong to the same pair of terminals, the ratio represents the input im-

pedance across that pair of terminals. Since a zero (or a pole) at in-

finity must be simple, the difference between the degrees of the numerator

and the denominator cannot exceed unity.

By the fundamental theorem of algebra, the polynomials N(p) and

D(p) in equation 18 can be factored; thus,

Z(P )
= Mp-piOCp-^Kp-psO---

, (23)
bm (p ~ Pl){p ~ P2)(P ~ PS)''

where pi, p2, P3, * • *are the poles of Z(p) and pi , p^, pz',
' '

' are the zeros.

Since

p-pi = -pi ( 1 --^-V (24 )

equation 23 may be written as

(-) n
anPi

/

p2
,

-"Pn
/

( 1 -

Pi

V \ i V

Z{p) =
Pi 7 V P2

{-) m
bmPlP2' • Pml 1

(_
)(

P Wi P

Pi / \ P2

(25)

\ PlJ\ Pi/ \ Vm
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For example, the zeros of the impedance of the series circuit may be

found from equations 21,

Zi(p) = 0, p
2LC + pRC + 1=0,

Pl,2 =
R
2L

db
R\2

2LJ LC
—T (26)

Then,

Zi(p) -

Fi(p) =

£(P ~ Pl)(P ~ P2)

P

P

(
1 - V

Pi
1 - V

V2

pC
(27)

£(p - Pi)(P - P2)

Evidently pi and ^2 are negative real and distinct when

R
2L

> (LC)-* or R > 2K,

where

K =r-j

(28)

(29)

In the complex p plane these values are represented by two points A and

B, on the negative real axis (Fig. 9.8a). When R = 2K, the two zeros

coincide and become a double zero.

When R < 2K, the zeros are conjugate imaginaries,

Pi = £l + jwi, P2 = £l - JW1,

where

£1
=

and

2L «i LC
g
2L w]

A = ft

Vl/c

(30)

(31)

These zeros are shown in Fig. 9.8c.

Similarly, for the parallel circuit (Fig. 9.7) the infinities of the

impedance are

Pi.2 =
G
2C l\2Cj LC]

Vi

(32)
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and the impedance itself may be expressed as

VZ2 (V)
=

C(p - pi)(p - V2)

279

(33)

The preceding equations for the impedances and admittances

exemplify all the important properties of the more general functions.

The zeros and poles are either in the left half of the p plane or on the

CO p-PLANE CO

(a)

p-PLANE

p-PLANE

(b)

A CO

Fig. 9.8 Zeros (hollow circles) and poles (solid circles) of the impedances of simple

series and parallel circuits: (a) for the series circuit when R > 2K; (b) for the parallel

circuit when R > 2K; (c) for the series circuit when R < 2K; (d) for the parallel

circuit when R < 2K.

imaginary axis. They are all on the imaginary axis only when the cir-

cuits are nondissipative (R = or G = 0). In slightly dissipative cir-

cuits the zeros and poles are close to the imaginary axis, and the angle #

shown in Fig. 9.8c, and defined by

tan § = — h
cci

(34)

is small compared with unity. As the dissipation increases, they move
away from the imaginary axis. In practice, we are interested in the

impedances at real frequencies, when p = jco is on the imaginary axis.

The absolute value of a product of several factors equals the product of

the absolute values of the factors. The absolute value of a typical
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linear factor p — pi in equation 23 equals the length of the segment

joining the points p and pi (Fig. 9.8c). Hence, if a particular zero is

close to the imaginary axis, the impedance at real frequencies in the

vicinity of this zero is small, and we have the phenomenon known as

resonance. Similarly, the impedance is large for frequencies in the

vicinity of a pole, located near the imaginary axis. If several zeros and

poles are near the imaginary axis, the impedance will fluctuate between

small and large values as the frequency passes these points. As the

zeros and poles recede from the imaginary axis, the fluctuations become
less pronounced, and the " resonance curves " become flatter.

Normally the zeros and poles are simple ; but, for some special com-

binations of circuit constants (when R = 2K in the above examples, for

instance), they may coalesce and become multiple zeros and poles.

When they are on the imaginary axis, they are simple and separate each

other. When they are off the imaginary axis, they are either conjugate

imaginaries or negative real. In the case of more complicated networks,

there are more zeros and poles; but their essential properties are the

same. If we count the zero (or pole) at infinity (p = °o ), we find that

the number of zeros equals the number of poles, that is, if we count the

multiple zeros and poles according to the degree of their multiplicity.

Series and parallel circuits are dual in the sense that the impedance of

one has the same form as the admittance of the other.

As the number of elements in the circuit increases, the number of

zeros and poles also increases. In Chapter 2 we have seen that continu-

ous structures, including all free space, are limits of networks with an

increasingly larger number of increasingly smaller meshes. The number

of their zeros and poles will be infinite. In fact, this must be true of any

physical circuit since all physical circuits are continuous and cannot be

wholly dissociated from the surrounding space. As we deliberately

localize regions of concentration of electric and magnetic fields (capaci-

tors and inductors, respectively) and regions in which the electromag-

netic energy is transformed into heat (resistors), we find that some zeros

and poles move closer to the origin, p = 0, and form a cluster more or

less clearly separated from the distant zeros and poles. The latter do

not affect the impedance at frequencies close to the cluster, and we have

a " network of lumped elements."

Transmission lines are simple examples of circuits with infinitely

many zeros and poles. Thus, the impedance of a nondissipative line of

length I, closed through a resistance R at the far end, is

r7 ,
x „ R cosh (piVLC) + #sinh(plVLC) /ocxZ{p) = K —

7
=~ -

—

.

—

> (35)
K cosh(plvTC) + R smh(plVLC)
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where K = vLC is the characteristic impedance. If R < K. the

zeros are given by

-tanh-Mi? K) ± jn-
P:

and the poles by

Pn =

iVlc

-tanh' 1^ K) ±jyi + \)tt

l\ LC

(36)

37.

They are equispaced on a straight line parallel to the imaginary axis

(Fig. 9.9) . If R > K. the positions of the zeros and poles are inter-
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Fig. 9.9 Zeros and poles of a nondissipative uniform, transmission line terminated

into a resistance different from its characteristic impedance.

changed. The inverse hyperbolic tangent of unity is infinite; hence, the

line of zeros and poles recedes leftward to infinity as R approaches K.

As R approaches zero or infinity, the line of zeros and poles approaches

the imaginary axis. If we keep R fixed and let the characteristic im-

pedance K increase indefinitely, the zeros and poles will also approach

the imaginary axis ^since R K will approach zero), and the resonances

will tend to become sharper.

To illustrate the infinite product forms of the impedance, we shall

assume that R = in equation 35; then Z(p) is proportional to the
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hyperbolic tangent of plVLC, and*

pLl II ( 1 - P Wi V

Z(p) = KtanhplVLC =
t=l \ Pn J \ Pn*

(38)

, _ jnir _j(2n- 1)tt

Similar equations may be obtained for a line open at the far end (R = <x>)

and for a line closed through a given impedance.

In the case of two transmission lines, so separated that the inter-

action between them is negligible, we have two strings of zeros and poles.

As the two lines approach each other, the interaction increases, and the

positions of the zeros and poles are altered ; but there are still two strings.

For n coupled transmission lines there are n strings of zeros and poles.

When the coupling is strong, we may even find it difficult to distinguish

between separate strings " belonging " to the various transmission lines;

we shall merely observe that the zeros and poles are scattered on an in-

finitely long ribbon of a certain width. In general, the zeros and poles

may be scattered throughout the entire left half of the p plane without

any definite pattern— as they are in the case of a spherical antenna

(Fig. 9.4). Such a distribution is typical of any physical circuit whose

physical dimensions are of comparable magnitudes. When one dimen-

sion is much larger than the other two, those zeros and poles that are

closest to the origin will form a recognizable string. Thus, we find a

similarity between the patterns of zeros and poles belonging to the im-

pedance functions of thin antennas and transmission lines and a corre-

sponding similarity in the behavior of the impedance functions.

Irrespective of the number of zeros and poles, the impedance func-

tions may be expressed as ratios of products of linear factors. This

theorem is a special case of the Weierstrass theorem in the theory of

functions of a complex variable. When the number of factors is infinite,

questions of convergence arise. For instance, the two product forms

(equations 23 and 25) are equally valid when the number of factors is

finite; but, when the number of factors is infinite, the form 23 is diver-

gent. This is due to the fact that the first term a np
n of the product

approaches infinity as n approaches infinity except when p is zero. On
the other hand, the form 25 remains valid as long as we arrange the zeros

* Edwin P. Adams, Smithsonian Mathematical Formulae and Tables of Elliptic

Functions, Washington, 1922, p. 130.
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and poles according to the order of their magnitudes, as, for instance, in

equation 38. The factors in the product may be reshuffled only if cer-

tain " Weierstrass convergence factors " are included; but this discussion

would take us beyond the scope of this book. The main fact, as far as

we are concerned, is that the impedance of any physical circuit may be

expressed as the ratio of two products of linear factors exhibiting the natural

oscillation constants of the circuit with its terminals atfirst floating and then

short-circuited. Thus, for a dipole antenna (Fig. 9.2a),

(--£)(—£)(-£)(-£)-
Z(p) = (39)

#(l.-JL\(l--X-\(l-*-\(l-
P2 / \ V2 / \ P4 J \ PC J

where pi, pi*, pz, P3*,"
' are the oscillation constants with the antenna

terminals short-circuited, and p2, P2*, p±, P4*, • • are the corresponding

constants with the terminals floating. The factor p in the denominator

is characteristic of doublet antennas which, by definition, have a pole at

p = 0. For real frequencies,

d - i^A ( i -

Z(jco) = — : (40)

^(i-^-,,1-

As co —> 0,

zW"*]rf' («)

where C is the d-c capacitance ; and it should be noted that C in equation

40 is a constant. Thus, the d-c capacitance of an antenna together with

its natural oscillation constants determines the antenna impedance at all

frequencies. When the damping constants of the natural oscillations are

small, we may neglect their squares ; hence,

(
L
_i!LV1 _JN.

>

) = 1 _ i(B
Pi--Pi*

Pi/ V Pi* J PiPi* Pipi*

= 1 - 2jco£i co

coi* + {l* CO!* + f ]

!_^_^. (42 )
coi

J cor
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Therefore,

\ Ul Z Ul Z
) \ 0)3

Z
C03

2 /
Z(jco) ~ (43)

juC(l-^-^)(l-^--^-\--J

\ 0)2
2

CU2
2

/ \ C04
2

C04
2 /

For a perfectly conducting loop antenna (Fig. 9.26), we find,

similarly,

V
\ Vi)\ Pi*/\ P3/\ P3*/

Z(p) = (44)

(l - JL\(i - JL\d - JL]( l _ P Y
V2 / \ P2* / \ P4 / \ P4* /

The factor p in the numerator represents the zero at p = which is char-

acteristic of the impedance of a closed circuit without loss when the

current is steady. The coefficient L is the d-c inductance of the loop,

and, as p = ju —> 0,

Z(j»)->joL. (45)

9.4 Resonance and antiresonance in simple circuits

Under certain conditions the response of an antenna to an impressed

voltage is similar to the response of either a series or a parallel circuit.

To show this we shall express the impedances of these simple circuits in

terms of parameters having more general meaning than the resistance,

inductance, and capacitance. First we shall consider the series circuit

(Fig. 9.6). Letting p = ju in equation 21, we have

Zi(j«) = R + jcoL + -4^- = R + j Ll - -j-\ (46)

The reactive component vanishes at a certain frequency co = co r given by

co.L - -^- = 0, co r = -—L=- • (47)
UrL VLC

This frequency is called the resonant frequency of the circuit. Since the

magnitude of the impedance,

|Zi(i»)| = Ir2 + Ll- x v
COc

(48)

is minimum at co = co r , the current for a fixed impressed voltage is

maximum. In accordance with equation 47, the impedances of the
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inductor and capacitor become equal at resonance, and, in view of

equation 29,

1
co rL =

CO -C
= K. (49)

This equation assigns a physical meaning to the parameter K which orig-

inally was defined simply as the square root of the ratio of L to C. We
may now express the impedance of the series circuit at any frequency in

terms of the resonant frequency co r defined by equation 47, the charac-

teristic impedance K of the circuit, and the parameter A defined by

equation 31; thus,

Zi(i«) = K

\Zi(j»)\ = K

A+j

A2 +

CO CO,

CO,

CO

CO,

CO

C0 r

CO

(50)

These forms are convenient because A and co/co r are dimensionless

parameters.

The magnitude of the current in response to a unit voltage is, then,

1 1
h =

\Zi(ja>)\
h KA (51)

Figure 9.10a represents the current relative to the maximum current as

a function of f/fr ; the lower curve represents the reciprocal of this re-

sponse, or the relative magnitude of the voltage needed to produce a

given current at different frequencies.

The response drops to 1/V2 fraction of its maximum value when

CO co r / A
co r CO A /

= A. (52)

There is one such frequency on either side of the resonant frequency,

|A + (1 + JA2)H. (53)£-= -|A+ (l + iA2)«
A A

The difference /2 — /i is called the " width " of the resonant curve; the

parameter A is seen to be equal to the relative width of the curve,

h-hA =
A

(54)

The inphase and the quadrature components of the response are

shown, respectively, by the solid and the dotted curves in Fig. 9.11.

These curves also represent the conductance and the susceptance of the
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circuit in terms of the admittance at resonance. The difference between

the maximum and minimum susceptance is equal to the maximum con-

ductance.

The reciprocal of the relative width of the resonant curve is called

the quality factor :

At resonance the energy & stored in the circuit and the average power

Pav dissipated in R are

g - \LI*, Pav = §P/ a
2

, (56)

where Ia is the current amplitude. Therefore,

= -p— > A = —

^

(57)

At resonance the impedance of the circuit is real, and the generator

supplies merely the power dissipated in the resistance ; there is no other

exchange of energy between the generator and the circuit. If A is small

and Q large, the energy contributed to the circuit per cycle is small. We
may look on this energy as the energy needed to sustain natural oscilla-

tions at a constant level, for the difference between the resonant fre-

quency (equation 47) and the natural frequency coi given by equation

30 is small. Hence, we conclude that

r\ wl® a -^v /ro \Q^-p— ' A~—jr, (58)

where & is the total energy of a freely oscillating circuit and Pav is the

power dissipated in the resistance. Thus, we have a connection between

resonance and natural oscillations. From equation 30 we also find

2L 2coiZ/ 2co rL 2K

From this equation and from equation 34, we have

2Z

Also,

A = - -=^~ = 2 tan #. (60)

Pi = £i + jm = - JonA + jcoi = (- JA + i)o>i. (61)

The response of the parallel circuit is reciprocal to that of the series

circuit. The curve in Fig. 9.10a represents the absolute value of the

input impedance in terms of the maximum impedance, and, hence, the
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relative voltage required to produce a given current; the curve in Fig.

9.106 represents the relative response of the circuit to a given voltage;

and the curves in Fig. 9.11 represent the resistive and reactive compo-

nents of the input impedance in terms of the maximum impedance. The
circuit is said to be antiresonant at / = fr . The input admittance of the

circuit may be obtained by substituting p = jco in equation 22 ; then it

may be expressed in terms of the " characteristic impedance " K, the

width of the resonant curve A, and the antiresonant frequency fr or co r ;

thus,

Y2 (jco) = K-i A+J

K =
C

A = GK

CO,

CO

C0 r =

(62)

Vlc
The difference between the maximum and minimum reactance is equal to

the maximum resistance.

9.5 Resonance and antiresonance in complicated circuits

Let us assume that a particular zero p = pi of any circuit whatsoever is

close to the imaginary axis, and let us suppose that there are no other

zeros or poles in its vicinity In the neighborhood of this zero,

Z(p) ~ (p - Pl ) (p - Pl *) /(Pl ), (63)

since all other factors p — p2 , p — P3, * * * are substantially constant for

small variations in p. We might have replaced p — pi* by p\ — p\*

and included this factor in/(pi) ; but the above form is more convenient

for comparing Z(p) with the impedance of a series circuit. On the

imaginary axis,

(p - pi) (p - pi*) = (jco - fi - jcoi) (jco - £i + jm)
= -co2 - 2j£ico + coi

2 + £i
2

Neglecting the square of the small quantity £i, we find

2{i
(p - pi) (p - pi*) = jcoico

Wl
+ j

CO

coi

coi

CO

Therefore, equation 63 becomes

Z(p)~A 2b
coi

+ j
CO

coi

coi

CO

(64)

(65)

(66)

where A is a constant depending on the other zeros and poles of Z(p).

In view of equation 60, this expression is of the same form as equation 50

for the impedance of the series circuit. The only possible difference is
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that A may be complex. The absolute value of A plays the part of the

characteristic impedance K of the series circuit; the phase of A affects

the position of the resonant frequency, but its value is not important,

since the phase of the bracketed factor in equation 66 changes very

rapidly from almost —90° when co is smaller than wi to almost +90° when

co is larger than coi. Hence, there will be some value of co, not far from

coi, for which the phase of Z(p) will vanish, and there will be resonance.

Similarly, in the vicinity of a pole, close to the imaginary axis and

well separated from other zeros and poles, any circuit behaves as a

parallel circuit. These considerations simplify the treatment of self-

resonant antennas (see Chapter 11).

9.6 Small dipole and loop antennas

The impedance of a dipole antenna is given by equation 39, and it may
be expanded in a power series

Z(p) = -^- + R + pL + Ap2 + • • •. (67)

To show this, we note that, if we multiply out the various factors in

the numerator, Ave obtain a power series in p, beginning with a constant

term equal to unity. The remaining factors except 1/pC may also be

expanded in power series,

(
1--^- =l+^ + ^V + ^+--- . (68)

The product of such factors and the preceding power series is a power

series beginning with unity. When we divide the result by pC, we
obtain a series of the form shown in equation 67. The series 68 is con-

vergent as long as the absolute value of p is less than the absolute value

of p2 ; therefore the series 67 is convergent as long as the absolute value

of p is less than the absolute value of the pole nearest to the origin

(excepting p = 0).

On the imaginary axis, equation 67 becomes

Z(jo>) = -4g, + R + jcoL - Ace2 + ' • •• (69)

In Chapter 5 we have seen that the radiated power approaches zero as

the frequency approaches zero; hence, if there is no dissipation in the

antenna and the surrounding medium, R = 0, and equation 69 becomes

Z(jcc) = -J^ + jcoL - Ace2 + • • •

.

(70)

The coefficients C, L, A are independent of co, of course. The coefficient
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C is the d-c capacitance, L the d-c inductance, and — Aco2 the radiation

resistance at low frequencies. In the next chapter we shall show that

these terms may be calculated without solving the more difficult problem

of obtaining Z(p) at all frequencies.

The admittance of the dipole antenna is the reciprocal of equa-

tion 70,

Y(ju) = ja>C + jco
3LC2 - ACW + • • •

.

(71)

Thus, the radiation conductance at low frequencies varies as the fourth

power of the frequency.

Similarly, the admittance of a perfectly conducting loop antenna for

frequencies below the first resonant frequency may be expressed as a

power series,

F(jco) =-4
z
- + j"C-£co2 + (72)

where L is the d-c inductance of the loop, C the «d-c capacitance, and
— JBco

2 the radiation conductance at low frequencies. Its reciprocal,

Z(j«) = jcoL + jco
3CL2 - BLW + • • •

,

(73)

shows that the radiation resistance of the loop varies as the fourth power

of the frequency when the frequencies are sufficiently low.

The preceding expressions are useful when the dimensions of the

antenna are small compared with the wavelength.

(a)

v,
l_.

(i)

B
Ob

(2)

(b)

=sO zi

Fig. 9.12 Schematic diagrams of (a) a transducer and (6) a pair of antennas

regarded as a transducer.

9.7 Linear transducers

A structure with two or more pairs of accessible terminals is called a

transducer. The difference between a four-terminal transducer and a

four-terminal network or a four-pole is that in the transducer the ter-

minals are paired and in the four-pole they are not. In the transducer

(Fig. 9.12) the input is always either across A, B or across C, D; never
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across A, C or A, D. In a four-pole the input may be across any two

terminals. Two antennas do not form a four-pole, except when they are

very close to each other ;* but they form a transducer as long as the gaps

between their respective input terminals are small.

A transducer is linear if the voltages across each pair of terminals

are linear functions of the currents

:

V\ = Zuli + Z12I2,

(74)
V2 = Z2lll + Z22l2'

This implies, of course, that the currents are also linear functions of the

voltages. Thus, solving equations 74 for I\ and I2, we obtain

h = YnVi + Y12V2 ,

h = F2i7i + F22F2 ,

where

(75)

'22 ir -^12 Z21 T r Z\\
Y\\ = —£j— » Y12 = £j— 1 Y21 = g- » Y22 =

D = Z11Z22 - Z 12Z2 i. (76)

The directions of the voltages shown in Fig. 9.12 are for the field volt-

ages ; they are opposite to the voltages impressed by the generators.

If 12 = 0, then,

Vi V2
Z\\ = —j— 9 Z21 = -f— ; (77)

that is, if a unit current is passing through A, B when C, D are floating,

the voltage across A, B is Z\\ and that across C, D is Z21. Similarly, if

7i = 0, then,

Vi V2
Z\2 = —j— t Z22 = -j— - (78)

The quantities Z12 and Z21 are called the mutual or transfer impedances.

If the transducer is short-circuited at the second pair of terminals,

V2 = 0, and, from equations 75, we find

^11 = ~y- ' Y2 1 = ~y- J (79)

that is, one volt across A, B when C and D are connected will produce

*For the simple reason that we can attach no meaning to the impedance across

a pair of distant terminals.
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Fn amperes at A, B and Y21 amperes across C, D. Similarly, if A and
B are connected, Vi = 0, and

f12 = A, rM = A. (80)

Solving equations 75 for Vi, V2 and comparing with equations 74,

we find

ry Y22 ry Y12 ry Y2\ ry Y\\
L\\ = — ) /j\2 = 7— ' ^21 = 7— ' ^22 =

A .A A "'A
A = F11F22 - F12F21. (81)

By definition, the above equations are characteristic of all lin-

ear transducers: electric, mechanical, electromechanical, acoustic, etc.

Whether a particular physical system is linear depends on the dynamical

equations governing its behavior. Maxwell's equations, for example,

are linear if the conductivity, permeability, and dielectric constant are

independent of the field intensity; hence, in this case the associated

electric transducers will be linear. Ferromagnetic substances are non-

linear, especially near saturation ; there are resistive substances, such as

Thirite, which are also nonlinear. Any transducer which contains any

nonlinear substance will be nonlinear. Although the earth's crust con-

tains some nonlinear substances, the amount is negligible in its effect on

wave propagation, and antenna pairs form substantially linear trans-

ducers. The impedance coefficients may be either measured* or cal-

culated.!

9.8 Reciprocity theorems

In circuit theory, it is shown that, for any transducer consisting of a

network of linear resistances, inductances, and capacitances, the ma-

trices of the coefficients in equations 74 and 75 are symmetric ; that is

:

Z21 = Z l2 ,
Y2 i = Y12 . (82)

We have already pointed out (Section 2.4) that a continuous

medium may be considered as the limit of a network. Hence, the rec-

iprocity theorem must apply to transducers whose parts are continuous

media. {

* C. R. Englund and A. B. Crawford, The mutual impedance between adjacent

antennas, IRE Proc, 17, August 1929, pp. 1277-1295.

f P. S. Carter, Circuit relations in radiating systems and applications to antenna

problems, IRE Proc, 20, June 1932, pp. 1004-1041.

J For a direct proof based on Maxwell's equations see, for instance, Electro-

magnetic Waves, pp. 476-479. It should be noted, however, that reciprocity theorems

are properties of linear dynamical systems and as such are independent of specific
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Since Z21 is the voltage produced across C, D by one ampere through

A, B, and Z12 is the voltage across A, B due to one ampere through C, D
(Fig. 9.12), the above "reciprocity theorem" may be stated as follows:

In any physical linear network, the positions of a generator having infinite

B z
i

J
L

t

Fig. 9.13 The positions of a generator with infinite internal impedance at A, B and

a voltmeter with infinite internal impedance at C, D may be interchanged without

affecting the voltmeter's reading.

internal impedance and a voltmeter may be interchanged without affecting

the voltmeter's reading (Fig. 9.13).

Likewise, in any physical linear network the positions of a generator

having zero internal impedance and an ammeter may be interchanged with-

out affecting the ammeter's reading (Fig. 9.14).

The voltmeter and ammeter in these theorems are assumed to be

ideal ; that is, the impedance of the voltmeter must be infinite and that

of the ammeter must be zero. A generator of finite impedance may
always be replaced by a generator whose impedance is zero in series with

its internal impedance. It may also be replaced by a generator with

infinite impedance in parallel with its internal impedance. Similarly, a

voltmeter whose impedance is finite may be replaced by an ideal volt-

forms of the dynamical equations. Thus, equations 82 may be obtained from

Lagrange's equations for either mechanical or electric linear systems. Also, solely

from the principle of conservation of energy, we can prove that Z12 = —Z21* for

any nondissipative linear transducer (including electromechanical transducers).

Hence, if Z12 is real — as it is in electromechanical systems— then R12 = — R21

(gyroscopic coupling). It should also be noted that the variables in the transducer

equations must correspond to generalized forces and velocities, such that the element

of work is given by p 8q, where p is the generalized force and 8q the generalized virtual

displacement. In the case of cylindrical electromagnetic waves, for example, Ez

and H<p are linearly related ; but Zu ?* Z21. If, however, we rewrite the same equa-

tions in terms of new variables Ez and pH^, where p is the distance from the axis of

the wave, then the reciprocity holds.
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meter in parallel with its internal impedance; and an ammeter with a

finite impedance is equivalent to this impedance in series with an ideal

ammeter. The ideal elements may then be interchanged as stated in the

reciprocity theorems.

B ^

Fig. 9.14 The positions of a generator with zero internal impedance at A, B and
an ammeter with zero internal impedance at C, D may be interchanged without

affecting the ammeter's reading.

9.9 Circuit equivalence theorems

In addition to the reciprocity theorem, there are two important circuit

equivalence theorems. These may be stated as follows

:

The first circuit equivalence theorem: At a pair of terminals, any

linear network containing one or more generators of zero impedance acts as a

generator whose electromotive force equals the voltage appearing at the ter-

minals when no load impedance "is connected, and whose internal impedance

is the impedance measured at these terminals when all generators are short-

circuited.

Thus, an antenna in an arbitrary impressed field (Fig. 9.15a) is

equivalent to the circuit in Fig. 9.156, in which V is the voltage appearing

at the antenna terminals A, B when Z is disconnected, and ZA is the

antenna impedance. For finite networks, this theorem was first enun-

ciated by Helmholtz, and then independently by Thevenin.

The second circuit equivalence theorem: At a pair of terminals, any

linear network containing one or more generators of infinite impedance acts

as a generator whose current equals the current appearing at the terminals

when these are short-circuited, and whose internal admittance is the admit-

tance measured at these terminals when all generators are open-circuited.

Thus, an antenna in an arbitrary impressed field (Fig. 9.16a) is

equivalent to the circuit in Fig. 9.166, in which I is the current at the

antenna terminals A, B when these are short-circuited, and Ya is the

antenna admittance. For finite networks this theorem was first enun-

ciated by E. L. Norton.
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To prove the first theorem,*

V

295

/ =
ZA + Z (83)

we need only to obtain the current through an impedance Z across A, B
(Fig. 9.12) when a given voltage is applied across the terminals C, D of

(a) (b) (a

Fig. 9.15 Application of the first cir- Fig. 9.16 Application of the second cir-

cuit equivalence theorem to a receiving cuit equivalence theorem to a receiving

antenna. antenna.

the transmitting antenna producing the field, and to interpret the result.

If / is the current from B to A in the direction of Vi, then,

I = -h. (84)

If Z is the impedance between A, B,

Vi = ZI.

Substituting in equations 74,

ZI = —Z\\I + Z12I2,

V2 = —Z12I + Z22I2,

and solving for / in terms of V2, we find

Z12V2 Z\2'V2/Z<i

(85)

(86)

/ = '22

Z11Z22 ~ Z\22 + ZZ22 Z\\ — (Z\2 2/Z22) + Z
(87)

This is the actual current through Z across A, B.

Now if the circuit is open at A, B, the voltage Vi = V across these

* There exist logical rather than analytic proofs of equivalence theorems which

are more general because they are independent of the specific equations of motion of

a given dynamical system. For an example of such a proof see Sections 16.2 and

16.3 which are devoted to field equivalence theorems.
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terminals may be obtained by letting I\ = in equations 74 ; thus,

V = Z12I2 ,
V2 = Z22I2 , V = -^f^ • (88)

To find the impedance ZA seen from A, B when C, D are short-circuited,

we let V2 = in equations 74 and solve for the ratio Vi/h ; thus,

Z 12
2

ZA = Zn - 4^~ • (89)
^22

Substituting from equations 88 and 89 in equation 87, we obtain equa-

tion 83.

Similarly, we can prove that the voltage across A, B in Fig. 9.16 is

r-T7TT' (90)

where I and Ya are obtained as stated in the second circuit equivalence

theorem.

Unless the two antennas are very close together, the antenna im-

pedance Za of one antenna is not affected by the presence of the other.

It is only in antenna arrays that we should be careful to consider the

reaction between the antennas, and then we must remember that Za and

Ya in equations 83 and 90 are not reciprocals; for Za is obtained on the

assumption that the other antenna is short-circuited, whereas Ya is de-

termined on the assumption that the other antenna is open.

9.10 Reciprocity of current distributions

The transfer admittance* Y(zi;z2 ) between two points on a wire (Fig.

9.17a) is the current at z = z2 due to a unit voltage at z = z\. By the

reciprocity theorem, the transfer admittance is a symmetric function,

Y(zi; z2 ) = Y(z2 ;z 1 ). (91)

The points need not be on the same wire; thus (Fig. 9.176),

F(zi;z2 ') = F^zi). (92)

Suppose now that the unit voltage is not concentrated at z = z\ but

is uniformly distributed in the interval {z\ — Jsi, z\ -+- |si); then the

current at some point z = z2 is

Y(zi - ish Z! + \su z2 ) = — f Y{zv,z2)dzi. (93)
Sl %J zi—|si

* This function exists except possibly at z<l = z\ where it often has a logarithmic

singularity.
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Since Y{z\\ z2 ) is symmetric,

Y(zi - |si, 21 + 4*i; ft) = —
/

^(22; 21) (fei

= Y(z2 ;zi - isi,2i+ l«i); (94)

that is, Me current at z = 22 dwe to a wra'2 voltage uniformly distributed in

the interval z\ — \\s\ < z < z\ + \s\ egwaZs Me average current in this

interval due to a unit voltage at z = 22.

=0 a=

Z = Z = Zi Z = Z? Z = Z=Z,

=0 o 0=
z^o z'=z'2

(a) (b)

Fig. 9.17 Illustrations for the reciprocity equations.

This theorem applies to nonuniformly distributed voltages, pro-

vided the same weight factor is used in averaging the current. The

weight factor expresses interconnections between different parts of the

generator and the load.

Finally, if we integrate equations 93 and 94 between z = Z2 — \s2

and z = Z2 -\- is2, we find

Y(zi - isi, zi + |si; z2 - |s2 , z2 + |s2)

= Y(z2 - is2 , z2 + \s2 ;zi - Jsi, 21 + Jsi); (95)

that is, Me average current in the interval (z2 — \s2,z2 + ^s2 ) due to a unit

voltage distributed uniformly in the interval {z\ — Jsi, z\ + \s\) equals the

average current in the latter interval due to a unit voltage spread uniformly

over the former.

9.11 Reflecting antennas

Consider a wire (Fig. 9.18), and let Ez (z) be the electric intensity

parallel to the wire. A typical impressed elementary voltage is Ez (z) dz;

hence, the current at 2 = £ will be

/({) =f^E,(z)Y(z;l)dz. (96)

Since Y is a symmetric function,

I(i)=f\(z)Y(i;z)dz. (97)

Hence, if we know the current Y(%; z) in a transmitting antenna in which

a unit voltage is impressed at 2 = £, we can determine the current at this
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point when the antenna is in a given field ; but we can say nothing about

the current at other points. We would have this complete information

only if we knew the current distribution in the

transmitting antenna corresponding to a generator in

every position z = £.

9.12 Receiving antennas

In a receiving antenna, there is an impedance Z,

the " load," inserted at z = J. By the first circuit

equivalence theorem we can find the current through

the load if we know the impedance ZA of the trans-

mitting antenna as seen from the terminals of the
z = _l load, and the voltage V across these terminals when

Fig. 9.18 A reflect- the l°ad is disconnected. Now, if the terminals are

ing antenna. short-circuited, the current is given by equation 97.

To make the terminals effectively disconnected, we
may impress a voltage between these terminals that just cancels /(£).

This voltage is —ZAI{£), and its negative is the field voltage which ap-

pears between the open terminals. Thus,

V = ZAJ^Ez (z)Y(Z;z)dz. (98)

The current through the load is, then,

ZAj_ i

Ez {z) Y($;z)dz
I=

zA + z <W

The solution of the transmitting-antenna problem gives all the in-

formation needed for the solution of the receiving-antenna problem,

provided the load and the generator are in the same relative position.

Since F(£; z) is the antenna current which would be produced by a

unit voltage at z = £, and 1/ZA is the corresponding input current, we
may write equation 98 as follows

:

f
l

Ez (z)I($;z)dz

V = -^ =
; (100)

where /(£;z) is the current distribution produced by a generator at

z — £ and Ii is the input current.

9.13 Reciprocity of transmission and reception

Consider two antennas whose impedances when used as radiators of

power are Z\ and Zi- Let the first antenna be used for radiation and
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the second for reception. Let the generator impedance connected to the

first antenna be the conjugate of Z\, so that one half of the power goes

into the antenna, where it is partly dissipated and partly radiated. If

V is the voltage developed by the generator, the power given up to the

antenna is

VV* VV*
Pi =^w =w (101)

If the load impedance of the receiving antenna is the conjugate of

Z2) the received power P2 is maximum. If the transfer admittance* is

F12, the current through the load is Y\2V and the power absorbed by

the load is

P2 = %R2 \Y12 V\
2 = \R2Yl2Yl2*VV*. (102)

The ratio of the powers defined in equations 102 and 101 is

^- = 4,R XR2Y12Y12 *. (103)

The right-hand side is a symmetric function and we have proved that,

under the conditions stated, the power transfer is the same regardless of

the direction of transfer.

9.14 Reciprocity of radiation patterns

The radiation patterns of a given antenna are the same whether the antenna

is used for radiation or reception. This is an immediate consequence of

the theorem in the preceding section. Besides the given antenna, we
imagine a current element as a test antenna. If the current element is

on the surface of a large sphere centered on the given antenna and is

always oriented to receive the maximum power, the received power is

proportional to the radiation intensity $. If, now, the current element

radiates the power previously radiated by the given antenna, the latter

will receive from each direction the power that was previously received

by the element and, therefore, in proportion to <£.

With so many reciprocal relationships between transmitting and

receiving antennas existing at their terminals, it is important to remember

the fact, mentioned earlier, that the current distributions in these an-

tennas are usually very different. Consequently, the pattern of power

reradiated by a receiving antenna is different from its radiation pattern

as a transmitter (or from its receiving pattern).

* Of the transducer consisting of the antennas, the generator impedance to-

gether with the matching networks, and the load.
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PROBLEMS
9.3-1 Obtain the zeros and poles of a dissipative transmission line of length I

short-circuited at the far end.

Ans. There is one zero at po = —R/L; the remaining zeros are given by

2 j. 2

P> T
where kn = nir, n = 1,2,3,- • •. The poles are given by the same formula with

kn ={n — 2 ) 7r - (Note. If the line is distortionless, RC = GL, and the zeros and
poles are equidistributed on a straight line parallel to the imaginary axis.)

9.3-2 Obtain the zeros and poles of a dissipative transmission line of length I

open at the far end.

Ans. One pole is at po = —G/C; the remaining poles are given by the formula

in the preceding problem with kn = nir. The zeros are given by the same formula

with kn = (n — \)ir.

9.7-1 Obtain the relative voltages that should be impressed on an end-fire

couplet. Assume that the distance between the antennas is X/4.

Ans. The voltage impressed on the forward antenna (in the direction of main
radiation) should be —j(Zn + jZi2)/(Zn — jZ 12) times as large as the voltage

impressed on the other antenna.

9.7-2 Obtain the relative voltages that should be impressed on the various

antennas in an end-fire array of three elements a quarter wavelength apart.

Ans. In the direction of the array the voltages should be proportional to

(Zn — Zu) — jZ 12, —jZn, — (Zn — Z13) — jZ 12.

9.7-3 Obtain the relative voltages that should be impressed on the various

antennas in a three-element broadside array.

Ans. The voltages impressed on the antennas at the ends should be

(Zu + Z\2 + Z\%)l {Z\\ + 2Z12) times as large as the voltage impressed on the

middle antenna.

9.7-4 Derive the following formula:

\Zu\ = (gi92Ri,iRi,2) V2 ^>
for the magnitude of the mutual impedance of two antennas, distance r apart.

Assume that the receiving antenna is terminated into its image impedance in order

to receive the maximum power.

9.12-1 Derive the following transmission formula for two parallel dipole

antennas in a dissipative medium, assuming that the antennas have a common
equatorial plane:

p 2 a>Ve-2ar

Pi teT 2
Ri,iRi,2r

2

9007rVe~2ar

pJ-h I\(z) dz

Ii,l

f I\(z) dz

i,2

h(z)dzl h(z)dz
-li J —h

iji
Ri.1Ri.2Kir r Ii.ili,'.
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where

Pi = power supplied to the terminals of the first antenna,

P-2 = maximum power received by the second antenna,

Ri,h Ri,2 = input resistances of the antennas,

I\(z), Ii{z) = currents in the antennas when they are used as transmitting antennas,

2l\, 2h = the lengths of the antennas,

a = the intrinsic attenuation constant of the medium,

r = the distance between the antennas.

lar I f*h Ph— I h(z) dz I I2 (z) dz
2 J-li J-h

9.12-2 Show that the formula in the preceding problem is equivalent to

p 2 2257rW2ar
1 r h

, . . , Ch

~K " Xair
2
r
2PiP 2

where Pi and P 2 are the powers radiated by I\{z) and l2(z).

9.12-3 Derive the following transmission formula for two small coplanar loops

:

P^ coV^l^^zV2" 900^WS 1
2S22

\<j\

4e-2ar

Pi
:

647r
2
r
2PiP 2 RiR2Kir2

r
2

where S\ and S2 are the areas of the loops

9.13-1 The effective length of a straight linear transmitting antenna is defined as

the moment of its current distribution divided by the input current, where the moment

of the current distribution is defined as the sum of the moments of its current elements.

The effective length of a straight linear receiving antenna is defined as the voltage induced

between open terminals of the antenna divided by the incident electric intensity

when this intensity is parallel to the antenna. Prove that these effective lengths are

equal.

9.13-2 The concepts of the preceding problem may be generalized as follows.

Consider any antenna and a point A within it or in its vicinity. Consider another

point B so distant that the choice of A has a negligible effect on the direction AB.
And finally choose some direction BC perpendicular to AB. The effective length of

the antenna acting in the transmitting capacity, with respect to the pair of directions AB
and BC, may be defined as the length of a uniform current filament parallel to BC and
carrying a current equal to the input current of the given antenna when the current

filament produces the same electric intensity along BC as the given antenna. The
effective length of the antenna acting in the receiving capacity, with respect to waves
traveling in the direction BA and such that their electric intensity is parallel to BC,
may be defined as the voltage induced across open terminals of the antenna divided

by the incident intensity. Prove that these effective lengths are equal.

9.13-3 Show that, if an antenna emits waves that are linearly polarized at

large distances, and if s is its effective length, then,

I 1

2

I ! 9
v\s\ *"n\s\

eff= 4^' ?=
P^"'

where Ri is the input resistance of the antenna.
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SMALL ANTENNAS

10.1 Small antennas

The electrical performance of an antenna depends on its dimensions

relative to the wavelength at which it is operated ; the absolute dimen-

sions are not important. For this reason, an antenna is said to be small

if its largest dimension, measured from its input terminals, does not

exceed one eighth of the wavelength. " Small antennas " may thus be

large by ordinary standards. If the frequency is 60,000 cps, X = 5000

meters; and any practicable antenna must inevitably be small by our

definition. In most cases one dimension of the antenna is so much larger

than the rest that small antennas may properly be called short antennas.

In the domestic broadcast frequency range, antennas can be made com-

parable in length to X/4 and even X/2 ; but, because of space limitations

and the great expense involved in the construction of such antennas, only

the transmitting antennas are made large.* Even in the case of still

shorter waves, antennas may have to be made short owing to space

limitations, as, for example, ship-borne or plane-borne antennas.

Small antennas are treated in a separate chapter for two directly

opposite reasons. In some respects small antennas are much simpler

than the larger antennas, and their theory is a good introduction to the

general theory; in other respects small antennas are more complicated,

and this is another reason for the separate treatment.

10.2 Antenna impedance

In the limiting case of vanishingly small frequency the dipole antenna is

just a capacitor and the loop antenna is an inductor. The remaining

* Even broadcast antennas are sometimes short. For an experimental study

of such antennas, see Carl E. Smith and E. M. Johnson, Performance of short anten-

nas, IRE Proc, 35, October 1947, pp. 1026-1038.

302
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terms in the expressions for their impedances (equations 9-69 and 9-73)

are negligible. As the frequency increases, these terms become more

significant. Thus, for a dipole antenna, we have

Zan = -r^- + R + jcoLan - A*2 + • • •
. (1)

In Section 9.6 we have seen that R = for a perfectly conducting an-

a

tenna in a nondissipative medium, and the first resistive term — Ago

represents the radiation resistance. The first three coefficients, Can , Lan ,

A, may be calculated, at least in certain cases, without deriving the com-

plete expression for Zan . Since they are independent of the frequency,

we can obtain them by assuming that the frequency is vanishingly

small. As illustrated in the following section, the antenna capacitance

Can is obtained by solving an electrostatic problem. The antenna in-

ductance Lan is then obtained from this solution by making the voltage

proportional to time, so that a constant charging current flows ; then the

stored magnetic energy tbm can be calculated, and from it the inductance

Lan = t 2 ' (2)
* in

where I1Ti is the input current. Finally, the third coefficient is obtained

by calculating the radiated power on the assumption that the current

varies infinitely slowly.

Thus, from the point of view of electrical behavior, short antennas

are essentially simple electric circuits with a resistance depending on the

frequency of operation.

The series expansion (equation 1) is also valid for imperfectly con-

ducting antennas, but its interval of convergence is smaller and we may no

longer assert that — Aco2 represents the radiation resistance. There will

be other terms proportional to co
2 due to the skin effect in the antenna.

In this case it is preferable to segregate those terms of the series that

depend on the internal impedance of the wire and incorporate them into

R, thereby increasing the radius of convergence of the remainder of the

series. Similarly, we can incorporate into R the ground resistance, di-

electric losses, etc., thereby making it a complicated function of fre-

quency but retaining the essential simplicity of the rest of the series.

10.3 Antenna capacitance

At distances from the input terminals large compared with the transverse

dimensions of the antenna the capacitance per unit length for principal

waves is given by equation 4-36. In this case r is very nearly equal to z
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(Fig. 10.1), and we shall write

C^ =
i /? / n ' (3)

where the antenna radius p may be a function of z. For antennas con-

structed of separate wires forming a " cage structure," an " effective

radius " may be determined from the dimensions of the cage and the

I*
l -^T" z""1

:

I—«— I 2>

Fig. 10.1 A dipole antenna.

wires (equation 4-44). Similar formulas may be derived for flat strips,

for rods of square cross section, etc. In all such cases the capacitance

per unit length may be expressed in the form of equation 3, where p is

an appropriate effective radius.

\
\

/ / •' /-"' ^- 'n \ \
t ' / ,' ,.— — — — ^ ^- \ \ x

/ / / / s^s-—-;->-\\ \ \

/ /////V>^:^«V\W/ S s ' •" — ^» N V n \ N
, ,

!

' ////////^:-^>;s^\\^ » \

!
'/ //'/7//>'-^s\\\v\\\ i

Fig. 10.2 A biconical antenna.

The capacitance given by equation 3 is that computed for principal

waves in which the electric lines run in circles (or very nearly in circles)

between the arms of the antenna. This condition would prevail if the

arms were infinitely long ; it prevails in a finite antenna only far enough

from the outer ends for the " end effect " to be negligible. Near the ends

the electric lines will bulge out, as illustrated in Fig. 10.2. To under-

stand this effect, let us imagine the antenna as a part of an infinitely long

antenna (Fig. 10.3). The antenna arms are oppositely charged. The

positive charge on FH repels the positive charge at D. If FH is re-

moved, this force of repulsion is removed; and the forces of repulsion
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from the left of D will force some charge to move nearer to the end D.

Hence, for the same potential difference, there is more charge concen-

trated per unit length near the ends than there would have been if the

conductors were continued. The end effect must represent an increase

in the capacitance.

— — - - + + + + + + +
e " t it < n ( iGEC AB DFH

Fig. 10.3 A dipole antenna cut out of an infinitely long wire.

The end effect is not particularly large. Thus, for a biconical

antenna (Fig. 10.2), the total antenna capacitance obtained from equa-

tion 3 is

Can = Cl=
\og(2l/a)

' (4)

where I is the length of one arm and a is the maximum radius of the arm.

The end effect may be obtained from the following expression for the

total* charge per unit length of a thin cone which we give without deriva-

tion:

q{Z)
'

\og(2l/a)
+

2[\og(2l/a)] 2 g
I - z

' W
where V is the voltage between the arms. Integrating this with respect

to z, we find

c
Td

I

*e* k)g 2 wd
an " log(2Z/a) ^ [log(2Z/a)] 2 "" log(2Z/a) - log 2

{D)

In obtaining this expression we have integrated only the charge on the

lateral surface of the cone. If we include the charge on the end face, we
obtain the complete expression for the total capacitance of the biconical

antenna,

Can =
log(2//a)-log2

+ 2£a - (7)

It should be observed that, while the charge density is infinite at the

ends z — zLl, it is large only in their immediate neighborhood. For

example, the two terms in equation 5 are equal at a distance from the

end given approximately by I — z = a2/2l = (a/21) a, which is an ex-

ceedingly small fraction of the radius.

* That is, the charge associated with the principal and the higher modes of

distribution.
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In Sections 10.7 and 10.8 we shall develop two methods of calculat-

ing the antenna capacitance. By either of these methods we shall obtain

the following formula for the capacitance of a thin antenna whose shape
beyond conical input tips extending from z = — \s to z = |s is arbi-

trary,*

r = ™(l - is)
Uan "

log(2Z/aim )
- 1 - log 2 +/(«, I)

i~

+ 2ep(J), (8)
21og[2s/p(Js)]

where p(s/2) and p(l) are the radii at z = s/2 and z = I, aim is the loga-

rithmic mean radius defined by

logaim = (I - is)' 1
I log p(z) dz. (9)J «/2

The function f(s, I) represents a small correction term, which by one

method (see equation 38) is found to be

9 9/

Hs
>
l)--zT=T lo&-T- (io)

By the other method (see equations 49 and 54), we find

s

/(«, I)
21

log -y- - 2 log 2l .

'

(IO')

The important factor giving the order of magnitude of f(s, 1) is s/2l.

For a cylindrical antenna the above mean radius equals the actual

radius. The second term in equation 8 represents the approximate

capacitance of the conical input tips; for other shapes it should be re-

placed by the appropriate capacitance of the input region. The last

term is the capacitance between the flat outer ends of the antenna ; if the

ends are hemispheres, the coefficient 2 should be replaced by t.

If the logarithmic mean radius of the antenna approaches zero

while the ratio s/a\m remains constant, the antenna capacitance ap-

proaches the following asymptotic limit

:

Can =
log(2Z/aim ) - 1 -log 2

' (11)

The length of the input region does not enter this expression. For

* Assuming that s is at least equal to the diameter at z = ^s and preferably

somewhat larger.
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practical dimensions, the effect of s is usually small, although we could

imagine dimensions for which the effect would be enormous.*

The capacitance of a vertical antenna above a perfect ground (Fig.

10.4) is twice that given by the above equations.

In the following sections we shall see that the capacitance plays a

part in determining the current distribution in small antennas and the

radiation of power from them. Two methods

of obtaining the capacitance will be given in

Sections 10.7 and 10.8. Often, however, experi-

ments with scale models may be required to

supplement calculations. Large collections of

pertinent formulas may be found in two publica-

tions of the Bureau of Standards : Radio Instru-

ments and Measurements, C74, second edition

(1924, reprinted 1937), Superintendent of Doc-

uments, Government Printing Office, Washing-

ton 25, D.C.; Methods, Formulas, and Tables

Jor Calculation of Antenna Capacity, Frederick W. Grover, Sci. Pap. of

the Bureau of Standards, No. 568 (out of print, but available in libraries).

10.4 Antenna current

To calculate the inductance and the radiation resistance we need to

know the antenna current. If q(z) is the charge per unit length, the

charge on an element Az is q(z) Az. The time rate of increase of this

charge must equal the difference between the current I(z) entering the

element and the current I(z -\- Az) leaving it; thus,

dq

IT
S

Fig. 10.4 A vertical

antenna.

dt
Az = I(z) - I(z + Az),

Dividing by Az and passing to the limit, we find

dl dq dl

dz
juq-

dz dt

Integrating from z = z to z = I,

1(1) -I(z) = -jco£ q(z) dz,

(12)

or

/(«) = 7(1)+**/ 9(«)<fe.ja
f.

(13)

See Section 12.10.
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It has already been explained that the third and fourth coefficients in

equation 1 may be obtained on the assumption that co tends to zero;

hence, for these purposes we may assume that

q(z) in the above equation represents the static

distribution of charge.

The input current is

jl IN /in = 1(1) + jo I q(z) dz,
J h

(14)

v/////////W////////}/<

Fig. 10.5 An antenna

supported by an insulat-

ing base.

where we have assumed that the antenna be-

gins at z = h (Fig. 10.5). The insulating base

of the antenna may be treated more conveniently

as part of the feed system rather than as part of

the antenna. The impedance between point B
and the ground will then be the antenna im-

pedance in parallel with the impedance of the insulating base. For

purposes of mathematical simplification, we may sometimes wish to

make h = 0; then we must assume a conical taper as shown in Fig. 10.4

;

otherwise, we shall complicate our problem instead of simplifying it.

If the shape of the antenna is such that 1(1) = and the charge per

unit length is constant, q(z) = go, we have

I(z) = jcogo
f

dz = jwqo(l - z), (15)

Later in this chapter we shall calculate such a shape* for the case in

which the input terminals are infinitely close. Then,

I(z) = 1(0) (-f) 1(0) = juqol = icoCanF, (16)

and the current distribution is exactly linear.

For other shapes equation 16 gives the asymptotic current distribu-

tion as the radius ^>f the antenna approaches zero. For any practical

antenna, no matter how thin, there is fairly substantial deviation from

this simple form. For a biconical antenna, for instance, we find, from

equations 5 and 13,

/(*)-
jwweVl

log(2J/o)

juweVl

2[\og(2l/aW

1 -

2 log

+

21

I + z
+ 1(>- + 1(1). (17)

* Shown in Fig. 10.9.
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10.5 Radiation resistance and effective length of a small antenna

In a small antenna all current elements are so close that the influence

coefficient K\o in equation 5-84 is substantially constant,

K12 = 80tt2 . (18)

Since all the current elements have the same phase, cos &mn = 0, and

equation 5-84 becomes

40-
P = ^XiXj 7 ^01 l

7fe)|^i^2 = ^^-["^1/(^)1^1 • (19)

The quantity in brackets is the magnitude of the moment of the

current distribution. Let us define the effective length, 2/eff , of the

antenna as the length of a current element carrying a current equal to the

input current and having the same moment as the actual current ; that is,

21 7 in = f I(z) dz, 2leii = -1— f
l

7(2 ) dz,
J -l 1 in J -I

U = -?-[' Kz)
1 in JO

(20)

dz.

Substituting this effective length in equation 19, we have

p = 407T2 (^Y-Y |7in|
2

.
(21*)

On the other hand, if 7?in is the input resistance,

P = i#in|/in|
2

. (22)

From these two equations, we have

21 effRm = SOtt2 l-^-) (23)

for a short antenna in free space.

For a vertical antenna of length / above a perfect ground (Fig.

10.4), the input resistance is half the above value (see Section 4.18),

R in = 160tt2 Pf~y (24)

When the current distribution is linear (equation 16), leu = \l, and
the above equations become

( 1 VR in = 80-7T
2

( —J in free space,

(25)
/ 1 \ 2

Rin = 407T2 ( —
J

above perfect ground.
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It should be remembered that in the first equation I is the length of one

antenna arm, whereas in the second equation it is the entire length. For

equal total lengths the input resistance of an antenna just above the

ground is twice that of the same antenna in free space.^
Fig. 10.6 Types of capacitive loading at the top of an antenna.

A convenient expression for the effective length may be obtained in

terms of the distribution of antenna capacitance. First we integrate by
parts the integral for Zeff (equation 20),

l*n =
*/(*)

/in

I Id)

/in

Since

/in = jttCanF, 1(1) = juCCSip V,

4-f
/in JO

i r l di

/in JO dz

di ,

Z —r— UZ
dz

dz. (26)

dl_

dz
= ~jm= -j<*C(z)V, (27)

equation 26 becomes

ia

taf =
cap +f z C(z) dz ZCcap +f z C(z) dz

^an
Ccap +/ '

C(Z) dz

(28)

By analogy with the usual definition of the center of gravity we
might describe Zeff as the height of the " center of capacitance." In-

stead of mass distribution we have capacitance distribution. Equation

28 is almost self-evident if, instead of subdividing the current in the

antenna into elements by horizontal sections, we subdivide it into vertical

filaments of unequal length but carrying uniform currents. During the

charging period, the charge per unit voltage C(z)dz on a typical element

is raised to the height z\ hence, we have a uniform current filament of

moment proportional to zC(z) dz. The numerator in equation 28 is

thus proportional to the total moment and the denominator to the input

current.
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The conception of " effective length" or " effective height " is very

useful in long-wave radio communication; it enables us to appraise

rapidly the effectiveness of the antenna in producing distant fields. It

shows the importance of capacitive loading at the top (Fig. 10.6) since

X
o
Z 8

2 2O c

\-

<
5
<
a.

1 ^_
s

s
s

S A

*. ^«^_

0.01 0.02 0.03 0.04 0.05 0.06 0-07 0.08 0.09 O.I

LENGTH IN WAVELENGTHS (^//Q

Fig. 10.7 Radiation resistance of a short antenna. The dotted curve represents the

radiation resistance of an infinitely thin antenna; the solid curve is for an antenna of

a small but finite radius. The difference depends on \og(2l/a).

this raises the center of capacitance and thus increases the effective height

of the antenna structure.

Figure 10.7 shows the radiation resistance of short cylindrical

antennas. The dotted curve is for the limiting case of an infinitely thin

antenna, or for antennas of finite radius but so shaped (see Fig. 10.9)

that the antenna current is linearly distributed.

10.6 Antenna inductance

For principal waves the inductance per unit length is

r M 2z
L = — log—

-

7r a

The stored magnetic energy is

&m = iLan |/ in
|

2 = \ f
l

L(z) \I(z)\ 2 dz;
Jo

therefore,

L^ =
Tf^f

l

L(z)\I(z)\ 2
dz.

iin VO

(29)

(30)

(31)

The end effect may be neglected since the current is small near the ends.

Using the linear current distribution given by equation 16, we find
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the following approximate expression for the inductance of short cjdin-

drical antennas in free space

:

^-ff(>-f)''^-£H^y «
10.7 Calculation of antenna capacitance

One method of obtaining the capacitance of an antenna is based upon

the field representation in terms of principal and higher order (or com-

plementary) waves. By this method it is easy to evaluate the major

part of the antenna capacitance ; for this part is obtained from the prin-

cipal wave alone. The evaluation of the end effect, depending on the

higher-order waves, is not difficult, but it requires some knowledge of

Legendre functions of fractional orders ; since it is in general small, we
shall not consider the details of its calculation.

The capacitance per unit length associated with the principal wave

is given by equation 3, provided 2z is fairly large compared with p. The
principal part of the antenna capacitance is, then,

Cpr = f C(*) dz.
*/*/2

To evaluate this integral, we write

2z 21 z au

(33)

(34)
P Cllm I P

where, at the present stage of our analysis, a\m is merely some constant, as

yet undetermined. We now write

1 1

log(2z/p) u -j- v + w

,21 . z , «h
U = log , V = log -r

,
W = log

(35)

r, ' & 7 '
&

«lm I P

As aim approaches zero, u tends to infinity while v and w remain gener-

ally finite. Let us expand, therefore, in inverse powers of u,

1 1 A ,^ + wV 1
1 V + W (V + ™) 2

, foa\

log(2z/p) u \ u ) u u2 u

and use only the first two terms in the integral for Cpr (equation 33).

Thus,

(I — is)u~ l — vr2
I log -y dz — u~2

I log —— dz •

t/a/2 I Js/2 P J

(37)

Cpr — 7T£
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We now define a\m in such a way that the last term is zero ; and we see

that aim is the logarithmic mean radius as defined in equation 9. Evalu-

ating the remaining terms, we find

7TS(1 ~ \S)

U
i + Jl * lQg(2*A)

u u(2l — s) ]

we(l - is) ire(l - is)

T
1

1 , slog(2//s) 1 s . 2/

This gives the first term of equation 8 except for (
— log 2) in the de-

nominator which represents the end effect. In the first approximation,

the end effect is independent of the shape of the antenna and may there-

fore be deduced from the second term of equation 5 for the conical

antenna as shown in equation 6.

10.8 Second method of calculating antenna capacitance

The method explained in the preceding section is simple, but it is limited

to thin antennas of any shape and thick antennas of particular shapes.

An older and more generally applicable method for calculating the

antenna capacitance is based on the equation for the potential at a

point P,

where ri2 is the distance between P and a typical point on the antenna at

which the surface density of charge is Q. Since each antenna arm is an

equipotential, we have to solve the following pair of integral equations of

the first kind,

rr qa^ = Vi rr _^ = F2 (40)JJm 4ireri2 JJ(s2 ) 47r£ri2

where Vi and V2 are the potentials of the antenna arms. There is an

added condition that the total charges on these arms are equal and

opposite,

ff QdS = - ff QdS. (41)
JJ(S2 ) J J (Si)

When these equations are solved, the capacitance is found from the

definition

SL « dS
Can ~~

Vi - Vs
^
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This equation gives the total capacitance of the antenna without separat-

ing it into parts associated with the principal and higher-order waves (or,

rather, modes of charge distribution, since we are considering an electro-

static case). The concept of modes does not enter this method of

analysis.

Equation 39 leads at once to a fairly simple method of calculating

the antenna capacitance. We begin with the assumption that the charge

density is constant so that Q may be taken outside the integral sign;

then we compute the potential over the surface of each conductor ; and,

finally, we calculate the average potential of each conductor. We then

assume that this average potential equals approximately the actual

potential assumed when the uniformly distributed charge is allowed to

redistribute itself so that the original differences in potential between

various points on each conductor are reduced to zero. Thus, in equation

42 we assume that V\ and V2 are the average potentials of the antenna

arms. This method of calculating the antenna capacitance was used as

far back as 1914 and eliminated the necessity of model experiments.*

The value of the capacitance so obtained is always somewhat smaller

than the exact value, as shown by Maxwell, f Maxwell also gave a

method for finding an upper limit to the capacitance and a method of

obtaining the higher-order approximations. Even the first-order ap-

proximations obtained by these methods are good, because it can be

shown that the first-order errors in the assumed charge distribution lead

only to second-order errors in the capacitance.

If the antenna is a surface of revolution, 7*12 in equation 39 may be

expressed conveniently in cylindrical coordinates ; thus,

ri2 = [p
2 + p'2 - 2PP ' cosfe - <p') + (z - z'W*, (43)

where (p, <p, z) and (p', <p'
}
z') are two typical points.

Simpler equations than 39 may be obtained if each antenna arm is

either a solid conductor or a hollow conductor with no holes in it; for

then the interior of each arm is at the same potential as the surface.

* G. W. O. Howe, The calculation of aerial capacitance, Wireless Eng., 20, April

1943, pp. 157-158. The capacity of radio telegraphic antennae, Electrician, 73,

August and September 1914, pp. 829-832, 859-864, 906-909. The capacity of

aerials of the umbrella type, Electrician, 75, September 1915, pp. 870-872. The
calculation of capacity of radio telegraph antennae, including the effects of masts and

buildings, Wireless World, 4, October and November 1916, pp. 549-556, 633-638.

The capacity of an inverted cone and the distribution of its charge, Proc. Phys. Soc.

(London), 29, August 15, 1917, pp. 339-344.

t J. C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 1, Oxford Press,

1904, p. 149.
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Hence, for a surface of revolution, we may write

q(z') dz'

Us,

X

./a 4xe V[p(z')] 2 + (z' - z) 2

q{z') dz'

-i 4tt£ V[P (z')]
2 + (z' - z) 2

= VU

= 7a , (44)

where g(z') is the charge per unit length in the direction of the axis, and

z refers to a typical point on the axis in the interior of the antenna.

Fig. 10.8 An antenna bounded by a surface of revolution.

If the antenna is symmetric (Fig. 10.8),

Fi- -V2 = |Fo, g(-s') = -«(*'),

where To is the voltage between the arms. In this case equations 44

reduce to a single integral equation,

-/.
-'/a q(z') dz'

-« V[p(z')] 2 + (*' - z) 2

J./a vW)] 2 + («' - z) 2
= 2tt£Fo, is < z < I (45)

If the radius of the antenna is small, the integrand in the second

term is large in the vicinity of z' = z, and the value of the integral is

determined primarily by the charge density at this point. Hence, in the

first approximation we may assume that q{z') = q(z) and rewrite the

above equation as follows

:

-«« x

U Si

-*'2 dz[

» V[P (z')]
2 + («' - z) 2

1 dz'

./a vW)] 2 + (z' - z) 2

From this, we obtain a better approximation,

= 2xeF . (46)
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where

F(z) = f
l dz

'

+ f
l dz

'

• (48)
J./2 V[P (Z')]

2 + («' - Z) 2 J-sl2 V[P (Z')]
2 + (z' - Z) 2

The corresponding value of the capacitance per unit length is

c«-^-w- (49)

To obtain higher-order approximations, we might rewrite equation

45 as follows

:

q(z) F(z) = 2«7 + f fj '^ , 2
&' +

«/«/2 Vo2 + (z' — z) 2

dz'. (50)

/2 VP
2 + (z' - z) 2

-S/2 ^>) _ 0(g)

x.'-! Vp2 + (z' - z) 2

In obtaining the earlier approximation we assumed that q(z) is inde-

pendent of z so that the last terms in this equation disappear. Having

determined the first approximation, we may substitute it in these terms

and recalculate q(z). Repeating this process, we obtain a sequence of

successive approximations. To simplify the integration, we introduce

the average value of F(z) in the interval (Js, Z),

F = —^-f
l

F(z)dz, (51)
t — 2 S Js/2

and write equation 50 as follows:

_ 2^ ^ /•»
g(g )

- g(z')
5(2 } F

+
fX/2 Vp^T^7^^?"

i p2
gy)- gW y^.mi^,

(52)
FJ-* Vp2 + (z'-z) 2 L F J

Even so, the successive integrations become more complicated and

would soon require numerical integration.* Fortunately the first ap-

proximation is usually sufficient for practical purposes.

If the antenna arms are cylindrical, we assume that p is constant in

equation 48 and evaluate the integrals by making the substitution

t = z' - z. Thus,

f{z) = r* dt - r 2 ' dt
(53)

J./2-. Vp2 + t
2 J-i-* Vp2 + t

2

* Even in the simple case of a circular cylinder, the integration is lengthy

;

see Erik Hallen, Losung zweier Potentialprobleme der Elektrostatik, Arkiv for

Matematik, Astronomi, och Fysik, 21A, No. 22, Stockholm, 1929.
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We have evaluated integrals of this type in Section 8.15. Thus, we

find

F(z) =

ll-Z+V(l-z) 2+p2}[z-iS+V(z-h) 2+ p
2}lz+hs+V(z+iS )2+ pZ\

°g
P
2
U + z + V(l + z) 2 + p

2
]

(54)

From this and equation 49 we obtain an approximate capacitance per

unit length of a cylindrical antenna.

In conclusion, it should be noted that it is easier to solve the inverse

problem, in which we assign a certain distribution of charge, evaluate the

potential and then the shape of the equipotential surfaces corresponding

to the assumed distribution of charge. Since any equipotential surface can

be replaced by a conducting sheet without disturbing the field, we thus

obtain antenna shapes for which the charge distribution and the capaci-

tance are known exactly. Assume, for example, that a negative charge

is distributed on the axis uniformly from z = —Itoz = while an equal

positive charge is distributed uniformly from z = to z = I. The
potential of these two linear filaments is

V = - q°go f°
<**' +-gQ-r dZ

'

(55)
4ire J-i Vp2 + (z - z') 2 4tt£ Jo Vp2 + (z - z') 2

These integrals are of the same type as those in equation 53. Assuming

s = in equation 54, we find

V = -29-W V ~ z + V(
-
1 ~ *)

2 + P
2^ + Vg2 + P

2
)
2

(56 )
4*e

6
p*ll + z + V(l + zY + p

2
]

Thus, we obtain an equation for the equipotential surfaces,

[z-z + v(z-*) 2 + p
2](z + v*2 + p

2
)
2

= girsvin

P
2
[l + z+ V(Z + 2 )

2 + p
2
]

Let p = kz, where A: is a constant ; then, for z > 0, we have, from

equation 56,

F = ^P. log
l + ^ + ^

+ -jQ- log
^-^^-^ +^2

, (58)
2?rs k 4tt£

&
l + z+ V(l + z) 2 + k2

z2

As z approaches zero, the second term approaches zero and V approaches

a constant limit; hence, in the vicinity of z = the equipotential sur-

faces are cones given by p = kz.

When p is small compared with z and I — z, equation 57 becomes

P = kz J \ +
Z

z
' h — 2e_2,rtF/90

- (59)
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This is an approximate equation for the equipotential surfaces when k is

small compared with unity. Figure 10.9 shows the shape when k = J.

Equation 59 is not quite correct in the vicinity of z = I. The surface

given by this equation cuts the. z axis at z = Z, whereas the exact equi-

potential surface given by equation 57 cuts the z axis at z = I + 0.125A;2L

The radius of the exact surface at z = I is p = 0.25fc2 £. For small k, p is

small, and the simplified expression 59 is good.

The charge per unit length of an antenna arm, assumed to coincide

with an equipotential surface, may be obtained if we multiply the abso-

lute value of grad V by 2xps. For small k we shall find that the charge

per unit length is very nearly equal to go except in the immediate vicinity

^°
-0.1

0.1 0.2 0.3 0.4 0.5

Z.

I

0.6 0.7 0.8 0.9 1.0

Fig 10.9 One arm of an antenna with a uniformly distributed total capacitance,

that is, the capacitance associated with the principal and higher-order waves. The
capacitance associated with only the principal waves is distributed uniformly on

biconical antennas.

of the outer ends of the antenna. Thus, Fig. 10.9 shows an antenna with

uniformly distributed capacitance. This should be contrasted with the

biconical antenna for which only that part of the total capacitance is

uniformly distributed which is associated with the principal wave.

We have already mentioned that the electric charge distributes

itself on a conductor in such a way that the stored electric energy is

minimum, and, therefore, the capacitance C = q
2/2& is maximum;

hence, first-order errors in an assumed charge distribution will lead to

second-order errors in the calculated capacitance. Calculations based

on this principle are fairly simple. For instance, let us assume that the

electric charge on a cylindrical antenna is distributed uniformly, so that

the potential is given by equation 56 with p = a, where a is the radius

of the antenna. Taking the average potential over one arm of the

antenna,

V = Qo

2wd

go

2tt£

£ log-
2z

a

%

dz
go r

4:irelJo
log

l + z
dz

[*JL - ,
go

2tts
log 2. (60)
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From this we obtain the capacitance of the cylindrical antenna agreeing

with equation 11.

In order to find a second approximation to the charge density on a

cylinder we note that, for a constant p = a, the potential of a uniformly

distributed axial charge is a slowly varying function of z over most of the

range < z < I. This suggests that we treat go in equation 56 as

variable, so that

qiz) = IweV log[
[l-z+V(l- z) 2 + a2

)
(z + Vz2 + a2 )

2 l" 1

When z^> a and I
-

a2
[l + z + V(l + z) 2 + a 2

}

z^> a, then,

, 4„F
(
2l0g ji +log _^i/

]
(61)

-1

(62)

The region — 2a < z < 2a must receive separate consideration (see

Section 12.10).

10.9 Small loop antennas

The field of an electric current / flowing in a small loop (Fig. 10.10) of

area S may be obtained by solving equations 4-9, 4-10, and 4-11.

Since, however, we have already

found the field of an electric cur-

rent element, we can simplify our

task considerably. Thus, the vol-

tage induced in the loop by a cur-

rent element at Po is

VAB = - janHgS. (63)

Since Hz is in the equatorial plane

of the element, we find its value by
substituting 6 = t/2 in equation

4-81 ; hence,

Vab = — jwju
els /

47rr \
1 +

err

(64)

Fig. 10.10 Illustrating the calculation

of the field of a loop antenna.

By the reciprocity theorem, the same voltage is induced in the element

by the current / in the loop. In terms of the electric intensity E 9 of the

field of the loop,

Vab = EvS. (65)

Comparing this with equation 64, we find Ev in the equatorial plane of
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the loop ; thus,

In any other position P of the element in the axial plane of the loop,

Hz at the loop differs from equation 66 by the factor sin 6; hence, the

complete expression for the electric intensity is

*,= -i^(l +.^)e-" Sin, (67)

Substituting in equations 4-10 and 4-9, we find

a2IS A 1 1 AHe = —A 1 H h -o-o e~" sin 0,

trlS a
,

1 \^ = "2^(1+—)
6- COS A

In nondissipative media, o- = j/3, and

(68)

^s /1+ _i L
4xr \ j/3r /3

2r#• = - "T^T ( ! + "ST - *OT J*-"* sin 9, (69)

The receiving properties of the loop are contained in equation 63

;

thus, if \p is the angle between the normal to the plane of the loop and the

magnetic intensity Ho, the voltage induced in the loop is

l-rr. tt n
,

2tHiHqS COS \f/
2tE S COS

\f/ , .

I

V
I

= ujjlHoo cos
\f/
= = (70)

A A

The voltage induced in a coil of n turns is n times as large.

10.10 Radiation resistance of a small loop

At large distances from the loop,

E9 =
r^I^e-^smd; (71)

hence, the radiated power is

p = J_ f
2

f r2E,E9
* sin 6 dd d<p = -£- {ff>S)

2II*. (72)
Ay Jo Jo ±At

Thus, the radiation resistance of the loop is

R = JL (p*S) 2 = 320*-4 -^ ~ 31,000 -^ • (73)
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If the loop has n turns, the total circulating current is* nl ; hence,

the input resistance due to radiation is n2 times as large as for a single

turn — assuming, of course, that all the turns are connected in series.

There will be no change in the radiation resistance if the turns are con-

nected in parallel.

10.11 Inductance of a small loop

In a small, single-turn loop the current is substantially uniform and the

approximate inductance may be obtained

by integrating equation 29. From Fig.

10.11 we find that, for a loop of radius b,

z = b sin \p
',

hence, if the wire radius is a,

T
pb C* (2b . /

Lioop = / (
sin \p

* Jlog \ a

(74)

dafr

= fib log
a

(75)

10.12 Capacitance of a small loop

Fig. 10.11 Illustrating the

calculation of the inductance

of a loop antenna.

The capacitance of a small, single-turn

loop may be evaluated by a method analogous to that used in Sec-

tion 10.6 for obtaining the inductance of a dipole antenna. Thus,

the stored electric energy may be expressed as

&e = idooplTM 2
= yX' ^ '^ {Z){2 d(H) '' (76)

therefore,

c —
^ loop ~~

//c(*)l?W<W)
^•1

For the voltage, we have

Vty) = I f'JLhog J^_ + log sinA d(brfr)

vbl , m 2b ftbl
(tt - i/O log— +

T a
— / log sin \p d\p.

(77)

(78)

(79)

The first term is a linear function of \p, and, if we neglect the second

* Provided that the total length of the wire is small compared with X/4; other-

wise, the currents in the various turns will be unequal.
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term, the equation reduces to

V(0) - X
v

(80)

Similarly, if we replace C(yp) by its average value round the loop and

integrate equation 77 using equation 80, then,

Cloop = "5Wv07T, (81)

where Cav is the average value of the capacitance between the two halves

of the loop per unit length along the circumference. Since C(\fr) is a

slowly varying function, its average value is approximately the reciprocal

of the average value of the reciprocal function. The latter can be

evaluated (see equation 75) ; thus,

log(6/a)

Returning to equation 79, we note that the first term increases as the

radius of the wire diminishes, but the second term remains constant.

Thus equation 80 represents the asymptotic form of the voltage distribu-

tion in a small loop, and equation 82 becomes more and more accurate as

the ratio b/a increases.

It is not excessively difficult to evaluate the second term in equation

79. Thus, from equation 6.814 on p. 138 of Smithsonian Mathematical

Formulae, we find

log 2 sin i,
= log 2 + log sin ^ = - £ -22!_M .

(83)
n=i n

Therefore,

P(*)= f'logsin*# = -Gr-*)log2 + l£ ^J^- (84)
J+ n=i n

Substituting in equation 79, we have

yfol , , N , b . fxbl " sin 2n\p
v w) =

Hence,

V(+) = -^ (x - #) log^- + -^- E —2^- • (85)
X a LIT n=l fl

VM m x _ ± + _1_ f "Sny
. (86)

7(0) 7T ' 27rlog(6/a) ~i w

The sum of the series is zero when \J/
= 0,7r/2, t. When \[/ — ir/4,

^sin2^ = 1
_ 1 1 _ 1

0916 (g7)
£?i n2 32 52 7^

For $ = 3tt/4, the value is -0.916.
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10.13 Practical loop antennas

323

In practice, it is not essential to know exactly either the inductance

or the capacitance of a loop antenna. The inductance is normally tuned

n TURNS
TOTAL INDUCED VOLTAGE

2 7Tb COS A
')

He-
1?'05 *

SIDE VIEW

V = E a n(i-e-J

for b « A :

|v| = E^y abn cos A

h. =
2f-

Sn IS CALLED THE EFFECTIVE
HEIGHT OF THE LOOP

RECEIVING

TOP VIEW

DIRECTIONAL PATTERN

SYMMETRICAL WITH RESPECT TO AXIS A-A
(SAME AS FOR SMALL DIPOLE) . THEREFORE

DIRECTIVITY, g = 1.5

WITH UNIFORM CURRENT I IN THE WIRES,
THE FIELD E AT LARGE DISTANCE T IN

THE PLANE OF THE LOOP IS :

2ir ^
E = j 120 TT |4^ e

-j 120 JT - }.
L '

'

. .J 2/l(r-b)

Ian ^-j^f(r -b)

~~l
J"t b *l

TRANSMITTING

r-

for b « A :

|E| = 1120 TT2^-

THE RADIATED POWER IS:

Pr = lEl
2

x
4^r2 _ 320?r 4 (sn)2 I2

2x120*- g x A 2

OR RADIATION RESISTANCE OF THE LOOP IS:

320)7"i (Sn)2
R ra " i4

Fig. 10.12 A summary of the basic properties of a small loop antenna.

out with a variable capacitor, and only its order of magnitude is required.

The capacitance of the loop merely affects the tuning capacitance.

Usually it is not even necessary to know the local field. The essential
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information needed for most ordinary purposes may be obtained by
much simpler methods than those used in the preceding sections, par-

ticularly if we assume that the loop is rectangular. A summary of this

information is presented in Fig. 10.12.

BALANCED
LOOP CIRCUIT

SHIELD „ xBROKEN ^.--TV

^\

FIRST TUBE^V^
IN RECEIVER A\ 9

I

£C,

.<>-

<f

(a)

Fig. 10.13 Balanced methods of feeding loop antennas to eliminate the dipole type

of radiation from unbalanced currents.

The loop antenna is generally used for direction finding at broadcast

and longer waves. This use depends on its figure 8 radiation pattern

which has a null along the perpendicular to the plane of the loop. Hence,

as we rotate the loop round its vertical axis, we receive a signal until the

perpendicular points in the direction of the source of incoming waves.

The figure 8 pattern shown in Fig. 10.12 is obtained only if the loop

circuit is balanced to ground;* an unbalance causes the loop to act also

as a dipole antenna. Consequently, the nulls are obscured and their

directions may be changed. This effect has frequently been called the

" antenna effect " ; but this is no longer considered good usage. Figures

10.13a and b show typical balanced loop circuits. A better balance is

obtained by enclosing the loop in an electrostatic shield (Fig. 10. 13c).

f

Such a shield insures that all parts of the loop will have the same capaci-

tance to ground, irrespective of the loop orientation or of the proximity

of various objects. t Single-turn balanced shielded loops are discussed

by L. L. Libby.§

* It is a good example of the effects one must look for in the presence of the

earth.

t J. E. Browder, Design values for loop-antenna input circuits, Fig. 1, IRE
Proc., 35, May 1947, pp. 519-525.

X Frederick E. Terman, Radio Engineering, Third Edition, McGraw-Hill,

New York, p. 821.

§ Special aspects of balanced shielded loops, IRE Proc, 34, September 1946,

pp. 641-646.
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10.14 Magnetically and dielectrically loaded antennas

For a given current in the winding, a loop wound on a magnetic core

(Fig. 10.14a) produces a stronger field than the loop alone. The current

in the loop magnetizes the core, and the core becomes a magnetic doublet

whose field is superimposed in phase on the field of the current. If the

t/+ + + + + + + + +^^.

ffiSIf
er > i ' $&$*.-:*?}

(a) (b)

Fig. 10.14 Magnetically and dielectrically loaded antennas.

loop and its core are small, the directive pattern is still of the figure 8

shape; hence, the directivity of the loop is not affected by the core.

Since for the given current the field and, hence, the radiated power are

increased by the core, the radiation resistance must become larger.

Thus, let Hi and H2 be the distant magnetic intensities of the loop alone

and of the loop with the magnetic core ; then,

Hx = AI, H2 = kAI, k > 1, (88)

where A and k are proportionality factors. The radiation intensity is

proportional to the square of the magnetic intensity, and, for the same

shape of the radiation pattern, the radiated power is proportional to the

radiation intensity; therefore,

P2 = k2PL (89)

If Ri and R2 are, respectively, the radiation resistance of the loop alone

and of the loop with the magnetic core, then,

Pi = iRJ2
,

P2 = \R2l
2

. (90)

Consequently,

R2 = k2RL (91)

The heat loss in the loop is unaffected by the presence of the core.

Hence, if the heat loss in the core is kept negligible, the radiation effi-

ciency and the power gain of the loop are increased.

In the case of a dipole antenna or a capacitor antenna (Fig. 10.146),

loaded with a dielectric, the effect is the opposite. The density

jw(e. — eo)E of the polarization current* in the dielectric is in the direc-

* Polarization current is the excess of displacement current in a given medium
over the displacement current in vacuum (for equal electric intensities).
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tion opposite to that of the current / in the dipole. Polarization

currents produce fields just as conduction currents do; but in the

present case they weaken the field of the conduction currents.

When the edge effects are negligible, the polarization current is

jco(e - e )ES =jaeEs(l £0 -7(1- £o

where S is the area of the capacitor and I = jueES is the conduction

current in the wire. Hence, the effective radiating current is

7-7 1

(

£0 = I
£0

It may be noted that in any homogeneous medium, the radiation

resistance of either a current element or a loop is proportional to the in-

trinsic impedance rj = Vju/e of the medium. Consequently, an increase

in
fj.
makes the radiation resistance larger, and an increase in e makes it

smaller.

BURIED GROUND
SYSTEM

Fig. 10.15 A long-wave antenna.

10.15 Long-wave antennas

During severe magnetic storms very long waves provide the most

reliable means for long-distance radio communication. This is one

reason why they are still being used, even though the efficiencies of long-

wave antennas are low and progress in the short-wave art has been re-

markable. The simplest type of long-wave antenna is shown in Fig.

10.15. A single " downlead " is connected to a " flat-top " consisting of

parallel horizontal wires supported by two towers. Cornelius J. De-

Groot, in his paper on " The High Power Station at Malabar, Java,"*

* IRE Proc, 12, December 1924, pp. 693-722.
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describes a long-wave station designed for direct communication with

Holland on wavelengths ranging from 7 to 20 km. The station was

located in a deep ravine, and the mountains on the two sides were used as

towers for supporting the downlead.

Another long-wave station with a world-wide range of communica-

tion is described by E. H. Shaughnessy in his paper on " The Rugby
Radio Station of the British Post Office."* In the Rugby Station

designed to operate on X = 18,000 meters (16.66 kc/sec), twelve towers

are provided to support two flat-top capacitive loading systems. This

station is situated near Rugby on a site about one and a half miles long

by one mile wide. As originally designed, the capacitance of the larger

antenna system was to be 0.045 ni and that of the smaller 0.033 /xf. It

was estimated that a minimum working current of 500 amperes in an

efficient antenna supported on 250-meter (820-ft) masts would be re-

quired. To provide a safe margin and to allow for a possible 50 per cent

loss in efficiency, the station was designed for 1000 kw. The total re-

sistance of the smaller (0.033 y& ) antenna was measured to be about

three quarters of an ohm. The mean geometric height of the antenna

was 236 meters (775 ft), and the effective height, deduced from meas-

urements, was 185 meters. Hence, the radiation resistance is only 0.16

ohm.

With such small radiation resistances, it is essential to provide as

good a ground as possible ; otherwise, the efficiency will be exceedingly

low. A buried ground system is very common for reasons of conven-

ience ; but an elevated counterpoise is better electrically. According to

Maxwell, a grounded screen with wires 1 ft apart and 2 ft 6 in. above the

ground will carry 80 per cent of the current. If the same screen is in-

sulated, there will be less than 10-4 per cent earth current. These

figures are based on electrostatic considerations which are permissible for

such long waves. The greater the height of the screen compared with

the distance between the wires, the greater the shielding.

In addition to ground losses there will be losses in the wires, in tun-

ing coils, dielectric losses in insulators, and leakage losses. If these losses

are represented by series resistances in the antenna circuit, the resist-

ances will vary with wavelength as follows

:

Radiation resistance ccX-2

Wire resistance OCX"**

Dielectric loss resistance oc X

Leakage resistance cc X 2

At frequencies considerably below the first absorption band, the con-

* IEE Jour., 64, June 1926 pp. 683-713.
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ductivity g of a dielectric is proportional to the frequency. The admit-

tance of an insulator is proportional to g + jwe ; hence, it is proportional

to the frequency. The impedance will then be proportional to the wave-

length. If there is a leakage across an insulator and if this leakage is

represented by a large constant resistance R in parallel with the capaci-

tance of the antenna, the power loss will be VV*/2R. Since V = 7/jcoC,

the equivalent series resistance will vary inversely as the square of the

frequency or directly as the square of the wavelength. For further dis-

cussion of these problems, the reader should consult a paper by T. L.

Eckersley, " An investigation of transmitting aerial resistances."*

The main antenna capacitance C\ is provided by the flat-top (Fig.

10.15). It is deliberately made large compared with the capacitance C2

of the downlead in order to raise as high as possible the center of capaci-

tance 0, and thus to increase the effective height of the antenna and the

radiation resistance. The capacitances C3 between the flat-top and the

supporting towers are unwanted, because the charging currents in the

towers are in the opposite direction to the current in the downlead and

thus tend to cancel the distant field of the antenna.

The loading coil is provided to tune out the antenna capacitance.

The capacitance C4 of this coil to ground is undesirable because the

charging currents do no useful work and result only in an additional loss

of power.

10.16 Multiple-tuned antennas

Alexanderson's " multiple-tuning " principle may be employed to de-

crease the ground losses. This provides several downleads separated

widely enough to insure that the associated ground currents do not ap-

preciably overlap. At the same time the distances between the down-

leads are so small compared with X that, as far as the distant field is con-

cerned, they are equivalent to a single downlead ; but the earth resistance

is reduced in the ratio n, the number of the downleads, to unity.

This occurs because the current in each downlead is now I/n, and the

associated ground loss is \R g (I/n) 2
, where R g is the ground contribu-

tion to the resistance of a single downlead antenna ; the total ground loss

is n times as large since the mutual resistances are negligible. Hence,

the total ground loss associated with n downleads is R gI
2/2n, compared

with R gI
2/2 for a single downlead.

The RCA Rocky Point antenna (Fig. 10.16) combines the multiple-

tuning principle with an artificial ground. To quotef :
" The antenna,

* IEE Jour., 60, May 1922, pp. 581-594.

t E. F. W. Alexanderson, A. E. Reoch, and C. H. Taylor, The electrical plant

of transocean radio telegraphy, AIEE Jour., 42, June 1923, pp. 693-703.
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in effect, stands on a plate of copper 2000 feet wide and 3 miles long."

The combined resistance of the antenna and the ground system is 40

hundredths of an ohm ; it is made up as follows

:

Radiation resistance at 16,500 meters

Ground resistance

Tuning coil resistance

Conductor resistance

Insulator and other losses

Total resistance

Ohms

0.05

0.10

0.15

0.05

0.05

0.40

The unit is operated with 200 kw in the antenna. The correspond-

ing antenna current is 200 amperes (effective) ; this gives a moment of

60,000 meter-amperes.

12 WIRES

400 FT "if""
123 M

Y/////////^
1250 FT I

"384 M "*

s/y///////7//y////////////////////7/
/

EFFECTIVE HEIGHT 85 METERS
RESISTANCE 0.4 OHMS

CAPACITY 0.053 MF

Fig. 10.16 A multiple-tuned antenna.

For further information on multiple-tuned long-wave antennas, the

reader is referred to the paper just cited, and to a paper by N. Linden-

blad and W. W. Brown, Main considerations in antenna design, IRE
Proc, 14, June 1926, pp. 291-323.

REFERENCES

1. R. E. Burgess, Iron-cored loop receiving aerial, Wireless Eng., 23, June 1946,

pp. 172-178.

2. L. L. Libby, Special aspects of balanced shielded loops, IRE Proc, 34, September

1946, pp. 641-646.

3. Carl E. Smith and E. M. Johnson, Performance of short antennas, IRE Proc, 35,

October 1947, pp. 1026-1038.

4. R. H. Barfield and R. E. Burgess, Small aerials in dielectric media, Wireless

Eng., 25, August 1948, pp. 246-253.

5. R. G. Medhurst, Radiation from short aerials, Wireless Eng., 25, August 1948,

pp. 260-266.

6. F. Horner, Properties of loop aerials, Wireless Eng., 25, August 1948, pp. 254-259.

7. L. C. Smeby, Short antenna characteristics — theoretical, IRE Proc, 37, October

1949, pp. 1185-1194.



330 SMALL ANTENNAS

PROBLEMS
10.4-1 A short wire of length 21 is in a uniform field of intensity Eq parallel

to it. What is the form of current distribution?

Arts. I{z) = A(l2 — z
2
), where z is the distance from the center and A is a

constant.

10.4-2 Solve the preceding problem when the wire is broken at z =0.

Ans. I(z) = Bz(l - z) if < z < I and I(z) = - Bz(l + z) if -I < z < 0,

where B is a constant.

10.5-1 Calculate the moment p of the current in the wire under the conditions

of Problem 10.4-1, and the power P reradiated by the wire.

a ,,* ^ 640tt2
j9tA

Ans. p = 4 Al z
,

P = ^— AH\y 3
9X2

10.5-2 Solve Problem 10.5-1 under the conditions of Problem 10.4-2.

40ir2

Ans. V = \ Bl\ P = -^r B 2l\y 3
9X2

10.6-1 Find the approximate transfer admittance of a short antenna between
2=0 and z = z.

-i(-*)Ans. I(z) =

where Z{ is the impedance seen at the center.

10.6-2 Find A in Problem 10.4-1.

Ans. A = Eo/Zil, where Zt
- is defined in Problem 10.6-1.

10.6-3 Find B in Problem 10.4-2, neglecting the interaction between the two

halves of the wire.

Ans. B = 2Eo/Zi'l, where Z/ is the impedance seen from the center of a wire

of length I.

10.6-4 Show that, to the extent to which we can neglect the inductance and

the difference between log(2Z/a) and log(l/a), the constants A and B in Problems

10.4-1 and 10.4-2 are equal.

10.6-5 What is the voltage induced between the terminals of the broken wire

in Problem 10.4-2?

Ans. V = .ey.

10.6-6 What is the current through the load of a perfectly conducting short

receiving antenna, assuming that the antenna is tuned and that the load is equal

to the radiation resistance?

Eq\
Ans. I —

160tt
2
Z

10.6-7 What is the received power under the conditions of the preceding

problem?

E 2\2

Ans. P = r •

640tt2
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10.6-8 Using the result of the preceding problem, calculate the effective area

of a short perfectly conducting antenna.

3X2

Arts. A =

10.6-9 Solve Problem 10.6-6 when the wire is not perfectly conducting but

has an ohmic resistance Ro per unit length.

Arts. I =
160tt

2
Z + fR \2

Note that Ro may be the controlling factor; see Section 6-2 on the efficiency of

antennas.

10.6-10 What is the input resistance of a short antenna when the ohmic

resistance is included?

80tt
2
Z
2 - ,

Ans. Ri =—-
2
— + fR l.

A

10.6-11 What is the effective area of a short antenna when the ohmic resistance

is included?

3X2 / i? X 2 V 1

Ans. A = 1 + 7-5- .

8tt V 120tt
2
Z /
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SELF-RESONANT ANTENNAS

11.1 Half-wave antennas in free space and the corresponding

quarter-wave vertical antennas above ground

The elementary theory of self-resonant antennas is much simpler than

the general theory, and for this reason we present it in a separate chapter.

The terms " half-wave antenna " and " half-wave dipole " are applied

loosely to antennas whose length is approximately equal to one-half

wavelength (without counting the length of the gap AB, Fig. 11.1a). A

4=

/

A B \

4*
i

i

V777.I I V/////////A \\V///////////,

r*-— I— 4- ---n in

(a) T (b)

Fig. 11.1 (a) A half-wave antenna; (6) a quarter-wave vertical antenna.

similar meaning is assigned to the terms " quarter-wave vertical an-

tenna " and " quarter-wave vertical unipole " (Fig. 11.16). There are

two reasons for this slightly indefinite usage. Antennas are usually

operated in a certain band of frequencies rather than at a single fre-

quency; hence, the length of an antenna in wavelengths cannot be a

specific number. It is customary to place the resonant frequency of the

antenna in the center of the operating frequency band ; and in Section

8.23 we found that at resonance the antenna is somewhat shorter

than A/2.

In Section 8.23 we also calculated the approximate effect of the

capacitance of the flat outer ends of the antenna on the resonant wave-

length; in Section 13.12 we shall obtain the corresponding effect of the

excess capacitance near the outer ends over the average value. To in-

332
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dicate the magnitude of this shortening we quote the following formulas.

Let the length of each antenna arm be

l=l\-8; (1)

then the first-order approximation given by the mode theory of antennas

for circular cylinders is

1005

X/4

2700

K a + 21
+

20aK a

3ttX
(2)

o
o ^ 9 I

l^y l__

1 ^"^^ 1~

I , I . L__^J

40 60 80 100 200 4-00 600 1000

WAVELENGTH _ _A^

DIAMETER ~ 28

2000

Fig. 11.2 The difference in per cent between X/4 and the length of one arm of a

self-resonant half-wave antenna.

where Ka is the average characteristic impedance for principal waves,

defined by

Ka = 120 log— - 120.
a

(3)

Using the method of " balayage " or " sweeping off/' (Section 13.12) the

corresponding expression is found to be

1005 2700 20a (2Z )

X/4 ~ 2Z 3ttX
(4)
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where Zo is given by equation 8-91,

2Z = 120 Hog y~- + 0.116 + Ci 7T

J
= 120 flog

'

(
L
=2a

- 0.955
J

11.2

(5)

Since I cm X/4, equation 3 gives

Ka = 120 log
2a

120; (6)

equations 2 and 4 are in agreement except for the small term in the de-

nominator of the first fraction in equation 2. Figure 11.2 shows 5/1 in

per cent for various ratios of the

wavelength to the diameter. The
foregoing equations are asymp-

totic approximations for very

large K a and 2Zo. More accurate

values of resonant lengths may
be obtained from the reactance

curves in the vicinity of I = X/4

(see Section 13.24).

11.2 Radiation patterns of

sinusoidally distributed

currents

Consider a thin current filament

and let I (z
f

) be the current at

point z = z' (Fig. 11.3). The
electric intensity is obtained by

integrating equation 5-1 on the

assumption that r is so large that

it is equal to ro — z' cos 0, and that the second term in this expression

may be neglected in the amplitude of the field. Thus,

60tt r i+*/2

Ee = j ?p- e->* 'o sin 6 / I(z')e*' cos 6 dz', (7)

where s is the length of the gap. If the current distribution is symmet-

ric about the center— as it is in antennas energized at the center— we
have I(-z') = I(z'). Splitting the range of integration and taking

account of the symmetry, we obtain

Fig. 11.3 Illustrating the differences in

paths from various elements of a linear

antenna to a distant point.

. 120tt ->* ro sin 6 f I{z') cos (/fe' cos 6) dz'. (8)
J»I2
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We shall now use the approximate current distribution given by-

equation 8-127:

/(*') = Jo sin /3(Z + is + 8 - «'), z' > -j •

(9)

When the antenna is fed by a two-wire line, the current in the gap is zero.

In the case of the vertical antenna (Fig. 11.16), we let s = 0. Even in

the case of the half-wave antenna we may let s = since s is usually

small. In fact, in the equatorial plane, where Ee is maximum under

normal operating conditions, s does not affect the field. Evaluating

equation 8 for s = 0, we obtain

Ee =

60jJo[cos (38 cos (ffl cos 0) — cos ^(Z+^) —sin /35 cos sin (ffl cos 6)] _.0r

ro sin 6

(10)

Substituting in equation 5-10, we find the radiation intensity

15Jq2[cos ffi cos (ffl cos g) -cos g(J+j) -sin
gjj

cos 6 sin (ffl cos d)] 2

T sin2 6

(ID

$ =

11.3 Radiation pattern of a half-wave antenna

For a half-wave antenna, I + 8 = X/4, and we find

<*> =

15Jo2 cos /35 cos — — |S5
J
cos0 — sin j38 cos sin (

—— 05 j cos |

*3?i
02)

In the equatorial plane, = t/2, and

$ = $W = - Jo2 cos2
j8S. (13)

7T

Thus, the effect of 5 on $max is a second-order effect. We shall therefore

simplify equation 12 by assuming 6=0,

15Jo2 cos2
( -»- cos )

*^ ^Th ( 14 )x sm2

The directive pattern of a half-wave antenna in free space, or of a

quarter-wave vertical antenna above a perfect ground, does not differ

much from that of a current element (Fig. 11.4).
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. Over an imperfect ground the directive pattern is changed very

radically (Fig. 7.5) ; and this is true for any other antenna emitting

vertically polarized waves.

90° 80° 70° 60° 50° 40' 30*

WA \^Y\ \ >

L*^x /
ysi \ SHORTS \N N. \ ^-

—""'

\ ^\ Jx^
—

V / DOUBLET
*^ \ A\l//f

r / \
N\l_-—

\

' / \
V V "

—

r~~~-~jL

\\\
- HALF- WAVE

\v\

v*** »^

ANTENNA

20 c

10'

10'

20'

90° 80° 70° 60° 50° 40' 30 c

Fig. 11.4 Directive patterns of a short doublet and a half-wave antenna.

11.4 Power radiated by a half-wave antenna

Integrating equation 14, we obtain the power radiated by a half-wave

antenna

:

Jf*2lT
/»7T /»7T

/ $ sin 6 dd d<p = 30/ 2
/

o Jo Jo

COS2 ! -=- COS

sin2 6
sin 6 d9

= 60/

COS2
! -jr- COS

sin2 8
sin dd.

Introducing a new variable of integration, t = cos 6, we find

cos2 (tt£/2)
P = 607,

C l cos2 (71

= 30Io2£^k
t
2

Tt/2)

t

dt

di + 307
„ r l cos^

° Jo
—cos2

(tt£/2)

+ *

(15)

<fc. (16)
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Letting 1 — t = u in the first integral and 1 -f- t = u in the second, we
have

P = 30/o2 r **2(*»m du _ 157o2
r 2

1 - cos ,u
rfu

Jo U Jo u

= lo/o2 P' 1 ~ cos *

<ft = 15 7 2Cin 2tt = 36.56/ 2
. (17)

Jo t

11.5 Directivity and effective area of a half-wave antenna

From equations 13 and 17 we obtain the directivity,

g = -^T = i-64
!

G = 2 - 15 db - ( 18 )
3b. oo

This is only 0.39 db greater than the directivity of a current element,

g = 1.5, G = 1.76 db. (19)

The effective areas are

3
A =

q
— X2 = 0.12A2

, for a current element;
07T

(20)

A = 0.13X2
, for a half-wave antenna.

11.6 Input impedance of a half-wave antenna

The asymptotic current in a half-wave antenna (at resonance) is

I{z) = I COS 02, \z\ < I, (21)

if z is measured from the corresponding input terminal. Hence, the

input current is

li = 7(0) = Jo. (22)

Thus, the input impedance is

op
Ri = -r~- = 73.12 ohms. (23)

This is the resonant impedance of an infinitely thin, perfectly conducting

antenna. For theoretical and experimental values for antennas of finite

radius see Section 13.23; these values depend on the radius and on the

input conditions to the extent of a few ohms. The resonant impedance

may be either smaller or larger than 73 ohms.

In accordance with Section 4.18, the input impedance of a quarter-

wave vertical antenna above a perfect ground is one half of the imped-

ance of the half-wave antenna in free space: that is, about 36.5 ohms.

Over an imperfect ground the impedance is higher owing to the losses in

the ground (Section 11.21). .
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11.7 Impedance matching

In order to match the antenna to the feed line, it may be necessary to

raise the input impedance of the antenna. This can

be done by feeding the antenna off base, as shown

in Fig. 11.5. At resonance the current distribution

and the radiated power are not appreciably affected

by the position of the voltage source. Hence, from

equation 21,

>/////////

1 4

'////////,'

Fig. 11.5 Off-base

feeding for imped-

ance matching.

p = |36.57 2 = §JBi(J) h2 cos2 plh (24)

where Ri(l) is the impedance seen at the point

z = l\. Therefore,

36.5
Ri(l) (25)

cos2 fil\

If l\ = X/8, cos2 I3h = J, and the input impedance is 73 ohms.

11.8 Heat loss in the antenna

If Ro is the ohmic resistance of the antenna per unit length, the power

loss is

Po = iRo r\I(z)\ 2 dz. (26)

Since Ro is deliberately kept small, the errors in I (z) are not important

in their effect on the total impedance of the antenna. Thus, a satisfac-

tory formula may be obtained by assuming that the current is sinusoidal,

P = i^ 7o
2 r sin2 p(l + d-\z\)dz

= \RqI
sin 2/3 (Z -f- g)

- sin 2/33

2/3Z
1 /o

2
. (27)

By the principle of conservation of energy, this power must equal

Po = hRJIir? = \RJh2 sin2 0(1 + 5), (28)

where ^in ' is the increase in the input resistance due to heat loss in the

antenna. Hence,

Bm2^ + «)- BinM-j cac2j3(z + s) (29)Rin ~ Rol n_jE
2/3Z

For half-wave antennas this becomes approximately

Rin = zRqA- (30)
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The resistance per unit length is obtained from the skin-effect

formulas. Thus, for thick copper conductors (thick compared with the

skin depth),

R - *

9L = 2.61 X 10-7V7= 8.25 X 1()-7 /^

= 4.52 X 10~3 0.0143 . .

Vx ~ VIox

For example, if X = 10 meters and a = 0.01 meter, then R[n
' = 1.43/8*

ohm— which is a negligible contribution to the antenna impedance.

C

(F\

3 V////////A '

' V777777777.

(a;
v

V* (b)

Fig. 11.6 (a) A folded dipole; (6) a folded unipole.

11.9 Folded dipoles

Folded dipoles* (Fig. 11.6a) and folded unipoles, (Fig. 11.66) are loops in

which one dimension is large compared with the other. Because of the

proximity of the wires in each half of the loop, the coupling between

them is strong. The folded dipole is a two-wire line, short-circuited at

both ends. One might think that the currents in these wires would be

equal and opposite; and so they are to a large extent, except when the

length of the dipole is near X/2.

To analyze the folded dipole (or unipole) we shall decompose the

waves on it into symmetric (Fig. 11.7a) and antisymmetric (Fig. 11.76)

modes of propagation. In the symmetric case we have a dipole antenna

consisting of wires 1 and 2 in parallel. The effective radius of this

antenna is (see equation 4-44 or Section 8.26)

Oeff = Vas, (32)

* P. S. Carter, Simple television antennas, RCA Rev., 4, October 1939, pp. 168-

185; R. Guertler, Impedance transformation in folded dipoles, Proc. Inst. Radio

Eng. Australia, 10, April 1949, pp. 95-100; also IRE Proc., 38, September 1950,

pp. 1042-1047.
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where s is the distance between the axes of the wires. At resonance the

input impedance is about 73 ohms, and

7/2
2L S

= 73, I s =
292

(33)

In the antisymmetric case (Fig. 11.76), the currents are equal and

opposite and the radiation is small ; hence,

Z2 = jK2 tan (31, K2 = 120 log
a

(34)

r
21

(2)

C D
A B

I-

5 C

(2)

-21
. a

C D
A B J*

(D (0

(a) (b)

Fig. 11.7 (a) Symmetric or push-push and (6) antisymmetric or push-pull methods

of energizing a two-wire line short-circuited at both ends.

In this case,

J.a _
J. 1.

— V
(35)

The total input current 7 t in the folded dipole antenna is the sum of the

symmetric and antisymmetric currents,

V V
u u -hi,

292
+

Z2
(36)

and the input impedance is

Z, = V 292Z<

292 + Z2
(37)

If the resonant length is I = (X/4) — 6, tan /3Z ^ cot /55 ^^ l//?5;

hence,

Zt ~T.
j292Ki 292

"iZ2 + 292^6
=

1 - j (292(38/K2 )
'

(38 ^

Since the two modes of propagation are in parallel, simpler general

* Note that the input impedance of a two-wire line is defined as the complex

ratio of the total push-pull voltage to the push-pull current in one wire with the sign

so chosen that the real part is positive.
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formulas are obtained in terms of admittances; thus,

The reactive component is small since 35 is of the order of one tenth and

K>2 may be about two or three hundred ohms.

The folded unipole is electrostatically grounded. In some applica-

tions (as in railway-car antennas) this is a valuable property. The fact

that the effective radius (equation 32) of the folded dipole exceeds the

radius of the wire tends to increase the bandwidth in comparison with a

simple dipole made of the same wire. On the other hand, the energy

stored in the push-pull mode tends to decrease the bandwidth. There is

a net gain in favor of the folded dipole. However, this type of compari-

son is not quite fair. We should compare the folded dipole with a simple

dipole consisting of two wires of the same size and the same distance

apart as in the folded dipole but operated in parallel ; then we should

find that the simple dipole has a larger bandwidth than the folded dipole.

It is easier to design a 300-ohm. two-wire line than a 73-ohm two-wire

line ; hence, in a balanced method of feeding, the folded dipole may be

preferable to a simple half-wave dipole.

11.10 Half-wave receiving antennas

From equation 9-99 we find that the current through the load in the

center of a self-resonant half-wave antenna in response to a uniform

electric intensity Eo. parallel to the antenna, is

73E f
XI4

Y(0:z) dz

/ =—-is^z
-

where Z is the impedance of the load and F(0; z) is the transfer admit-

tance between z = and z = z. Since F(0; z) is the current at z = z

per unit voltage at z = 0.

Therefore,

Y(0;z) =±. cos 8z. (41)
to

'-^aw (42)

For maximum reception. Z = 73, and

/ = -^ • (43)
140X
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The power absorbed by the load is

These results may also be obtained from the effective area (equation 20).

11.11 Bent quarter-wave antennas and bent, folded quarter-

wave antennas

A bent quarter-wave antenna (Fig. 11.8a) may be useful when for some
reason the vertical length of the antenna must be limited. For instance,

because of bridges and tunnels, the vertical length of an antenna mounted
on top of a railway car must not exceed 14 or 15 in. The frequencies

allocated to railroads range between 35 and 43 Mc/sec for open-country

Fig. 11.8 (a) A bent quarter-wave antenna; (b) a bent folded

quarter-wave dipole.

operation and between 150 and 160 Mc/sec for urban operation; thus,

even at the highest frequency the wavelength is X = 73.8 in. Hence, in

spite of the relatively high frequencies of operation, the vertical portions

of railroad antennas must be comparable to or less than X/8. A horizon-

tal section may be provided to increase the effective length of the vertical

section and, hence, the power associated with the vertically polarized

radiation. This effective length is maximum when the sum of the verti-

cal and horizontal sections is nearly X/4. Simultaneously, the reactive

component of the input impedance is greatly reduced.

Another very important consideration is that the bandwidth of the

antenna is broadened by the top loading, so that the same antenna can be

employed for both transmission and reception. A short vertical antenna

is substantially a lossy capacitor, with the loss supplied by radiation.*

The bandwidth of such an antenna is

A = uCahR, (45)

where R is the radiation resistance, Ca is the average capacitance per

unit length, and h is the length. The capacitance may be increased by

* Unless the antenna is so short that the radiation resistance becomes com-

parable to or less than the ohmic resistance.
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using rods of larger diameters, and also by providing top loading when
Cah in equation 45 is replaced by (Cah + Ctop ); simultaneously R is

increased.

When the antenna is made self-resonant, the simple formula 45 is no

longer correct. In the case of the bent quarter-wave antenna, the condi-

tion for natural oscillations is

Ri + Ki coth plVLC = 0, p = J + jo), (46)

where I is the total length, K\ is the characteristic impedance (nearly

constant), and R\ is the radiation resistance. Since R\ is small com-

pared with K\, pWLC is nearly equal to jw/2, and we assume

plVLC - 5 + iJ7r. (47)

Substituting in equation 46, we have

Ri
coth (5 -f- %jt) = tanh 8 =

Ki
(48)

Hence, for the bandwidth,

Ai =M = J^. (49)

For comparison purposes we shall transform equation 45 into a form

analogous to equation 49. Thus, if Ka is the average characteristic

impedance of the short vertical antenna,

"c°
=
-k7

=
iah

' (50)

Therefore,

A =
"xZT- (51)

The radiation resistance Ri of the bent quarter-wave antenna is larger

than R, since the radiation resistance of the vertical portion is 4R, and

there will be a contribution from the horizontal section. The character-

istic impedances are of comparable magnitudes. Hence, the increased

value of the resistance in equation 49 and the small value of h/\ in equa-

tion 51 will make Ai substantially larger than A.

Safety considerations require that the antenna be grounded. To
meet this requirement W. C. Babcock* designed a bent, folded quarter-

* Mobile radio antennas for railroads, Bell Labs. Record, 27, May 1949, pp-

172-175.
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wave antenna (Fig. 11.86) . Because of the current reversal, the currents

in the vertical parts are in phase, and their fields add. This antenna

possesses another desirable feature. For the proportions between the

vertical and horizontal parts that seemed to be best for various reasons,

the radiation resistance of the bent quarter-wave antenna was only 12

ohms. This impedance is too low for an ordinary coaxial feeder. As we
have already seen, the folding magnifies the impedance fourfold and thus

raises it to 48 ohms. This impedance provides a better match to the

coaxial feed line.

11.12 Full-wave antennas in free space and the corresponding

half-wave vertical antennas above ground

The terms " full-wave antenna " and " full-wave dipole " are applied

loosely to antennas whose length is approximately equal to one wave-

length (Fig. 11.9a). A similar meaning is assigned to the terms " half-

fa)

/ ^
£ J

(b)

'/////////////////,

L
_

2

Fig. 11.9 (a) A full-wave antenna; (6) a half-wave vertical antenna.

wave vertical antenna " and " half-wave vertical unipole " (Fig. 11.96).

Their actual length is usually so adjusted that the antennas are self-

resonant at the center of the operating frequency band. The reasons for

this usage are the^ame as those given in Section 11.1.

Let the length of each arm of a full-wave antenna be

l=i\-5; (52)

then the first-order asymptotic (Ka
—* °° ) approximation given by the

mode theory of antennas (Chapter 13) for circular cylinders is

1006 4000
+

10aK n
(53)

A/2 K a + 146 ' 3ttX

where Ka is given by equation 3. By the method of " balayage " in
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Chapter 13, the corresponding expression is found to be

1003 4000 10a(2Zo)

X/2
==

2Z "

where Zq is given by equation 8-91,

3xX

345

(54)

2Z = 120 (log y^- + 0.116 + Ci 2tt)
= 120(logA_ L05)

It will be noted that, since 21~ X,

Ka ~ 120 (log I;- 0.3lY

(55)

(56)

<

I
Ny

,

40 60 80 100 200 400 600

WAVELENGTH _A_

DIAMETER ~~ 26

1000 2000

Fig. 11.10 The difference in per cent between X/2 and the length of one arm of a

self-resonant full-wave antenna.

Thus, the agreement between these two first-order approximations is not

as good as in the case of half-wave antennas. Furthermore, if we obtain

the antiresonant length graphically from the reactance curves in the

vicinity of I = X/2, we find that, in the range of practical values of Ka ,

the shortening is substantially larger than that given by equation 53.

This may be seen if we compare Fig. 11.10 obtained from equation 53

with Fig. 13.34 based on the reactance curves given by the mode theory.

Thus, there is no simple formula for the antiresonant length.
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11.13 Radiation patterns of full-wave antennas

Neglecting 8 in equation 11, we obtain the radiation intensity of a full-

wave antenna,

60/ 2 cos4 (^r cos 0)$
x sin2

(57)

Comparing this with the radiation intensity (equation 14) of a half-

wave antenna, we find

$\/2 « $x/4
2 sin2 0. (58)

The squaring and the multiplication by sin2 reduce the high angle

radiation. Figure 11.11 shows the square root of the relative radiation

intensity.

60
ANGLE IN DEGREES

30 30

120 150 180 150 120

Fig. 11.11 The radiation pattern V<f> of a full-wave antenna.

11.14 Power radiated by a full-wave antenna

Integrating equation 57 over a unit sphere, we have the power radiated

by a full-wave antenna,

Jo Jo
3> sin dBd<p = 1207 2

I
* COS4 (j7T COS 0)

sin
dd

= 2407o
2

I
** COS4 (|7T COS 0)

sin
dd. (59)

Letting t = cos and expanding 1/(1 — t
2
) in partial fractions,

P = 240Jo2 T C
°f

4(i'°
di

Jo 1 - t
2

(60)
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Setting 1 + t = u in the first integral and 1 — t = u in the second, we
have

P = mio2 r **(*")
du m 1207o

2 r je*l ^ (61)
Jo u Jo t

Since

sin4 t = J(cos 4* - 4 cos 2t + 3)

= |[4(1 - cos 20 - (1 - cos 40],

we obtain

cos 2t ,. « mr C* 1 — cos 4£P - 607o
2
f*- 7^ ^ - 15/o

2 f -
Jo f Jo

eft

= (60 Cin 2tt - 15 Cin 4t)I 2
. (62)

The radiation resistance Ra with reference to the current antinode is so

defined that

P = hRah2
. (63)

Hence, for a full-wave antenna,

R a = 120 Cin 2x - 30 Cin 4tt = 199.1. (64)

11.15 Directivity and effective area of a full-wave antenna

From equation 57, we have

hence,

$max =
J (65)

47T3W 87T<J>max 480
9 " P " R aIo

2 " 199.1 "
'

G - 10 logio flf
= 3.82 db. . (66)

The corresponding effective area is

A = -^-X2 = 0.192X2 . (67)

11.16 Input impedance of a full-wave antenna

To obtain the input impedance of a full-wave antenna, we recall that

such an antenna is essentially a parallel resonant circuit (Section 9.5).

Such a circuit may be represented by either of the two forms shown in

Fig. 11.12. These forms are equivalent in the vicinity of resonance.

We note that the input current is small and the input voltage is large.

The parallel conductance in Fig. 11.12a is the input conductance, and it

is small. The equivalent resistance in Fig. 11.126 in series with the in-

ductance is small. The only features of these circuits that we need for
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the present purposes are the following. The radiated power may be

expressed in terms of either the input voltage or the maximum current,

P = \GiV? = iR aIo
2

. (68)

At resonance the maximum stored magnetic energy must equal the

maximum stored electric energy,

&m = &e. (69)

The former may be calculated in terms of 1$ and the latter in terms of

Vi\ hence, from equations 68 and 69 we can obtain a relation between

*t

I;

vtt

(a) (b)

Fig. 11.12 Antiresonant circuits representing a full-wave antenna.

Gi and Ra . Since the latter has been determined, we have also deter-

mined the input conductance.

The maximum stored magnetic energy can be obtained from

XX/2 [I(z)] 2 dz,
X/2

(70)

where L is the inductance per unit length of the wire and is given by

equation 8-91. Since

I{z) = /o sin 0|*|, (71)

we find

&m = iLA/o2
. (72)

Similarly, the maximum stored electric energy is

&e= W r
2

[V(z)] 2 dz,
t/-X/2

(73)

where V(z) is the potential and C the capacitance per unit length.

Since

V(z) = JFiCosjfc, z > 0;

= - iVi cos (3z, z < 0; (74)

we find

& e = ACXVA (75)
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Thus, the electric and magnetic energies will be equal if

(76)

From equation 68, we now have

_R^_ (2Z )g (2Z )2

^ ' (2Z )
2

'

l" R a 199.1
KU)

Since we have used the asymptotic forms of I(z), V(z), L, and C,

equation 77 is an approximation which improves as 2Zo increases. Like-

wise, we should not use it if there is a substantial capacitance near the

terminals of the antenna (see Section 13.23).

From the mode theory of antennas we have also, for large Ka ,

K a (K a — 146)
fRi= 1991 (78)

In the present case,

2Z = K a -S9; (79)

hence equation 77 becomes

(Ka - 89) 2 Kg2 - 17SK a + 89 2 _ KJK a - 178)

199.1 "" 199.1
~~

199.1
' [ }

If we use K = 2Zo(0) as given by equation 8-75 instead of the average

value 2Zo of Z(z), we obtain Ka — 155 as the last factor in this equation.

This is in better agreement with equation 78. The curves for Ri are

shown in Figs. 13.25 and 13.26.

The impedance of an end-fed, vertical, half-wave antenna over a

perfect ground is one half of the impedance of the full-wave antenna in

free space (Section 4.18). This impedance is not appreciably affected

by ground losses (Section 11.21), since the ground currents near the base

of the antenna are small while the power absorbed by the ground at

larger distances from the antenna is taken from the radiated power.

11.17 Effect of the gap on the input impedance of a full-wave

antenna

In obtaining equation 77, we assumed that, although the capacitive

proximity effect between the arms of the antenna is negligible, the dis-

tance between the terminals is very small. Both assumptions are satis-

fied when the radius of the antenna is small and the length s of the gap

between the terminals is small but not too small compared with the

radius. Suppose now that we keep the radius fixed and begin to sepa-

rate the terminals. What is the effect on the antiresonant impedance?
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To calculate the more general expression for the impedance, we shall

first obtain the power radiated by two half-wave antennas whose ends

are distance s apart and then use the method of the preceding section to

evaluate the input impedance.

The radiation intensity of two half-wave antennas is the product of

the radiation intensity of one such antenna and the space factor. Thus,

15/ 2 cos2 (!ttcos0)
f n$ = r^-z { 2 COS

307o
2 cos2 (j7r cos 6) ,., . r/ _ s „,, /0_= " ^ " X + C0S ^ + $S )

COS (81

The radiation intensity is seen to consist of two terms, one of which is

independent of s. This term represents the radiation from two half-

wave antennas in free space. The other term is due to the interaction

between the antennas. Expressing the radiated power in terms of the

maximum amplitude of the current and the corresponding radiation

resistances, we have*

P = iRll" \h\
2 + Rl2 a \hh\ COS + hR22 a \h?

= (Ru a + Ri2 a)Io
2

, (82)

since in the present case i^22 a = Rn a and h = Ii = Io- Consequently,

the radiation resistance of the half-wave antennas with reference to the

current antinode is

#« = 2(Rn a + Ri2 a
), (83)

where

30 C* C2V COS2
(JtT COS d) t, 1" o\ /,! n An J tOA\R l2

* = — / I 1^—

—

L cos[(x + /3s) cos 0] sm 6 dd d<p, (84)
ttJo Jo sm v

while jRn° = 73.13 ohms. Integrating, we find

Ri2 a =

15J"log o^t+L) + Ci2^+ Ci (47r4-2/3s)-2Ci(27r+2^)1cos/3,s+

15[Si2j8s+Si(4T+2j8s)-2Si(2ir+2j8s)]sinj8s. (85)

If (3s < 1, then,

R 12
a a* 15(Ci 4x - 2 Ci 2x -f C + log *) + 15(Si 4tt - 2 Si 2tt)/3s

= 26.4 - 127 -f ;
(86)

A

* For convenience, we have replaced the subscript a by a corresponding super-

script.
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therefore,

R a = 199.1 - 127— ' (87)
A

and the input impedance is

(2Z )
2

Ri = (88)

199.1 - 127 4"
A

The characteristic impedance 2Zo does not change much with s. Hence,

if s = X/20, the input impedance is higher by about 3 per cent, com-

pared to the impedance when s is negligible.

The mutual radiation resistance between the feeder line and the

antenna has been neglected in the above calculations. Further analysis

would show that the interaction is primarily reactive and that our as-

sumption is justifiable. When the antenna impedance is measured by
the standing-wave method, the radiation from the feeder will be in-

cluded, together with the radiation from the antenna. This radiation is

proportional to (s/X) 2 and, hence, is a small quantity of the second order.

It tends to compensate, however, for the decrease in R a and to lower

somewhat the input resistance.

11.18 Current distribution in a full-wave antenna

The foregoing conclusions have been based on the asymptotic current

form which is given by equation 71 for a full-wave antenna. The input

impedance could not be obtained directly, since the input current

vanished to this order of approximation and the second term was not

available. At resonance we were able to find the input resistance by
other means, and from the principle of conservation of energy we obtain

Rtfi* = R a \I
\

2
, (89)

where To is the current at the antinode. Therefore,

\Ii\ (RjlY2 _Ra_ 199.1

|/o|
' \Ri) " 2Z 2Z '

^V)

In Section 8.22 we obtained a second approximation to the antenna

current which is given by equation 8-120 for the full-wave antenna:

I(z) = 7 sin 0\z\ + jkl6(l + cos /3z). (91)

Since
/. = /(O) = 2jkl

,

we have, from equation 90,
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Hence,
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I(z) = I mnp\z\ +j
199.1 1 + cos/fe

2Z

11.18

(92)

Figure 11.13 shows the first term (dashed line), the quadrature term

(dotted line), and the magnitude (the solid line) for the case 2Zo = 800.

The " blunted " form of the current at the ends is due to the capaci-

tive effect associated with the ends. To include this effect, we should

-0.5 0.5

LENGTH IN WAVELENGTHS, -=-
A

Fig. 11.13 Current distribution in full-wave self-resonant antennas: the dotted

line represents the current in phase with the impressed voltage, the dashed line the

quadrature current, and the solid line the magnitude.

replace the actual I of each antenna arm by its effective length I + 8. At
resonance I + 8 = X/2, and we obtain equation 92, except that z does not

extend to X/2 but only to (X/2) — 8. The effect of 8 on Ra and, hence,

on R{ is negligible as long as 8 is small.

The first term in equation 92 represents the main antenna current in

the course of resonant oscillations. The power lost by radiation has to

be supplied to the antenna, or else the oscillations will die down. The
second term in equation 92 is the current required to supply this power.

The old timers in radio call it the " feed current." This current is in

quadrature with the main current, and it represents the principal differ-

ence between the actual antenna current and the " sinusoidal approxi-

mation " to it. The radiation from the feed current is proportional to

|A
|

2
. As we have seen in Section 5.20, there is no mutual radiation

between current elements operating 90° out of phase ; hence, there is no
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radiation arising out of interaction between the fields associated with the

main current and the feed current. Therefore, the radiation from the

feed current bears the same ratio to the radiation from the main cur-

rent as the square of the input current to the square of the maximum
current. This must be remembered when the radiated power is cal-

culated from measured current distributions; both the amplitude and

the phase of the antenna current should be measured. Otherwise, the

error will be substantial. In fact, even though the measured amplitude

distribution may show a serious departure from the simple sinusoidal

form, the effect of this departure on the radiated power is relatively

small.

A full-wave antenna fed at the center should not be confused with a

full-wave antenna fed a quarter wavelength from one of its ends. In the

first case the currents in the two halves of the antenna flow in the same

direction (Fig. 8.86) ; in the second case they flow in opposite directions

(Fig. 8.8a). The radiation resistances of these antennas are quite differ-

ent because the signs of the mutual radiation resistance between the

halves of the antenna are opposite. Since the radiation resistance of the

center-fed antenna is 199 ohms and that of each half 73 ohms, the mutual

radiation resistance is 199 — 146 = 53 ohms. Hence, the radiation

resistance of the full-wave antenna fed a quarter wavelength from one

end is 146 - 53 = 93 ohms.

K3 :
\ — k -» \

(a) fb)

Fig. 11.14 End-fed antennas: (a) an antenna fed against the capacitance of the

generator; (6) an antenna fed by a two-wire line.

11.19 End-fed antennas

Figure 11.14 shows end-fed, half-wave, self-resonant antennas, one fed

against the capacitance of the generator and the other by a two-wire line.

In this case R a = 73 ohms, and the resistance of the antenna is

Ri = 4£ (93)

Since Zq is very nearly the same for the half-wave and full-wave

antennas, we find

2Ri (half-wave) 398

Ri (full-wave) 292
= 1.36. (94)
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The 36 per cent increase in the input impedance of the " full-wave

antenna " when s is large is due to decoupling between the arms of

the antenna. The antiresonant impedances of end-fed antennas given

by the mode theory are larger. Thus, for one antenna the above ratio

is 1.51.

11.20 Quality factors (Q) of antennas

The quality factor Q of a resonant physical circuit is denned by equa-

tion 9-57,

= ^-- (95)

where & is the total stored energy and P is the average dissipated power.

The bandwidth is the reciprocal of Q.

To obtain the Q of the half-wave antenna, we calculate the maximum
stored magnetic energy (see equation 70),

6« = iL f to2 cos2
/fe dz = fAW. (96)

J-X/4

When the stored magnetic energy is maximum, there is no electric

energy, and &m represents the total stored energy. Since P — 36.6/q
2

,

Since

we have

«-w- (97)

2

= Zo, co(LC)y* =
fi
= -^, (98)

C
r

2tZq
COL = -^-

; (99)

hence,

2tZq 2Z± - Zo
. (inn)

^ 292.5 93 46.5
UUU;

For the full-wave antenna we use equation 72 and P = \ • 199. l/o2 ;

thus,

^ _ tZq _ Zp _ 2Zp (im\
* "

199.1 " 63.5 " 127
' U }

To the same order of approximation 2Zo in the foregoing formulas

may be replaced by K.
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According to the mode theory (Section 13.18), at resonance,

K a - 6 aK a
2

Q =

and, at antiresonance,

=

93

K a + 106

4380X '

aK a
-

(102)

(103)
127 12,000X

11.21 Influence of ground on antenna impedance

In Section 4.18 we have found that the input impedance of a grounded

vertical antenna (Fig. 4.29) over a perfect ground is exactly half the

input impedance in free space of the antenna system formed by the given

t) (r

I

-77777777777777777777777777777777777777777777777777

(a)

&*.

(b)

--HiT-------

(c)

Fig. 11.15 Antennas and their images.

antenna and its image. In the case of an ungrounded antenna (Fig.

11.15) the antenna impedance equals the sum of its free-space impedance

Z\\ and the mutual impedance Z12 between the antenna and its image,

Z = Zn + Z 12 . (104)

This follows immediately from equations 9-74, since in the image an-

tenna/2 = h = /(Fig. 11.15).

When this formula is used, it is essential to be careful about the sign

of the mutual impedance Z12, for it depends on the relative directions of

the currents in the free-space antennas assumed in the calculation of

Z12. Equation 104 may be written as

Z - Zn - ZW, (105)

if, in calculating the mutual impedance Z12, the currents in the lower set

of antennas are reversed. In obtaining the mutual impedance of parallel

antennas, it is usual to assume that the currents flow in the same direction in
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both antennas ; then equation 104 must be used for vertical antennas and
equation 105 for horizontal antennas.

The mutual impedance may be obtained by successive approxima-

tions, of which the first is usually sufficient. To obtain this approxima-

tion, one antenna is considered as a receiving antenna in the field of the

other, and the current distribution in the first antenna is assumed to be

unaffected by the presence of the second antenna.

The admittance of the antenna is

Y = Yn + F12, (106)

where Y12 is the mutual admittance between the given antenna and its

image. Since the antenna and its image form a symmetric structure,

Yu = Y22, and

Yu + F12 = 7 ) 7
• (107)

This is not unexpected since the input admittance is always the recipro-

cal of the input impedance. In terms of fields, however, this equation is

far from obvious.

The quantities Z12 and Y12 are, of course, also the mutual imped-

ance and admittance between the antenna and the ground. If these

quantities are properly determined, equations 104 and 106 will apply to

imperfect ground. The analytical problem involved in the calculations

of Z12 and Y12 is greatly complicated, however, by the finite conductivity

of the ground.

A perfect ground affects only the radiation properties of the antenna

;

but an imperfect ground absorbs power as well. Power absorbed at

fairly large distances from the antenna has already been radiated from

the antenna, and has no effect on the antenna impedance. On the other

hand, the power absorbed in the region of the reactive field of the antenna

must appear as an increase in the input resistance. There is no clear line

of demarcation between the two regions.

If the antenna is grounded and if the base current is large, the

ground loss will also be large. For this reason half-wave broadcasting

towers are more efficient than quarter-wave ones, unless a good ground

system is provided.

The effect of a plane homogeneous earth on the antenna impedance

may be expressed easily enough in terms of Sommerfeld's integrals ;* but

the evaluation of these integrals is not simple, f A much simpler method
depends on the equivalence principle. | The field of the ground currents

* Electromagnetic Waves, pp. 431-434.

j W. L. Barrow, On the impedance of a vertical half-wave antenna above an

earth of finite conductivity, IRE Proc, 23, February 1935, pp. 150-167.

J Electromagnetic Waves, p. 158; see also Section 16.3.
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may be evaluated from the tangential components of E and H over the

surface of the ground ; from this field we may obtain the induced voltage

across the terminals of the antenna, and, therefore, the mutual imped-

ance. Since we are interested in the change in the impedance caused

by finite conductivity, we may subtract from the actual magnetic inten-

sity that part of it which corresponds to a perfectly conducting earth.

The field over the surface of the earth may be obtained approximately

from optical reflection formulas. Even this method involves laborious

calculations. And the problem becomes still more complex when the

earth is not uniform— either for natural reasons or because of artificial

ground systems.

Experimental data* indicate that the effect of finite conductivity of

the earth on the impedance of a half-wave vertical antenna, the center of

which is one-quarter wavelength or more above the surface, is negligible.

The effect on the impedance of a horizontal half-wave antenna is negli-

gible only as long as the height of the antenna is greater than one fifth of

the wavelength. This effect begins to increase very rapidly as the height

falls below 0.2X; when the height is 0.1X, the actual impedance is more
than twice as large as it would have been over a perfectly conducting

earth. For smaller heights the impedance ratio increases still more
rapidly.

In 1933, W. M. Sharpless measured the power gain of a half-wave

vertical antenna (just above the ground) with reference to a quarter-

wave vertical antenna at 18.30 Mc/sec. He found this gain to be 4 db.

There would be some gain even over a perfectly conducting ground,

because of the greater directivity of the half-wave antenna ; but this gain

would be only 1.67 db. The difference of 2.33 db is due to smaller

ground currents in the case of the half-wave antenna. If we assume that

the ground loss is negligible for the half-wave antenna, as indicated by
these experiments, we can evaluate the ground resistance of the quarter-

wave antenna from equation 6-8. Thus, the ratio of the directivity gain

gd to the power gain gp is

Qd RgR + Rrad RGR

Qp -ttrad ^trad

or RGR = 0.71#rad,

+ i = io - 233
,

where i?rad is the impedance of the quarter-wave antenna over a perfect

ground.

* H. T. Friis, C. B. Feldman, and W. M. Sharpless, The determination of the

direction of arrival of short radio waves, IRE Proc, 22, January 1934, pp. 47-78,

Fig. 3.
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When two copper screens 10 ' X 10' were placed on the ground under

the quarter-wave antenna, its efficiency was increased by 0.7 db. This

gives

R GR = 0.455flrad .

Figure 11.16 illustrates the effect of different ground conditions on

the received power for different angles of arrival, when the electric inten-
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Fig. 11.16 Effect of different ground conditions on the received power.

sity of the incident wave is one microvolt per meter (effective) and

X = 14.25 meters. Ground constants were measured and the curves

calculated by Feldman.* A few scattered experimental observations

were consistent with these curves.

* See his paper cited in Section 7.3.
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PROBLEMS

11.2-1 What is the electric intensity of a half-wave antenna at distant points

in its equatorial plane?

Am. E, - -B, - -* cos fur* « - *- ft*.
a a

where d is the distance from the antenna.

11.4-1 Express the electric intensity of a half-wave antenna at distant points

in its equatorial plane in terms of the radiated power.

60 / P ... V98.4P ... 10VP ...

Ans. Ez = A je~ lPd = - je~ lfid « je~ ,/W
.

d \ 36.6
"*

d d

11.4-2 Express the electric intensity of a current element at distant points

in its equatorial plane in terms of the radiated power.

V90P . ...

Ans. Ez
= je~^d .

d
J

11.10-1 Calculate the maximum power received by a half-wave self-resonant

antenna from its effective area.

11.10-2 What is the current distribution in a self-resonant wire (about one-

half wavelength) in a uniform field Eq parallel to the wire?

Ans. Iz = —— cos 0(2 + 0),
loir

where 5 is a small effective increase in the length of the wire due to the capacitive

end effect.

11.10-3 Assume that the wire in the preceding problem is broken in the center

and that the length of the gap is small but not too small compared with the diameter.

What is the voltage induced across the gap?

\Eo
Ans. V = •

11.13-1 Solve Problem 11.2-1 for a full-wave antenna.

Ans. _ 120j/o m
d

11.14-1 Solve Problem 11.4-1 for a full-wave antenna.

Ans. Ez
= - 12j

e-W.
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11.19-1 Explain why the radiation resistance of an end-fed quarter-wave

antenna in free space should be somewhat greater than one quarter of the radiation

resistance of a half-wave antenna.

11.21-1 Consider a quarter-wave antenna in the center of a perfectly con-

ducting circular disk serving as the ground. Show that at large distances in the

ground plane, well beyond the conducting disk, the field intensity is half that which

would have existed at the same distance if the ground were infinite in extent.

11.21-2 Consider a thin vertical half-wave antenna just above a "ground"

consisting of a horizontal wire, one wavelength long. Assume that the antenna is

over the center of the ground. Find the electric intensity on the axis of the antenna

below the artificial ground and show that this ground provides good shielding.

r(r+i\) rR

where r is the distance from the center of the ground, R = (r
2 + ^X2

) <* is the distance

from one of its ends, and Iq is the maximum amplitude of the antenna current.



12

GENERAL THEORY OF LINEAR
ANTENNAS

12.1 General formula for the radiation intensity of a system of

current elements

We have seen that, when the elements of a given current distribution are

parallel to the z axis, the distant electric field has only one component

Ee, which can easily be obtained by adding directly the corresponding

fields of the individual elements. And, of course, if the elements are

parallel, we can always choose the z axis in their common direction.

When the current elements are not parallel, as in rhombic antennas, the

direct addition of fields is complicated, and it is best to take advantage

of the expressions for the field derived in Sections 8.5 and 8.6. The
dynamic component F of the electric intensity is always parallel to the

current element and is given by the simple expression 8-17,

f= _iwM e__, (1)

where p is the moment of the element. If the element is at the point

(r', 0', (p) in Fig. 12.1, then the distance r from it to a distant point in the

direction (0, <p) is less than the distance ro from the origin by the length

OQ of the projection of OP; that is,

r = ro — r' cos \p, (2)

where
cos \j/ = cos cos 0' + sin sin 0' cos(^? — <p'). (3)

Substituting in equation 1, we have

F= —j—^pe }(}r ' cos + > (4)
4-7T ro

since r' cos
\f/ has a negligible effect on the amplitude.

361
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Let us now define the radiation vector N of a current element of

moment p at point (r', 0'
y
<p') with respect to (0, 0, 0),

TV = ve^ T ' cos ^. (5)

This equation represents a rule of translation of the effective point of

radiation. The radiation vector of the element with respect to its actual

position is simply its moment p. As far as any distant point is con-

Fig. 12.1 Illustrating a general method for obtaining the distant field of any
current distribution.

cerned, we may equally well think of the radiation as coming from any

other point, provided we make a proper allowance for the phase differ-

ence due to the difference in paths ; the exponential factor in equation 5

has this effect. In terms of the radiation vector, we have

F = . coju XT e~^ ro

j -AN
47T TO

(6)

From this formula for a typical element, we obtain the general equa-

tion by summation (or integration in the case of a continuous distribu-

tion). The general procedure of calculating the radiation intensity by
this method consists of the following steps

:

1. Evaluation of the Cartesian components of the radiation vector

of a given system of current elements with respect to some fixed point
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(which may be taken as the origin of the coordinate system). The

equations are:

N x = 2>7JV cos *npn ,x ,

Ny = ]>>7>V COS +„ pny } (7 )

cos yp n = cos cos dn ' + sin 6 sin $ n ' cos(<p — <p n ')-

For a continuous current filament the moment is tangential to the fila-

ment and is equal to I(x, y, z) ds, where ds is the element of length.

Hence, the components of the moment are

:

dp x = I(r', e', <p') dx, dpy = I(r', 6', <p') dy, dp z = I(r', 6
f

, <p') dz. (8)

2. Evaluation of the 9 and (p components of the radiation vector,

No = Nx cos 6 cos <p + N y cos 6 sin <p — N z sin 6,

(9)
N<p = —N x sin (p + N y cos (p.

3. Evaluation of the radiation intensity,

$ = J^L (NeN9
* + NJtJ). (10)

This final equation is obtained if we note that, at great distances from

the source, the quasistatic 6 and <p components of the electric intensity

vary inversely as the square of the distance and thus vanish in compari-

son with the dynamic components ; hence, at great distances,

E$ = Fe, Ev = Fv . (11)

Substituting from equation 6, we have

„ . com ivr e~ ;,/3r°
• 60tt at

e-iP'o
E e = -J-r- N e = -J ^— Ni

4tt r X r

^ . wm „ e- ]firo
. 60x -_ e~^ro

(12)

wr r A r

Substituting in equation 5-10, we obtain equation 10.

A more general formula may be derived by including radiation from

magnetic currents, as we shall see in Chapters 16 and 17. Magnetic

currents do not exist in nature; but the calculation of radiation from

horns and slots is greatly simplified if we introduce certain distributions

of hypothetical electric and magnetic currents over the apertures.
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12.2 Formulas for the radiated power

From equations 5-5 and 10 we have a general formula for the radiated

power,

»2t

P = -^ r * r (N eNe* + N*N**) sin 6 dd d<p. (13)

It is sometimes convenient to consider one system of sources as con-

sisting of several parts. Suppose, for instance, that the system is

divided into two parts ; then,

N9 = Ne ,i + Ne ,2 ,
N, = N,,i + N 9 , 2 . (14)

Substituting in equation 13, we have

P = Pn + 2P 12 + P22, (15)

where

2ir

Pn = -^
J"

f
* (N9,iN9 ,i* + Np ,iN,,i*) sin d& d*>,

f
r

f ' (N9tlN 9 ,2
* + N 9 .i*N9 ,2 + N,.iNp ,2* +

Jo Jo
2Pl2 =

P22 =

X2
.

iV,.i*JVr.2) sin dd d<p (16)

30tt *•**

X2

15x ^ 2;

X2

•e /
'

\ (N9,iN9l2
* + Np .iN Pt2 *) sin 6 dd d<p,

Jo Jo

f
*

I (N 9 .2N 9 ,2* + NV ,2NV ,2*) sin 6 dd d<p.

Jo Jo

The term 2Pi2 is the mutual radiated power.

Another general formula expresses the radiated power in terms of

the local field. One of its advantages is that it gives the reactive power

as well as the power lost by radiation (Section 5.18). Thus, for thin

filaments, we have the complex

powerKs 2 )

22

¥ = -ifE s (s)I*(s)ds, (17)

s,2 where I(s) ds is the moment of a

Fig. 12.2 Two thin current filaments. ^P^1 CU1Tent element and ?•&
the electric intensity tangential to

it. In the case of two thin filaments (Fig. 12.2), we subdivide E s into

components E s,\, ESt2 associated with each filament and divide the

range of integration accordingly. Thus,

* = 4fU + 2*12 + *22, (18)
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where

E*,i(si) Ii*(si) dsh
«ii

E s ,2(s2)l2*(s2)ds2 , (19)

X'S12
/»S22

E s ,2 (si) /i*(«i) dsi - i I E Stl (s2 ) h*(s2 ) ds2 .

ii *J sii

In these equations s\ is the distance along the first filament and S2 that

along the second filament
;
points sn and $12 mark the beginning and the

end of the first filament and similarly S21 and S22 mark the ends of the

second filament.

There exists a simple relationship between ¥ for a single filament

and SF12 for two typical generators* of the filament,

1 /»2t /»2tt

* = -^p J J *i2 dtpx d<p2 . (20)

To obtain this formula we subdivide the current I(s) into infinitely thin

filaments I(s) d<p/2ir. The mutual power between two such filaments is

2^12 d<pi d(p2/4:7r
2

. When this is integrated around the original finite

filament, this mutual power is counted twice ; hence, we must divide the

result in half. By symmetry the integral of ^12 d(p\ is independent of

<P2 ; hence, the second integration reduces to multiplication by 2tt, and

*2,
1 r 2 *

-/ ¥12 dp. (21)¥ =
2tt

Therefore, the average value of ^12 around the filament gives the required

complex power.

12.3 Input impedance and mutual impedance

Two antennas form a four-terminal transducer. Let / z,i, 7t>2 be the

input currents in response to the impressed voltages Vi, V2 . In accord-

ance with equations 9-74, we have

Vi = ZnJu + Z 12Ii, 2 ,
V2 = Z12Ii,i + Z22Ii,2. (22)

Multiplying the first equation by J7";,i *, the second by fi\-,2*, and add-

ing, we obtain the complex power

* - iZUIi,lIi,l* + iZ12 (Ii,lIi,2* + Ii,l*Ii,2 ) + hZ22li,2li,2*

= ¥11 + 2* 12 + ¥22. (23)

* A generator of a filament is a curve which generates the surface of the filament

when translated parallel to itself.
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Therefore,

2^11 r, 2^22

Ii,lli,l* Ii,2li,2*
%ll =

~t t 5T ' ^22 =

4^12
(24)

Z\2 =
/.M/.-.2* + Ii.l*Ii,2

Since Z12 is independent of either the amplitudes or the phases of the

input currents, we may assume that the phases are the same and write

Zu = -y^f-
•

(25)

12.4 Second set of formulas for the mutual impedance and the

input impedance

In accordance with equations 22, the mutual impedance Z12 is the voltage

which must be impressed across the terminals of the second antenna to

counteract the voltage induced there by the first antenna when the input

current in the first antenna is unity. Let I\ (0 ; s{) be the current in the

first antenna due to an applied voltage at si =0 and let ESi i(s2) be the

electric intensity produced by this current along the second antenna.

By equation 9-100 the voltage induced across the terminals of the second

antenna is*

~»S22

E s ,i(s2)l2(0;s2 )ds2 , (26)
1 C S*

* i,2 t/ S21

where /2(0; $2) is the current in the second antenna due to an applied

voltage across its terminals at S2 =0. Taking the negative and dividing

by 7i,i, we find the mutual impedance,

/* s22

I E s ,i(s2 ) l2 (0;s2 ) ds2
•f SOI

Zvi = ~ ^ j—j (27)

Since Ii,i and I it2 are a pair of fixed values, the current distributions

A(0; s\) and i2(0; S2) are to be calculated on the assumption that the

impedances of the generators driving the antennas are infinite; hence,

E s ,i(s2 ) is to be calculated on the same assumption.

Let T(si, s2 ) be the free-space transmission factor between two

antenna elements, dsi and ds2 , defined as the ratio of the electric inten-

sity at s2 along the tangent to the element ds2 to the moment of the

* This important formula was first obtained by P. S. Carter, Circuit relations

in radiating systems and applications to antenna problems, IRE Proc, 20, June

1932, pp. 1004-1041.
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current at si flowing through the element dsi ; that is,

E s ,i(s2 ) = T(sh s2 ) /i(0; si) d»i. (28)

The T
7

function is obtained from equations 4-82 and is found to be a

symmetric function,

T(s2 , Si) = T(sh s2 ), (29)

as it should, in view of the reciprocity theorem. Substituting in equa-

tion 27, we have

I / T(s l ,S2)Ii(0;s 1 )l2(0;s2)ds l ds2

Z 12 = - JmJs21
j—j (30)

To obtain the input impedance we subdivide the antenna into in-

finitely thin filaments of angular density 7t) i dy/2ir across the input

terminals. The voltage across the terminals of a typical elementary

filament is

-^Jo
Z 12Ii,id<p. (31)

This is also the voltage across the terminals of the entire antenna.

Dividing by the input current, we find the input impedance,

Zn = -^pj Z12 d<p. (32)

12.5 Mutual admittance

In accordance with equations 9-75, the mutual admittance Y\2 = F21

is the current through the short-circuited terminals of one antenna

divided by the voltage impressed on the other by a generator of zero

impedance. Suppose that we have a fixed voltage V\ across the ter-

minals of the first antenna and a zero voltage across the terminals of the

second. From the definition and from equation 9-99, we have

F12 =
-f- \ EStl (s2 ) F2 (0; s2 ) ds2 , (33)
V 1 t/«21

where the transfer admittance F2(0; S2) is the current in response to a

unit voltage across the terminals of the second antenna. If V\ = 1, the

current producing E Si i(s2 ) is the transfer admittance Fi(0; $1) along the

first antenna; hence,

E8 ,i(s2 ) = T(sh s2 ) 7!(0; Sl ) dSl
,

(34)
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and equation 33 becomes

/ T(sh s2 ) F!(0; si) F2 (0; s2 ) efei ds2 . (35)
«11 «/»21

We may also express F12 in terms of current distributions corre-

sponding to arbitrary but fixed impressed voltages Vi and V2 ; thus,

1 /»S12 /*S22

Yi2 = -

1rv-l / ^(«i, «2)/i(0;8i)/2 (0;82)d«ids2. (36)
V lV 2 Jsn Js21

Since the terminal conditions involved in equation 30 for Z12 and in

equation 36 for Y\ 2 are different, the functions ii(0;si) and /2(0;s2)

are different in the two cases. They are approximately the same when
the antennas are so far apart that the interaction between them is small.

In this case,

Vi c* Zit ili,h V2 ~ Zit2Iit2 , (37)

where Z it \ and Z it2 are the input impedances of the respective antennas

in free space. Then equation 36 becomes

Yla ~ - -y^§ (38)

In view of equations 9-76, this equation neglects Zi 2
2 in comparison with

Zi,i, Zi t2 .

As we shall see in the next chapter the above expressions for Z12 and

F12 are particularly useful in calculations by successive approximations.

12.6 Local field of a straight current filament

Relatively simple formulas for the local field of a straight current fila-

ment were obtained by Pistolkors and Bechman.* Here we shall con-

fine our attention to the electric intensity parallel to the filament ; for a

more complete discussion the reader is referred elsewhere, f One general

method of calculation is summarized in Section 8.5. It consists of inte-

grating the scalar potential of an element of charge over the region oc-

cupied by the charge, then integrating the dynamic component of the

electric intensity of a current element over the filament, and, finally, dif-

ferentiating to obtain E and H. In the present case, however, it is more

convenient to integrate directly the field produced by the current

element.

Thus from equation 8-28, we have the electric potential of the

* See references in Section 5.18.

f Electromagnetic Waves, Chapter 9.
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element (Fig. 12.3),

I{z')dz' d+

369

jpr

V =
/C0£ dz

+ =
\fwr

r = Vp2 + (z- z') 2 . (39)

Substituting in equation 8-45 and using equation 8-17, we obtain the

electric intensity of the element in the direction parallel to the filament,

Ez =
1 d 2*

juz \ dz'
+ P

2+)I(z')dz'. (40)

z = z

KzOdz'f

Fig. 12.3 Illustrating the calculation of the field of a straight current filament.

Finally, we obtain the electric intensity of the entire filament by inte-

grating between z' = z\ and z' = Z2,

d2fE z =- J_ C
Zi

(
dz2

Noting that

6V dxf/

+ 0V !(.*') dz'.

av s2^
dz dz' dz2 dz' 2

we integrate the first term in equation 41 by parts twice. Thus,

(41)

(42)

rs-^^-r^-s^-r^
= /(«')

h'2
d
W)
(dz')

dz' *) Z\

** dl(z') dxjy

dz' dz
T dz'

[d\l/ ~]z'=Z2 /»?2 .72 T(z
f\W-fL-IW^ +f

^i-**'. (43)
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Substituting in equation 41 and using the first equation in the set 42, we
have

*. -L[i'V)«*O + /CO£]">

l^X'p^ + *'«'>]**' (44)

12.7 Local field of a straight sinusoidal current filament

If the current between z' = z\ and z' = Z2 is of the form

I{z') = A cos jSz' + 5 sin /&', (45)

or

Z(z') = Ce-W + De'*'', (46)

the bracketed expression in the integrand of equation 44 vanishes.

Hence,

[/'(«':

[g— /j8r
,9

g-;/3r~|2'=z2

47TC0S

= -r^— I'(z2 ) /'(zi) - +
47rcoe

J
r2 »"i

I(z2 ) I(zi) - , (47)
dz r2 dz ri

x 7

where r\ and r2 are the distances from the beginning and the end of the

filament (Fig. 12.3),

n = [p
2 + (z - *i)

2
]^, r2 = [P

2 + (s - z2 )
2Vk (48)

Two of the terms in equation 47 depend on the currents at the ends

of the filament and two on their derivatives. If the filament consists of

several sinusoidal segments with either the current or its derivative dis-

continuous at the junctions, each segment should be treated separately.

12.8 Methods of antenna analysis

In Section 8.2 we concluded that practical approximations for the

radiation pattern of a given antenna, and for the radiated power in terms

of the maximum amplitude of the antenna current, may be obtained even

from a relatively poor approximation to the detailed current distribu-

tion. Hence, if the antenna is driven at a point where the amplitude of
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the current is maximum or nearly maximum, a rather good approxima-

tion can be obtained for the input resistance (Section 8.3). Later in

Chapter 8 we concluded that the current distribution in a thin wire ex-

cited at a single point is approximately sinusoidal. This fact has been

known for more than half a century,* and much of antenna analysis has

been based on the sinusoidal approximation to the antenna current.

However, in order to obtain the antenna impedance over a wide range of

frequencies, a better approximation to the current is needed. There are

three methods for solving this problem.

If the current is distributed on the surface of a hollow cylinder, we
can subdivide it into filaments of angular density I(z')/2t and angular

width d<p'. The electric intensity is then the average value of the longi-

tudinal intensity (equation 41) around the cylinder,

E--^r&- +^) 1^^ (49)

where

Tfe •') - -^f%(z,z';<p,<p') d<p'. (50)

If the cylinder is a perfect conductor and if Ez
l {z) is the impressed

field, then,

E 2 + E,*{z) = 0. (51)

Substituting in equation 49, we have

itr(s- + ^r
)

/(z
')& ' = -^ (z)

-

(52)

The unknown current is under the integral sign. Such equations are

called integral equations. Equation 52 is a " circuit equation " for the

antenna. To bring out the analogy between this equation and Kirch-

hoff's equations for lumped networks, we note that the integral is the

limit of a sum,

n=N 1 Td2 Viz z) 1
e -^-

[ ay + ^ r(*- z)

\
AZn I(Zn) = ~E *

i{z)
>

(53)

where iV is the number of elements in the sum. If z = z n is the mid-

point of a typical element, we have TV equations

:

E Zmn I(zn) = -E^izrn), m = 1,2,3,- --AT, (54)
n=l

* H. C. Pocklington, Electrical oscillations in wires, Cambridge Phil. Soc.

Proc, 9, October 25, 1897, pp. 324-332.
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where

£J mn
jut

Z^ + pT(z n,zm)\Az n . (55)
dz. •]

Thus equation 52 is " Kirchhoff's equation " for the antenna. There

exist other forms of integral equations for antennas, one of which, due to

Hallen, is particularly well suited to treatment by successive approxima-

tions. Antenna theory based on integral equations may be conven-

iently referred to as the circuit theory of antennas.

We can combine the method of successive approximations with the

general formulas derived in the preceding sections. On the surface of a

perfectly conducting transmitting antenna, for example, Ez vanishes

everywhere except in a small region occupied by the source of power. If

we integrate equation 49 by parts as we did equation 41, we obtain an

equation analogous to equation 44 with T(z, z') in place of \p(z,z').

Hence, if the antenna arms extend from z = z\ to z = 22 and from z = 23

to z = 24, then for each antenna arm we have

j \j^k + P
2l\ T(z, z') dz' = I 7'(z') V(z, z') + /(»') £] +

I'(z')T(z,z') + I(z')~'\""
4

- (56)
dZ _]z'=*3

As the radius of the antenna approaches zero, the right-hand side ap-

proaches a constant limit for every z not equal to zi, 22, 23, 24— that is,

everywhere except at the ends of the antenna arms. Sufficiently far

from the ends this limit is small. The factor T(z, z') in the integrand is

infinite at z' = 2 and large in its vicinity; hence, the other factor must

be small. Thus, as the radius of the antenna approaches zero,

+ /3
2/->0; (57)

dz2

that is, 7(2) approaches sinusoidal form. This is another way of proving

the result already derived in Chapter 8. Substituting the sinusoidal

current forms in equations 27 or 30, we can obtain asymptotic expres-

sions for the mutual impedance. Equation 27 is particularly conven-

ient, since the electric intensity of a sinusoidal current filament has been

obtained in closed form, and we need to perform only one additional

integration.

There is one theoretical question that we should discuss. Equation

47 gives the exact expression for the electric intensity parallel to a sinu-
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soidal current filament. This expression does not vanish along the fila-

ment. It would seem, therefore, that the current in a transmitting

antenna cannot be distributed sinusoidally, even in the limiting case of

zero radius, for the boundary condition Ez = on the surface of the

antenna is apparently violated. This apparent contradiction arises

from a false assumption that the convergence of Ez as the radius ap-

proaches zero is uniform.* Actually the convergence is nonuniform at

p = 0, where p is the distance from the filament. What happens is that

if the antenna radius is equal to a, there is a remainder term Ii(z) in

addition to the sinusoidal current; and this term is just sufficient to

make Ez {a) equal to zero. As a approaches zero, the remainder term

also approaches zero. Hence, its contribution to Ez for any fixed value

of p, greater than a, will approach zero with a. Thus, in the limit Ez is

given exactly by equation 47 for any p greater than zero; but at p =
equation 47 does not hold since Ez (a) equals zero for any a and thus remains

zero when a = 0.

This seemingly academic point has an important bearing on the

physical interpretation of what happens to the lines of power flow (Figs.

4. 18 and 4. 19) as the antenna becomes thinner. Since the power emerges

from the generator, which we have assumed to occupy a small region, all

power-flow lines should start from it. Since the antenna has been as-

sumed to be a perfect conductor, the tangential component of E and,

hence, the normal component of the Poynting vector vanish ; thus, no

lines of flow originate on the antenna. In the limiting case of an in-

finitely thin antenna, Ez is given by equation 47 when p > 0, no matter

how small p is; this gives a nonvanishing contribution to the normal

component of the Poynting vector, and the lines of flow appear to origi-

nate on the antenna. This appearance is due to the fact that we cannot

look at the lines of flow through a microscope with infinite magnifica-

tion and see how these lines turn sharply parallel to the antenna and go

to the source. We can, however, calculate the lines of power flow for

various finite radii and observe their tendency to hug the antenna as the

radius diminishes (Figs. 4.18 and 4.19).

In the next Chapter we shall use the sinusoidal approximation to the

current to obtain general formulas for the mutual admittance and the

mutual radiated power in some important special cases. The same basic

method can be used to obtain higher-order approximations. The out-

line of this second method of antenna analysis is : (1) Starting with the

sinusoidal approximation to the current in a transmitting antenna of a

* For a discussion of uniform convergence of series and sequences of successive

approximations with graphical illustrations, see I. S. Sokolnikoff, Advanced Calculus,

McGraw-Hill, New York, 1939, pp. 253-255.
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given finite radius, we evaluate the tangential field Ez by equation 47;

(2) we subject the antenna to the compensating impressed field —Ez

and evaluate the correction terms by using the results of the first ap-

proximation. Essentially this is an application to the antenna problem

of Poincare's method du balayage, the " sweeping-off " method, in poten-

tial theory. The aim is to " sweep off " the surface of the antenna the

residual tangential electric intensity by applying an equal and opposite

intensity. This is probably the most elementary method of antenna

analysis.

The third method of analysis is based on the solution of Maxwell's

field equations subject to the prescribed boundary conditions at the

surface of the antenna and the surface of the source of power. This

method consists in first calculating special types of waves or modes of

propagation consistent with the boundary conditions at the lateral sur-

face of the antenna, then the modes consistent with free-space propaga-

tion, and, finally, in combining them so as to satisfy all the boundary con-

ditions. In the end, the current in the antenna is obtained as the sum of

two components, the TEM or principal wave, and the complementary

wave consisting of all higher-order waves. We shall refer to this theory

as the mode theory of antennas. The propagation of the principal mode
is governed by ordinary transmission-line equations (see Chapter 4) in

terms of distributed series inductance and shunt capacitance. Near the

source of power only the principal mode is important. The phenomena

occurring at the junction between feed lines and antennas are particu-

larly easy to understand from the point of view of the mode theory.

Generally, however, it is best to look at any phenomenon from several

points of view.

12.9 Antennas, local circuits, and feed lines

Between the source of power and the transmitting antenna (or between

the receiving antenna and the load) there may be local circuits and con-

necting transmission lines or waveguides. Unless all the sections of this

local network are matched, the impedance looking toward the antenna

will vary from point to point in the network. Circuit theory and trans-

mission-line theory provide rules for impedance transformations between

different points. Under certain restrictions these rules are applicable

to waveguides. These local circuits are designed so that the radiation

from them is small. The fields associated with the local circuits on

the one hand and with the antenna on the other are kept as separate

as possible. The entire transmission system may thus be treated

as composed of two independent parts, the " feed system " and the

" antenna proper." The small coupling that may exist between these
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two parts may be evaluated later from the current and charge distribu-

tion obtained by neglecting the coupling.

Although it is practically impossible to eliminate the coupling be-

tween the antenna and the feed line, there are methods for reducing it

;

and, of course, theoretically this coupling can always be made to vanish.

If the antenna is fed at the center with a two-wire line (Fig. 12.4), the

interaction between the antenna and the feed line is reduced by decreas-

ing the distance between the wires of the line and by twisting them
around each other. When the distance between the wires is decreased,

the impedance relations will be upset unless the radii of the wires are also

C D

Fig. 12.4 A two-wire line feeding an antenna and the electric lines of force asso-

ciated with the principal or TEM mode of propagation.

diminished, and properly tapered in the elbow junction. Theoretically,

however, the impedance relations may be maintained indefinitely, so that

the antenna may be electrically separated from the feed line. When the

interaction between the antenna and the feeder is not negligible, it de-

pends on the ratio of the antenna impedance to the characteristic im-

pedance of the feeder; for this ratio determines the distribution of the

current and charge on the feeder.

In free space, the two-wire antenna-feed system is perfectly bal-

anced, the currents in the wires are equal and opposite,* and there is

little radiation from the feed line ; but, in the presence of the earth, the

system is balanced only if it is horizontal. If the antenna is vertical, the

field reflected from the earth is impressed on the feed line, and a parasitic

antenna circuit is created. Since the field is impressed equally on both

feed wires, the new circuit is composed of these wires in parallel with the

earth, which acts as a return conductor. In this circuit the antenna

becomes a shunt-excited antenna, in addition to being series-excited by
the feed line operating in the push-pull mode. The amount of shunt

excitation depends on the characteristic impedance of the ground return

circuit. Theoretically this impedance can be made infinite; but practi-

* We assume, of course, a balanced antenna.
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cally the ideal is unattainable because of limitations on the practicable

size of the wires.

If the antenna is fed by a coaxial transmission line, the inner con-

ductor is connected to one arm of the antenna and the outer conductor

to the other. In this case there exists a parasitic radiating circuit even

if the antenna system is in free space. The voltage transmitted along

the coaxial line is impressed, not only between the arms of the antenna,

but also between the outer surface of the outer conductor and the an-

tenna arm connected to the inner conductor. Such parasitic radiating

circuits affect the impedance seen at the end of the feed line and the

radiation characteristics of the antenna system. In Chapter 15 we shall

discuss some methods for breaking parasitic circuits.

12.10 Antenna input regions*

The antenna input region is a region of transition between the feed line

and the antenna. The elbow region in Fig. 12.4 is an example. It is the

K^Cf

Fig. 12.5 Illustrating various input regions.

region beginning where the feed line ceases to be uniform and extending

to where the antenna becomes more or less uniform and the waves guided

by it become substantially spherical. This region is more conspicuous

in a system such as that shown in Fig. 12.56. Plane waves guided be-

tween the coaxial cylinders are forced to change into cylindrical waves

between the base of the antenna cylinder and the ground plane. If the

distance AB is small compared with the radius of the antenna, these

waves emerge from the gap as waves similar to those between plane con-

ductors constituting a wedge or a dihedral horn. Gradually, at dis-

* The reader should also consult J. R. Whinnery, The effect of input configura-

tion on antenna impedance, Jour. Appl. Phys., 21, October 1950, pp. 945-956.
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tances from A, B large compared with the diameter, these waves become

substantially spherical. In the broadcast antenna tower the input

region includes the base insulator on which the tower is resting.

The limits of the antenna region are chosen arbitrarily for the pur-

pose of analysis. The feed lines and antennas in many systems may be

essentially the same, but the transition parts may be different ; it is con-

venient, therefore, to consider different parts of the system separately.

In such simple cases as that shown in Fig. 12.4, the input region may be

considered merely as an irregularity in the feed line or in the antenna;

even then, however, it is more convenient to deal with it separately.

The dimensions involved in the input region are frequently so small com-

pared with the wavelength that the region may be represented by a

simple T network (Fig. 12.6) with series inductive branches and a shunt

capacitive branch — or by a II network. For instance, in the impedance

measurements reported by Brown and Woodward* the wavelength was

5 meters, and the distance AB between the base of a coaxially fed an-

LINE
I

—

"W^
j_

nm^—

I

X ANTENNA

Fig. 12.6 A T-network may be used to represent a small input region between the

line and the antenna.

tenna and the ground plane was X/360 = 1.39 cm; the largest diameter

was 27.8 cm; hence, in all cases the dimensions of the input region were

small compared with A. In the largest cylinder the length of the gap

AB was quite small compared with the circumference of the antenna

(87.3 cm.).

If the dimensions of the input region are large, it may still be to our

advantage to consider it separately from the antenna and the feed line

;

but the equivalent T network becomes more complicated.

Whenever the series impedance of the network representing the

input region is very small compared with the impedance of the antenna,

and the shunt impedance is very large, it is permissible to speak of the
" output terminals " of the feed line and the " input terminals " of the

antenna. Otherwise, there are no antenna input terminals in the proper

sense. The impedances are then obtained by measuring the standing

waves in the feed line. From these measurements we can deduce the

effective impedance that is presented to the waves in the plane passing

through the points C, D normal to the feed line (Fig. 12.5), or in the

* Experimentally determined impedance characteristics of cylindrical antennas,

IRE Proc, 33, April 1945, pp. 257-262.
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plane through the end of the coaxial line, or in the cylindrical surface

passing through points A, B in the gap, or in the surface coinciding with

the wavefront at E, F. In this particular case the end of the coaxial

line is the most convenient reference plane for the measured impedance

;

but in theory it is just as easy to use any other position of reference.

Experimentally it is difficult to separate the input region from the

rest of the antenna. The antenna may be cut away so as to leave only

the input stub ; then, however, there will be an end effect associated with

the stub which will alter the capacitance of the stub. Corrections for

this effect will have to be made theoretically. In the case of microwave

antennas it is possible to measure the parameters of the input region by
adding a conducting spherical shell concentric with the region. This

shell is provided to eliminate the radiation without disturbing the shape

of the lines of force in the input region. The shell may be chosen to

provide either an effective short circuit at the place selected as the end of

the input region or an effective open circuit. From proper measure-

ments it will then be possible to deduce the image parameters of the input

region.

Exact calculations of the characteristics of the input region are in-

volved, although the fact that in this case the principal waves alone are

important makes the problem more manageable. Approximate calcula-

tions are not so difficult and are usually sufficient for ordinary purposes.

In the overhanging cylinder, for instance (Fig. 12.56), there is a direct

capacitance between the base of the cylinder and the ground plane.

Neglecting the fringing, we have

C = ™ {a2 - b2)
, (58)

where

a = radius of antenna,

b = radius of the outer conductor of the coaxial line,

h = length of gap.

The inductance of this region is

It is assumed, of course, that a is small compared with X/8 ; otherwise,

this region should be treated as a " disk transmission line."*

In the region extending beyond A, B toward E, F, it is convenient

* Electromagnetic Waves, p. 261.
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to use the coordinate system* shown in Fig. 12.7. For the principal

waves we may assume that the electric lines are circles of radius r. Then

the magnetic intensity is

I(r) I(r)H
*
"

2w(a -\~ r sin 0)
(60)

Fig. 12.7 A coordinate system suitable for studying waves on a cylinder.

where I(r) is the current in the cylinder at distance r from the " origin

circle." Hence, the magnetic displacement per unit length in the radial

direction is

Jfr/2 ul(r) r* /2 rdd

2x ,7o a + r sin

where L is the inductance per unit length. Thus,

rddn r* 12 _
2tJo a -f r sin 6

Similarly, we obtain the capacitance per unit length and find that

LC = /is, C.--2-

(61)

(62)

(63)

A more complete discussion on the basis of Maxwell's equations may be

found elsewhere, f

* S. A. Schelkunoff, Principal and complementary waves in antennas, IRE
Proc, 34, January 1946, pp. 23P-32P.

\Ibid.



380 GENERAL THEORY OF LINEAR ANTENNAS 12.10

Evaluating the integral in equation 62, we find

n(r/a) . a — r
L = \ = tan" 1

. /—

:

, r < a,

ttVI (r2/a 2
)

\a+ r

M
2tt

r = a,

MO/a) ,
1

r - a= tanh \ „ , n > r > a,

7rV(r2/a2
)
- 1 \ > + a

ju (r/a) , Vr + a + Vr — a ._..
log £= , r > a. (64)

7rV(r2/a2
) -T V2

When r Co,

L ^^L, C^i^- (66.)

In this region the inductance is negligible, but the capacitance may be

large. The total charge on the cylinder from r = r\ to r = r2 is

q = y f
2

-^_ dr = 4saF log— • (66)
Jn r n

Hence, the difference in the current along the cylinder is

I{v2) — I{r\) = —juq = —feoeaV log
n

= -
J Isx

log
7T

'

(67)

Thus, when r <C a, the current in the cylinder varies as log r. The input

current per unit voltage is infinite if the gap is vanishingly small.

Thus, in theoretical calculations of the input impedance it is absolutely

essential to give proper consideration to the length of the gap and to

questions of convergence.* The input impedance of an antenna con-

sisting of two hollow] cylindrical shells is a function of the length I of each

antenna arm, the wavelength X, the radius a, and the length of the gap s

;

thus,

Zi = f(l, X, a, s). (68)

This function possesses no unique limit as a —> and s —> 0. If Zi is

regarded as a function of two variables, a and s, the limit depends on the

* L. Infeld, The influence of the width of the gap upon the theory of antennas,

Quart. Appl. Math., 5, July 1947, pp. 113-132.

t In order to eliminate the obvious effect of the direct capacitance between

the flat ends of the solid cylinders.
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manner in which a and s approach zero. Thus, if s is kept constant and I

differs from an odd multiple of X/4,

Z t
->oo as a-+0; (69)

but, if a is kept constant,

Zi->0 as s-+0. (70)

If a and s both approach zero while the ratio s/a is constant, then,

Zi-x*. (71)

The general conditions may be described more readily for the input

admittance which may be expressed as a sum of three functions,

Y % = F^l, X, a, s) +/cy \og^ + F3 (l,\, a, s)j, (72)

where k is a constant. Normally only the first term is important.

When s approaches zero, this term approaches a constant limit. But

when we pass to a limit we must keep in mind that: (1) The first term

slowly approaches zero as a approaches zero; (2) the second term ap-

proaches zero much more rapidly as a approaches zero, but it slowly

approaches infinity when s approaches zero.

In asymptotic formulas for the input admittance, it is assumed that

the radius approaches zero. This assumption automatically excludes

the second term in the above equation and makes the admittance rela-

tively independent of the length of the gap. These formulas may be

applied to antennas of finite radius, but only to the extent to which the

second term has been ascertained to be negligible: that is, only if the

length of the gap is not too small compared with the radius. If the gap

happens to be considerably smaller than the radius, a shunt capacitive

admittance should be added to the asymptotic input admittance.

Thus, we have an added reason for explicit consideration of the input

region and its representation by an equivalent network (Fig. 12.6). In

theory, substantial simplifications can be made if the dimensions of the

source of power are assumed to be small ; but, in applying the results, we

must either prove that our assumption does not affect the conclusions or

else show how to amend these conclusions. In the mode theory of an-

tennas, which is summarized in the following chapter, the simplification

is made by altering the shape of the input region to conform to a pair of

conical tips. This is the only case in which the dimensions of the source

of power can be made infinitely small without radically affecting the in-

put impedance. The effect of this alteration in shape can subsequently
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be included— if it happens to be significant* — either by adding or by
subtracting the difference in the capacitances of the actual and assumed

input regions.

If we do not alter the shape of the input region and assume an in-

finitely narrow ring source at r = (Fig. 12.7), the current in response

to a unit voltage discontinuity at the source has a logarithmic singularity.

This response is the " Green's function " of our antenna problem, and

from it we can obtain by integration the response to any given impressed

voltage. In this case the input admittance is given substantially by
7(s/2), the current at the ends of the gap. For a zero gap, the exact

admittance is infinite. If, however, our method of solution depends on

the hypothesis that the radius of the antenna approaches zero, so that the

solution is asymptotic in character, the input region is automatically

eliminated from the solution, and the solution is valid only to the extent

to which the capacitance of the input region is negligible.

It should be understood that, when we speak of the " antenna gap,"

we mean the region between the assumed terminals of the antenna.

The gap is empty when the antenna is fed by transmission lines. In

long-wave antennas, the gap may include the building with the genera-

tor, the tuning coils, etc. If for theoretical purposes we exclude the

feeder, the gap is the region of applied electric forces. In this case we
assume that these forces are capable of transferring the electric charge

back and forth between the antenna arms. At our convenience we may
assume that the internal impedance of the gap is either zero or infinity.

In the first case the applied voltage is equal and opposite to the voltage

developed across the ends of the gap by the charges and currents in the

antenna. In the second case the total applied voltage is infinite, but we
consider only that part which appears across the terminals of the gap.

This is the usual method for separating the internal impedance of a

generator from that of a passive structure connected to it.

12.11 Modes of propagation in cage antennas

On several occasions we have noted that in a long pair of parallel wires of

equal diameters there are two principal modes of propagation: (1) the

push-pull mode in which the currents in the wires are equal but oppo-

sitely directed, (2) the push-push mode in which the currents are equal

and similarly directed. In the first case the waves are plane. In the

second case they are plane only if the wires are parallel to the surface of

* In broadcast antennas, the capacitance of the base insulator is important,

but the near-base capacitance is likely to be unimportant. In thin microwave

antennas, the near-base capacitance is also unimportant, but it is important in fat

antennas.
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the ground; otherwise, the waves are spherical. With each principal

mode there are associated complementary modes which enable us to

satisfy the boundary conditions at the ends and at other discontinuities.

If the diameters of the wires are unequal, there are still two principal

modes of propagation; but the currents in the push-push mode are

unequal.

In antenna analysis this mode of thinking is very useful when the

distance between the antennas is small compared with the length. The
simplification is due to the fact that the above modes of propagation are

independent of each other, and each is symmetrical in its own way.

Furthermore, the push-pull mode has very simple properties. But, as

the distance between the antennas becomes larger, the coupling between

them becomes smaller ; then it is more convenient to base our thinking

on two coupled modes, each of which is simply the principal mode of

propagation in an isolated antenna.

In the case of n parallel closely spaced wires there are n independent

principal modes of propagation, of which one is spherical and n — 1 are

plane. As the distances between the wires become larger, we may still

think in terms of these modes, except that the modes will be neither

spherical nor plane; in such a case it is better to think in terms of n

coupled modes each of which is merely the principal mode in an isolated

antenna. When the (n — 1 ) modes are substantially plane, their theory

is simple; it involves Maxwellian potential coefficients and inductance

coefficients. These modes are the ones that play such an important part

in the theory of " transmission lines " at low frequencies.

If wires of equal diameter are equispaced on a cylindrical surface to

form a cage, it is particularly easy to determine from symmetry con-

siderations a set of n independent modes. In the case of three wires,

for example, we have the three modes shown in Fig. 12.8. If we satisfy

the boundary conditions at the surface of one wire when the currents are

equal, the boundary conditions at the other wires are satisfied auto-

matically. In cases b and c, one wire is in the neutral plane of the other

two. Similarly we obtain four modes (Fig. 12.9) for a cage with four

wires.

In the general case of ri wires we may start with the relative cur-

rents shown in Fig. 12.10. For the phase angle
\f/ we take

^ = _2^L, m==0
,

1, 2,.-.,n- 1. (73)

If we replace / by / exp(j^), we merely rotate the current distribution;

hence, if we satisfy the boundary conditions at the surface of one wire, we
shall satisfy them at the surface of every other wire. Now the currents
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in the wires are

I, Ie'*, • • •, Ze(n_1) >*

12.11

(74)

If we rotate the phase in the opposite direction, the same set of modes is

expressed by
Z, Ie-M, Ie-2 ^, • • -, /c- (»-i>/*. (75)

-I

i i

(a)

I -I

(b) (c).

Fig. 12.8 Relative currents in three independent modes of propagation in a cage

consisting of three equispaced parallel wires of equal diameters.

• I !•

(a)

• I

• -I*

(b)

!•

• -I •

fc)

• I -!•

• -I !•

Fig. 12.9 Relative currents in four independent modes of propagation on four

parallel wires.

Ie
j(n-iW

Fig. 12.10 Relative currents in n parallel wires equispaced on the surface of a

cylinder.

From these we obtain two possible sets of real currents which may exist

on the wires,

I, I cos ^, I cos 2^, • • •, I cos(n - 1)^;
(76)

0, I sin \{/, I sin 2\J/,
• • • , I sin(n — 1)^.
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We may now choose our independent set of modes from these current

distributions.

If n = 3, for instance,

* = ^m, m = 0, 1, 2. (77)

A set of independent modes is then given by

/, -JI, ~\l\ (78)

u
' 2 ' 2

The amplitude factor in each mode is arbitrary, of course. The first and

third of these modes are among the set shown in Fig. 12.8 ; the second is

one half the sum of b and c. Vice versa, the modes b and c may be

obtained from the second and third modes of the present set. The rela-

tive amplitudes of various modes may be obtained graphically from the

projections of a radius on two mutually perpendicular diameters (Fig.

12.10).

It is important to observe that the sum of the currents in all wires of

the cage is zero for any of the above modes except the one in which all currents

are equal. In these modes one set of wires provides a complete return

circuit for the current in the remaining wires. For small distances be-

tween the wires the end effects are small, and such modes have the prop-

erties of those considered in multiple-wire transmission lines. The end

effects do not really complicate the picture ; but we must not forget them

when they make significant contributions.

All possible conditions of excitation of a cage may be expressed in

terms of independent modes of propagation. For example, let a voltage

V be impressed at the center of a single wire of the cage. This condition

may be expressed as the sum of n modes

:

— V, —V, —V, •••, — V;
n n n n

(79)

— V, — Ve>\ — Ve2 >», • • •, — Ve^-W;
n n n n

— V, — Ve2 >», — Vt^\ • • •, — JVu-i),*.
n n n n

— V —Ve {n~ l)j* — Ve2{n
~ 1} 3* ••• —- 7e(«-D 2

^.
n n ' n ' n

The sum gives

V, 0, 0, •••, 0. (80)
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Suppose now that the length of the cage is X/2 and that the ends are con-

nected together ; then the waves in all modes of propagation except the

first encounter effective short circuits at the ends.* The generators in

the center see infinite impedances and the corresponding currents vanish.

In effect, the voltage V impressed on one wire is equivalent to a voltage

V/n impressed uniformly around the cage. If the diameter of the cage

AO ob A ti oB
V777777777777777Z

(a) (b)

Fig. 12.11 Two independent modes of excitation of a wire network.

is small, the radiation resistance is about f 73 ohms ; therefore, the total

current in the cage is V/73n. The current in the wire where V is actually

impressed is V/73n2
; hence, the impedance seen by the generator is

73n2
. We have thus multiplied the impedance in the ratio n2 to 1.

v
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C
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^77777777777777777;

V
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777777^7777777777

(a) (b)

Fig. 12.12 Another pair of modes of excitation of a wire network.

This is a generalization of the result obtained in Chapter 11 for folded

dipoles. When the length of the antenna differs from X/2, it is more

convenient to consider the admittance seen by the generator, since the

various modes of propagation are electrically in parallel.

* Except for a small radiation resistance.

f Actually it is higher, depending on the radius. The resistance is about

73 ohms for a self-resonant cage; but then we have some reactance from the other

modes.
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Considerations of this kind may be extended to such structures as

those shown in Figs. 12.11 and 12.12. The second case is more general

since it provides for different sets of connections at the points M, C, N.

Thus, we may short-circuit these terminals as in Fig. 12.11 ; then we have

to consider only two modes corresponding to the generators at the base.

Also we may connect only two points, M and C, or only C and N ; then we

must consider the two modes of excitation shown in Fig. 12.12 in addi-

tion to the modes of excitation at the base. In the mode shown in Fig.

12.116, no current is flowing in the single wire at the top. If the distance

between the parallel wires is small, the input admittance for this mode is

substantially equal to that of a short-circuited transmission line. When
the length of this line is X/4, the input admittance is zero. If we now
connect B to ground, the impedance from A to ground is four times

the impedance A, B to ground. Incidentally, when B is connected to

ground and the input is at A, we have essentially a shunt-excited antenna.

12.12 Loop antennas and shunt-excited antennas

Equations 24 are applicable to loop antennas (Fig. 12.13) and to shunt-

excited antennas (Fig. 12.14). Thus, the input impedance is

§E,(s) /*(*) ds

Zi=~- jjj (81)

Another formula is found from the Faraday-Maxwell equation for

the voltage around a closed loop. Assuming that the wires are perfectly

conducting, we find that the only contribution to the line integral comes

from the gap AB. Thus, the impressed voltage from A to B is

V* = ~^f= ->>*, (82)

where 3> is the magnetic displacement toward the reader through the area

of the loop (Fig. 12.13). An equivalent expression is in terms of the

dynamic component of E (or the vector potential),

Vi = f F s ds. (83)
J(ACDEFBA)

Hence,

jw$ fF,ds

1 i 1 i

All these formulas are exact, although various approximations are

usually made in their applications. In fact, when we know the exact
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current distribution, we also know the potential distribution and have no

need for formulas such as those above. It is only when we do not know
the exact current distribution that these formulas become useful, for, in

B_

A~

L

(a)

Fig. 12.1

D

(b)

3 Loop antennas.

effect, they yield a second approximation to the input impedance. We
know, for instance, that in the first approximation the current and po-

tential are distributed sinusoidally ; the impedance obtained directly

from the potential difference between the input terminals and the input

(a) (b)
I B \ a ) V. »

)

a| |B

Fig. 12.14 Shunt-excited antennas.

current is not adequate for practical purposes; but, if we substitute the

first approximation to the current in equation 81 or 84, we obtain a

better result. The principal error occurs in the denominator when its

value is small — that is, near antiresonance. This region can be studied

by the method given in Section 11.16.

12.13 EllipticaUy polarized waves

Electromagnetic waves are said to be linearly polarized at a given point

if the electric vector lies on a fixed straight line at all times. In general,

however, the end point of the electric vector describes an ellipse, and the

waves are said to be elliptically polarized. Such waves may be generated

by two crossed current elements (either in free space or inside a horn) if

we operate them in quadrature (see Section 6.5). We have seen that, at

great distances from the source, the electric vector is perpendicular to the

direction of propagation ; hence, the plane of the ellipse is also perpen-

dicular to the direction of propagation. The general expression for the
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electric vector is then

E = E eie + E^i?
, (85)

where i$ and i^ are unit vectors in the 6 and <p directions. If E is linearly

polarized, the ratio Ee/E^ of the instantaneous values of its components

must be independent of time; hence, Ee and E v must be in phase or 180°

out of phase. For any other phase relationship the wave is elliptically

polarized.

We can choose the origin of time so that the initial phase of Ee is

zero ; then we may set

E e = A, E
<f>

= Be>», (86)

where A and B are the amplitudes of Ee and E v and # is the phase lead

of Ey with respect to Ee. The instantaneous values are

E B = A cos at, E„ = B cos(«< + #). (87)

If B = A and # = ± tt/2, we have

E e = A cos at, E v = Ti sin ut (88)

and

Ee2 + #„2 = A 2
. (89)

Hence, the locus of the end points is a circle, and the wave is circularly

polarized. If # = 7r/2, then, at t = 0,

#,(0) = A
}

E <p
= 0, (90)

and one quarter period later,

Ee(iT) = 0, #„ = -4. (91)

Therefore, as we look in the direction of propagation (positive r direc-

tion) the vector appears to rotate counterclockwise. If # = —tt/2, the

vector rotates clockwise.

If # = ± 7r/2 but B 9^ A , the locus of the end points is the ellipse

So2 E 2

+ 4g- = i. (92)A 2
' £ 2

In general, eliminating £ from equations 87, we find

Ee2 2E eEv cos fl E 2

-^42 xb + "52" = sm *• (93 )

This is an ellipse with its major axis inclined to Ee.
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12.14 Radiation and reception of elliptically polarized waves

In Chapter 6 we derived several simple formulas for the amount of power
which may be transmitted between two antennas on the assumption that,

as transmitting antennas, they radiate linearly polarized waves. We
shall now obtain more general formulas. Equations 12 express the

electric intensity in terms of the radiation vector. In a nondissipative

medium of arbitrary intrinsic impedance rj, these equations are

Ee = ~ Sr Nee
~ i6r

'

E *
= ~ ~it N'e

~ifr
-

(94)

Consider a current element of length s tangential to a typical meridian.

The voltage induced in the element is

Fi - —gr #"•«-*"• (95)

By the reciprocity theorem, this is also the voltage induced across the

terminals of the given antenna if the current in the element equals the

input current /»• in the given antenna required to create the field (equation

94). The field of this element at the given antenna is

E,< = ^£- erif. (96)

Hence, the induced voltage is

EjNt
Vi = - ^p (97)

J- i

Similarly, we may consider a current element tangential to a typical

parallel and obtain the voltage induced in the given antenna by a

<p-polarized wave

B *N
V2 = - V

*
• (98)

The total induced voltage is

V = Vl + y2 = - E °'N
° + E *

iN
*

(99)

Thus, we have expressed the receiving properties of the antenna in terms

of its radiating properties as defined by the radiation vector N.

Consider now two antennas with radiation vectors Ni and N2,

one used as a transmitting antenna and the other as a receiving antenna.
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The field created by one and the voltage induced by it in the other are:

Ee,i = - -§fN,.ie -"', B, tl = - ^^,1^,

V = - Ee
>

liN »< 2 + E *.l iN**
(100)

Jt; N 9 ,iNo,2 + N v ,iN v ,2

2\r Ii,2

where 7 tl 2 is the input current which would have to be supplied to the

receiving antenna, if it were used as a transmitting antenna, to create

the field given by JV2.

If the receiving antenna is terminated into its conjugate impedance,

the received power is

VV*
o/It,2

The power delivered to the transmitting antenna is

Ptr = iRi,iIi.iIi,i*. (102)

Thus, the power ratio is

prec 77*
Ptr 4:Ri,lRi,2l%,lIi.l*

Substituting from equations 100, we have

Prec = v
2(Ne,iN e ,2 + N 9tlN,, 2 ) (N e,i*N e ,2* + N p ,i*N 9t2 *) n()4)

Ptr ^\2r2R i ,lRi,2li,lIi,l*Ii,2li,2
:¥ ^ }

We note that

Pi = iRi,Ji,iIi,i*, P2 = iRi,2li,2li,2*, (105)

represent the power inputs to the antennas required to produce fields

given by the radiation vectors Ni and N2. Hence,

Prec v
2 \Ne,iN e ,2 + N VtlN9 ,2 \

2

Ptr 64X2r2PiP2

If the heat losses in the antennas are negligible,

(106)

(107)
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and equation 106 may be written as

Pr ec

\2 (N6,lN 9 ,2+N, tlN v .2)(N9.1*N 9 ,2*+N,.i*Nr,2*)

(108)

This formula depends only on the current distributions of the antennas

when each is used as a transmitting antenna. In equation 104 we have

to know the values of the input resistances of the antennas and of the

input currents. When the input currents are small, as in antiresonant

antennas, we have to know these values very accurately, or else the error

will be large. On the other hand, equation 108 is not sensitive to the

errors in the current where the current is small.

In the numerator of equation 108, the same coordinate system must

be used for both antennas. We can make it independent of the coordi-

nate systems by noting that the quantities in parentheses are scalar

products of those components JVi, A^2 of the radiation vectors Ni and

N2 which are normal to the radii drawn from the corresponding sources.

Thus,

Prec \2(NvN2 )(Ni*-N2*)

Ptr
/*Zw /»7r /*Zir fir

Jo ./>'*•* dQI J N,-Na*dQ
(109)

Let us define the polarization vectors as the following unit complex

vectors

m = Ni(NvNi*)-x, n2 = N2 (N2 'N2*)-
lA

. (HO)

These are " unit " vectors in the sense that

nrfti* = 1, n2-?i2* = 1- (HI)

Equation 109 becomes

Prec X2 (^i-J7i*)(J72-^2*)(ni-n2 )(ni*-W2*)

r2L Jo CVraWo/ J (NrN2*)<m

Since N-N* is proportional to the radiation intensity, we have

| | $idn| I <t>2 dQ
Jo Jo Jo Jo

(112)

1 tr „2

where

P"c = k „2 . ^^ ,
, (113)

k = (wi-n2 )(ni*-n2 *) (114)

is the polarization loss factor.
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Polarization does not enter into the remainder of equation 113.

The definition of directivity (equation 6-2) does not involve polarization

considerations. Hence, we may express equation 113 as follows:

Free . / X X2 $1 $2

\ 2 r~ $i ma * $<;

P tr

iyiy
'\47rr/ $i,max $2,.

^.1^.2 $1 $2

1 ,max ^2 ,max

where the effective areas are defined by A = g\2
/4:T, irrespective of

polarization. If k = 1, 3>i = ^l.max, $2 = $2, max, we have the maxi-

mum possible transmission of power between antennas with directivities

equal to g\ and Q2. The factor ^l/^i.max represents the loss if the trans-

mitting antenna is not beamed on the receiving antenna, $2/^2,max is

the loss if the receiving antenna is not beamed on the transmitting

antenna, and k is the loss caused by the polarization differences. If

ft2 = ± fti*, then k = 1; otherwise, k < 1.

Any unit complex vector may be expressed in the form

n = ie cos a + ive
J

'

d sin a, (116)

where i$ and i 9 are orthogonal unit vectors and a is not greater than

£0°. The factors cos a and sin a represent the relative amplitudes of

the components of E in the two polarizations and & is the phase dif-

ference. Substituting in equation 114, we find

k = |cos ai cos «2 + sin a\ sin 0:2 e'<*i-W| 2

= cos2 a\ cos2 d2 + 2 cos a\ cos «2 sin a\ sin 0:2 cos(#i + #2) +
sin2 a\ sin2 0:2

= cos2 («i — #2) — sin 2a?i sin 2«2 sin2 ^(#1 + #2). (117)

Since a\ and «2 are not greater than 90°, the second term is never nega-

tive; hence, /: attains its maximum value, unity, when a\ = «2 and the

second term vanishes ; the second requirement is satisfied either when

ai = #2 = 0, 90° or when #2 = — #1.

12.15 Directivity vectors and effective lengths of antennas

We can also express equation 109 in the following form, which resembles

equation 6-28,

7f=^Mi^)
2

' (118)

where the directivity vector N is defined by

* = [-hri'NN dn
—X2

N. (119)
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All the above formulas for the power ratio are based on the assump-

tion that the receiving antenna is matched, that is, terminated into its

conjugate impedance. In the formulas that follow equation 106, it is

further assumed that the heat losses in the antennas are negligible. If

the heat losses are not negligible, we should introduce the efficiency

factors ; and, if the receiving antenna is mismatched, we should include

the mismatch loss. If we do not wish to separate the various effects,

we should go back to equations 100 which give the field created by the

transmitting antenna and the voltage induced across the open terminals

of the receiving antenna. In such calculations it may be convenient

to introduce the generalized effective length of the antenna defined as a

complex vector*

N
h = ^- , (120)

J- i

where /»• is the input current required to create the field represented

by N. Note that N is the component of the radiation vector normal

to the direction of propagation. The product iV = I{h is the effective

moment of the transmitting current distribution in the direction (6, <p).

The electric intensity of the wave generated by the transmitting antenna

may then be expressed asf

E =
(jfc\ iuJwrt*. (121)

The voltage induced across the terminals of the receiving antenna is

V - E-h2 = (-^A Iitihi-h*r*». (122)

This is a direct generalization of the transmission formula for two parallel

current elements perpendicular to the line joining them, in which case

hi and h2 are the actual lengths of the elements.
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PROBLEMS
12.1-1 Consider two current elements of moment / dz, one at the origin and

the other at one of the points whose Cartesian coordinates are: (xo, 0, 0), (0, yo, 0)

(0, 0, zq), (so, 2/o, zo)- Find the radiation vectors.

Solution. With respect to its own position the radiation vector of either

element is I dz. With respect to the origin the radiation vectors of the elements

at (0, 0, 0) and (xo, 0, 0) are, respectively,

iVi,2 = / dz, N2lZ = / (be*** sin e cos *.

To obtain the second vector we use the translation rule 5 and note that, if xq > 0,

then r' = xo, and the direction from the origin to the second element is given by
$' = 90°, (p = 0. Hence, from equation 3 we have cos 4> = sin cos (p. If xo is

negative, then r' = — xq (since the radial coordinate is essentially positive) and

e' = 90°, <p' = 180°.

The translation factor remains unchanged since cos^ = sin0cos(<p — jt) =
— sin 6 cos <p. The total radiation vector is

Nz
= Idz{\ + e

iP*0*in8co*V).

We can equally well translate the element at the origin to (xq, 0, 0). Then,

Nh8
f = I dze-rt** sin e cos

*, N%J = / dz,

Nj = I dzifi-V**
sin e cos * + 1)

= I dz (1 + e^x° sin 9 cos v)e~iPXQ sin e cos <p
.

We note that the two vectors differ only by a phase factor,

N ' = N e—tfxo sin o cos 9

so that the squares of the absolute values are equal,

N/N/* =NZNZ
*.

The radiation intensity is not affected.

We can refer the radiation vector of both elements to the mid-point; then,

Nz = I dz (e^xo sin 9 cos v + e~^iPx° sin e cos *)

= 2(1 dz) cos(^/3xo sin cos <p).

In the case of the elements at (0, 0, 0) and (0, yo, 0) we have

Nz
= Idz(l + e

#l/0«n*siiHP)

since r = yo, d' = 90°, <p' = 90°. And, for the elements at (0, 0, 0) and (0, 0, z ),

we have r = zo, d' = 0, and

Nz = Idz{\ +e^ 2° cos(?
).
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If the elements are at (0, 0, 0) and (xo, 2/o, zo), we can translate the second

point of radiation to the origin directly by means of equation 5. In this case,

r = (xo
2 + yo

2 + zo
2
)
y\ cos / - ~- , tan j = -^-

.

r xo

It is often convenient, however, from the point of view of subsequent integrations,

to use the rule of successive translations of the effective point of radiation. Thus, we
can translate from (xo, yo, zq) to (0, yo, zo) then to (0, 0, zo) and finally to (0, 0, 0).

In this way we obtain

N2 = I dze 7^x° sin e cos/ e }&V(i sin e sin ^ e
J/3z°

cos e
.

This rule is equivalent to the equation,

r cos xf/ = xo sin cos <p + Vo sin sin <p + zo cos 0,

which states that the projection of the vector from (0, 0, 0) to (zo, yof zo) on a par-

ticular direction equals the sum of the projections of its three mutually perpendicular

components.

12.1-2 Find the radiation vector of an array of four elements of moment I dz

at the following points: (0, 0, 0), (a, 0, 0), (0, b, 0), (a, 6,0).

Solution. First we obtain the radiation vector of the first two elements with

respect to the mid-point (§a, 0, 0),

iVi iZ
= 21 dz cos (^(3a sin 6 cos <p).

Next we obtain the radiation vector of the last two elements with respect to the

mid-point (|a, b, 0) between them,

N2, z = 2/ dz cos (^a sin 6 cos <p) = N\, z .

These two effective points of radiation form an array of identical elements. The

radiation vector of this array with respect to the mid-point (^a, ?b, 0) is

Nz = 2Ni,g cos(J/36 sin 6 sin <p)

= 47 dz cos(J/3a sin cos <p) cos(|/36 sin 6 sin <p).

12.1-3 Obtain the radiation vector of three current elements of moments I dz,

21 dz, I dz at (0, 0, 0), (0, 0, I), (0, 0, 21).

Ans. Nz = Idz(l + 2e
ju + e

2 > u
) = I dz{\ + e 3

'

u
)

2

= 4/ dz cos 2 (^u) exp(ju), u = pi cos 6.

12.1-4 Obtain the radiation vector of n + 1 current elements whose moments

are proportional to the coefficients of the binomial expansion (a + b)
n

. Assume

that they are along the z axis and that the distance between the successive ele-

ments is I.

Ans. Nz = I dz(l + e
ju

)

n = 2nI dz cosn (iu) exp(ijnw),

u — ^l cos 6.

12.1-5 Solve the preceding problem for the case in which the moments are

proportional to the coefficients of the various powers of a in the expansion (1 — ja)n .

Ans. Nz = 2nI dz cosn (|u - Jtt) expi^jnu), u = $1 cos 0.
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Note that, if Z = X 4, 0J = r/2, and, except for the phase factor,

N» = 2n7 cfe cosn J»(l - cos 0).

Hence, the radiation vectors of all the elements add in phase in the direction 0=0;
in the direction 9 — v, Na = 0.

12.1-6 Obtain the radiation vector of four equal current elements parallel

to the z axis and equispaced in the xy plane on a circle of radius a. Assume that

one element is at (a, 0, 0).

Ans N = (e Ĵ ° sin e cos ** + e
7/3a sin e cos ^ <f>

~^T
'

)

I

e
//3a sin cos(*>—x) i

e
ipa sin cos(v?—2rA J (JZ

oo

= 4(7 dz)Jo(pa sin 0) 4- SI dzY, J*n(Pa sin 0) cos ±n<p.

n= l

A'ote. A clover-leaf pattern in the equatorial plane is obtained when /Sa = 2-ira, \

= 2.40, the first zero of Jq{x).

12.1-7 Obtain the radiation vector of a uniform current filament, I amperes,

extending along the z axis from (0, 0, 0) to (0, 0, I).

J*
1

.a a 21 sin (£j8Z cos 6) - . ,

o /3 cos

12.1-8 Obtain the radiation vector of a blade of current elements of moment

px = C dx dz extending from (0, 0, 0) to (0, 0,1).

Ans. Nx = Cdx ( e^ zcosd
dz.

s:
(Compare with the answer in the preceding problem).

12.1-9 Obtain the radiation vector of a circular ribbon of radius a and height

dz carrying current I at right angles to the plane of the circle.

Ans. Xz = —- / e
i&a sin e cos (^' } oV'

2tt Jo

idz r 2r

_ ±JT I e tfa
sin cos <p' tf^r

2?r Jo

= (I dz) Joi&a sine).

12.1-10 Obtain the radiation vector of a circular current loop of radius a in

the xy plane. Hint: Express Xx and Ny in the form of integrals: before actual

integration obtain Xp and Ntp.

Ans. N 9 = j2iral JiOSa sin 0), X
p
= N» = 0.

12.1-11 Obtain the radiation vector of a cylindrical uniform current sheet of

radius a and height I. Assume that the current is axial.

21 Jo (£a sin 0) blq(J# cos 0)

0COS0
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12.1-12 Solve the preceding problem on the assumption that the current

is circulating.

. Anal JiOSa sin 0) sin (^(M cos 0)
Ans. N = jv

01 cos

12.1-13 Solve Problem 5.15-3 by the method given in this section.

12.1-14 Consider a helical progressive current filament wound on a cylinder

of radius a. Let h be the pitch of the helix. Let the filament start at (a, 0, 0) and

end at (a, 0, nh). Let the phase constant along the filament be 0. Find the radia-

tion vector.

X2rnr
eWl+*2> cos(*> - <p')(fy',

X2wr

— sin0 f
2B

V*i+*W,
2tt Jo

#1 = /3a sin cos(<? — <p ), #2 = PL \<p ,

Note: To evaluate the integrals, express exp(j$i) as a Fourier-Bessel series. If

#2 = 0, the final answer is simple

:

Nv = 2jniraIo Ji(&a sin 0), N$ = —nhlo Jo(pa sin 0).

In general, the final answer is given by a Fourier-Bessel series.

12.1-15 Obtain the radiation vector of a circular blade of electric current I

flowing uniformly in the radial direction from p = atop = a + s, where s is small.

Ans. Np = jls Ji(pa sin 0), N v = N\ = 0;

hence,

No = jls J\{0a sin 0) cos 0, N r = N v = 0.

12.1-16 Consider a conical sheet coaxial with the z axis. Let its length along

the generators be I, and let \p be the angle between the generators and the axis.

Assume that the current flows along the generators and that at distance r from the

apex it is I(r) = Iq sin /3(Z — r). Find the radiation vector.

Ans. Nz = 7 cos $ I sin 0(1 - r) e^r cos e cos * Jotfr sin sin \p) dr,

Np
= jl sin ^ / sin 0(1 - r) e^r cos e cos * Ji(j8r sin sin ^) dr.

Note. To integrate, expand Jo and J\ in power series. The series converge rapidly

if
\J/

is small.
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12.1-17 Solve the preceding problem for a double cone formed by a single

cone and its image in the equatorial plane. Assume that the current distribution

is symmetric.

Ans. The same as in the preceding problem if the exponential factor is replaced

by 2 cos(j8r cos cos \f/).

12.1-18 Obtain the radiation vector of a current filament beginning at the

origin and lying in the xy plane. The angle between the filament and the x axis

is <p'\ the length I, and the current I(s) = 7o sin /8(Z — s), where s is measured from

the origin and the positive direction of current is from the origin.

Ans. Nx = No cos <p
f

,
Ny = No sin <p'

,

Io[exp(jPl cos \p) — cos fil — j sin pi cos \f/]

No -

sin2 +

cos \p = sin cos(<p — <p).

12.1-19 Calculate the radiation vector of a V-filament formed by adding to

the current filament in the preceding problem a similar filament making an angle
—

<p with the x axis and carrying the current toward the origin.

Ans. Nx = (JVi — N2) cos <p', Ny = (Ni + iV2 ) sin <p',

where N% equals iVo in the preceding problem and N2 is obtained from TVo by reversing

the sign of <p .

12.1-20 Obtain the radiation intensity of two current elements, J\ ds\ and

I<l ds2. Let the first be along the z axis at (0, 0, 0) and the second parallel to the

x axis, at (0, 0, I). Assume that the phase lead of 12 with respect to I\ is &.

Ans. $ = —5- [|/i dsi|
2
sin

2 + \l 2 ds 2
\

2
(1 - sin

2 cos2
<p)
-

A

(/5J1V" cos e + IJt**~m coa 9
) dsi ds 2 sin cos cos <p]

15tt

[|/i dsi\
2 sin2 + \l2 ds 2

\

2
(1 - sin

2
cos2

<p)
-

X2

2\li ds\ 1 2 ds2\ cos((3l cos + #) sin cos cos <p\.

12.1-21 Consider two elements I\dx\ and I2 d\j2 at (h, 0, 0) and (0, I2, 0),

respectively, and assume that phC-ZV-fi) — «?• Calculate the radiation intensity.

157T
Ans. * = —5- [|/i dxi\

2
(cos

2
cos

2
<p + sin

2
^j) +

A

|/2 dj/2|
2
(cos

2
sin

2
? + cos2

<p)
—

2|/i rfxi 72 dt/2| cos(/3Zi sin cos <p — ph sin sin ^> — t?)].

12.4-1 Show that the input impedance of a linear antenna may be expressed

as follows

:

Zi = - JJJjJTbu s *) *(«i) ^*(«2) dsi ds 2 ,
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where T(si, S2) is an appropriate space transmission factor between two typical

current elements.

12.4-2 Along the surface of a perfectly conducting antenna the tangential

component of E vanishes except in the region of the impressed voltage. Hence,

from equation 17 we find

E8 (s)I*(s)ds,

where 5 is the length over which the impressed voltage is distributed. If 7(s) does

not vary rapidly in this region, then,

Es (s)ds = hV'li*.
Sn—h8

This is what we should have at the input terminals of a concealed circuit.

If the exact antenna current is known, the equations of Section 12.4 are trivial

since over practically the entire range of integration the integrals vanish. But in

this case we have no need of these equations because we obtain the impedance merely

by dividing the impressed voltage by the input current. The equations are useful

for approximate calculations.

The equations of this section can be misinterpreted, and it is essential that

they be thoroughly understood. All radiated energy comes from the generator

connected to the antenna, and it may be expressed in terms of the voltage and current

at the terminals of the antenna. On the other hand, each current element radiates

energy; hence, the radiated energy may be expressed in terms of the currents at

various points along the antenna. This seems to suggest that the antenna is a

system of distributed sources of radiation. So it is; but almost all of the elements

of the antenna radiate borrowed power. They receive power from the generator

and reradiate it. If the antenna is not perfectly conducting, each element retains

a small fraction of the received power and transforms it in heat. The mechanism

is the same as in the case of two coupled circuits with the source of power in one.

If there is no loss in the coupling mechanism, the power dissipated in both circuits is

where R 1 and #2 are the resistances of the circuits. The same power can also be

expressed as

P =%(Ri+R c)Iih*,

where R c is the resistance of the passive circuit coupled into the active circuit-

Consider now two perfectly conducting capacitor antennas, that is, current

elements connecting pairs of parallel plates. Let one antenna be active and the

other passive. Let Ru and R22 be the radiation resistances of the antennas when

isolated from each other. Let R12 be the mutual radiation resistance. The radiated

power may then be expressed in the following form

:

P = hlRnlih* + RMI1I2* + h*h) + £22/2/2*].

Note that this expression does not distinguish between active and passive antennas.

Show that this expression reduces to

P = |re VJx*

when the second antenna is passive.
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12.7-1 Obtain the magnetic intensity of a sinusoidal current filament extend-

ing from z = z\ to z = z 2 .

Ans. 4irjpPH v = [l\z 2 ) - i/3/(2 2 ) cos 2 ] e
-^2 -

[/'(zi) -jj8/(«i)cos0i]e-'*\

where 0i and 2 are the angles made by r\ and r2 with the segment (zi, 22).

12.7-2 Obtain the radial component of the electric intensity for a sinusoidal

current filament.

Ans. AirjoxpEp = l'(z 2 ) <r y^2 cos 2 - l'(zi) <T^ Tl cos 0i +

(„ sin
2
0i \ ...

jn cos 2
0i - -7-M«r*ri -

/(«2)6|8 cos 2
2 - E^Il\ e-m m

12.7-3 Show that the formulas for the electric intensity of a sinusoidal current

filament may be expressed as follows

:

e-iP
r
i e

_#r2 dV
4*ju*Ez = /

r

(zi) /
/

(z 2 )

ri r 2 dz

AirjcoepEp = [7
/

(z 2 ) cos0 2 -3&I(z2)]e-ftr
* -

dV
[7

,

(zi)cos0i -jpl(zi)]e->fa -
dp

where V is the electric potential of the end charges. Hence, in any connected net-

work V contributes nothing to E.

12.12-1 Consider a folded dipole consisting of two parallel wires whose radii

are a\ and a 2 . Assume that each cylinder is of length 21. Show that the admittance

seen at the center of the first wire is approximately

Yi = -ijA 1 cot 01 + Ypk 2
2
(ki + k 2)~\

where A \ is the characteristic impedance of the wires energized in push-pull, Yp is

the input admittance of the two wires connected in parallel, and ki = log(s/ai),

k 2 = log(s/a 2), where the interaxial distance s is assumed to be larger than 2{a\ + a 2 ).

Note. To obtain this result, consider first two infinitely long wires surrounded by

a cylindrical shield whose radius R is very large and which is substantially coaxial

with either wire. Show then that, if q\ and q 2 are the linear charge densities, the

potentials are

Vi = -1 log — + ~- log -
,

2ire CL\ 2ire S

V 2 = — log - + —- log — •

2-rre S 2we a 2

From these expressions show that, in the push-pull mode of propagation, in which

the charge densities are equal and of opposite signs, the potentials are in the ratio

—ki/k 2 , while in the push-push mode, in which the potentials are equal, the charges

are in the ratio k 2/k\.
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12.13-1 Evaluate the square of the instantaneous length of the E vector

(equation 85).

Ans. \ (A
2 + B 2

) + \ {A
2 + B2 cos 20) cos 2U - \B 2

sin 20 sin 2<A.

12.13-2 Using the result of the preceding problem, obtain the instants at

which the instantaneous length of the E vector is either maximum or minimum.

Calculate the maximum and minimum lengths.

1 , -B 2
sin 20

Ans. t = tan
2a> A 2 + B 2

cos 20
'

[\{A 2 + B2
) ±\(A* + 2A 2B2 cos20 + £ 4)^ .



13

IMPEDANCE OF DIPOLE ANTENNAS

13.1 Interaction between antennas

In Section 12.3 we derived general expressions for the transducer

parameters (see equations 9-74 and 9-75) of two linear antennas in terms

of the antenna current distributions. If one of these antennas is used

for transmission and the other for reception, the distance between them

is so large that the impedance of either antenna is not affected by the

conditions at the terminals of the other. Hence, Z\\ = Z\ and Z22 = Z2,

where Z\ and Z2 are the input impedances of the antennas when each is

alone. The mutual impedance Z12 is by definition the voltage induced

across the open terminals of one antenna when the current across the

input terminals of the other is unity. To obtain Z12 we should calculate

the field of the second antenna at the first and from it obtain the re-

quired induced voltage. Similarly, Y\\ — Y\ — 1/Z\ and F22 = Yi =

I/Z2. The mutual admittance Y12 is, by definition, the current across

the short-circuited terminals of one antenna when the voltage across the

terminals of the other is unity. In any particular case we have to obtain

only the Z's or the F's since one set of these parameters may be ex-

pressed in terms of the other (Section 9.7).

When the antennas are fairly close as in an array, the interaction

between them may not be negligible. The transducer parameters may
then be obtained by successive approximations. To begin with we
neglect the interaction and calculate, let us say, the Z's. In addition,

we calculate the currents induced at various points of one antenna by the

first-order currents in the other. The induced currents should be

obtained on the assumption that the impedances across the terminals

of both antennas are infinite, since, in calculating the Z's, we must

keep the input currents unchanged. From the induced currents we
obtain the corrections to the voltages induced across the terminals, that

is, the corrections to the Z's. Theoretically we can continue this process

403
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indefinitely: from the first-order induced currents we can obtain the

second-order induced currents and second corrections to the Z's, etc.

If we wish to calculate the F's, we may use the same method.

This time, however, we must keep the voltages across the terminals

unchanged. Therefore, the induced currents should be obtained on

the assumption that the impedances across the input terminals are equal

to zero.

In practice, these calculations are very complicated, and at best

we have to be satisfied with one or at most two successive approxima-

tions. Only in some idealized cases the results are fairly simple. Thus,

if the antennas are infinitely thin, the current induced in one antenna

(D (2'

Fig. 13.1 Capacitor antennas.

by a finite current in the other is zero. Hence, the current distributions

in both antennas are sinusoidal. In this case we can obtain the exact

values of Z12, Rn, R22, and the asymptotic values of In and X22.

Another case is that of two " capacitor antennas." We shall

consider it in order to illustrate the method of successive approxima-

tions outlined above. A capacitor antenna is an antenna so heavily

loaded with capacitance at the ends that the current in it is substantially

constant. Its field, therefore, is nearly identical with the field cf an

electric current element of the same length. The currents in the loading

plates flow in all directions from the main radiating element, and their

fields tend to cancel. In what follows we shall neglect these currents.

Figure 13.1 shows two such antennas, and we shall assume that the

distance d between them is large compared with the length of the longer

capacitor antenna. The main characteristics of a capacitor antenna

are: (1) The current at various points equals the input current;
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(2) the current vanishes when the terminals are disconnected. These

properties simplify the theory of interaction between the capacitor

antennas, particularly when the impedances across their terminals are

infinite.

Let the free-space transmission factor T be

1
\d V ifc p

2d2
)

[ }

With this definition, the electric intensity of the first antenna along the

second antenna (in the direction of 12) is

E s ,i = TIlSl . (2)

Hence, the voltage impressed on the second antenna by the first, or the

induced voltage, is

IV = TI lSl s2 . (3)

The voltage which we have to impress on the second antenna in order

to counteract this voltage is — ¥2*; hence, the mutual impedance is

Z l2 = - TslS2 . . (4)

The self-impedance Zn is the input impedance of the first antenna

when the terminals of the second are floating; then there is no current

in the second antenna and no reaction from it on the first antenna.

Consequently, Zn equals the input impedance Z\ of the antenna in

free space. Thus,

Zn = Z\ = Ri + j (uLi ^-
j

,
Z22 = R2 + jl uL2 - -yr ) . (5)

CsC002

The resistive components include the ohmic resistances of the wires and

the radiation resistances. Thus,

7?! = RSl + SOtt2 (^-Y
, (6)

where R is the ohmic resistance per unit length. For the inductance

we find

L 1
= ^L(k>g-^-l)- (7)

2tt V
&

ai

The capacitance will depend on the loading.

From Zn, Z12, Z22 we can find Fn, Y12, Y22. The problem of

finding the admittances directly from the field equations is somewhat
more complicated, because in this case the impedances across the

antenna terminals must be assumed equal to zero and the induced
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currents do not vanish. We begin by neglecting the interaction al-

together. The self-admittances of the antennas are then equal to their

respective input admittances in free space,

Fn<i> - Yi - -±-
»

F22
(1) = F2 = 4- , (8)

L\ Z 2

where Z\ and Z2 are given by equation 5. By our assumption the first

approximation to the mutual admittance is zero,

F12
d) = 0. (9)

To obtain the second approximation to F12, we impress a unit

voltage on the first antenna and calculate the current in the second when
the terminals of the latter are short-circuited. The current in the first

antenna is Fi, its moment Fi$i, its electric intensity along the second

antenna YiSiT, its voltage impressed on the second antenna Y1S1TS2,

and, finally, the current produced in the second antenna is FiSi7
7

s2 F2.

Hence,
F12

(2) = Y 1Y2s 1 Ts2 . (10)

To obtain the next approximation, we note that the current given

by equation 10 induces a current in the first antenna which in turn alters

the current in the second antenna. Thus, the current of moment
Fi2 (2)

$2 produces an electric intensity Y\2 {2)S2T along the first antenna,

a voltage Fi 2
(2) s2 !Tsi, and a current Fi 2

(2) s2 TsiFi. The moment of

this current is Yi2 {2)S2Ts\YiS\, its electric intensity along the second

antenna Y\2
{2)S2Ts\Y\S\T, its voltage Yi2 (2)S2TsiYiSiTs2, and the in-

duced current Yi2 i2)S2TsiYiSiTs2Y2. This current is induced in addi-

tion to that given by equation 10 ; hence,

F12
(3) - Fi2<2 > + Y12 ^(s2Ts 1 )

2Y 1Y2 . (11)

The current represented by the second term produces a field at the

first antenna, and induces a current in it, which in turn induces a current

in the second antenna. The multiplication factor is evidently the same

as in the preceding case, (s2Tsi) 2 YiY2', hence,

F 12
(4) = Y l2

{2) + Y 12^(s2Ts 1 )
2Y1Y2 + Fi2

(2 )(s2rSl )
4 (F 1F2 )

2
. (12)

Continuing the sequence and using equations 8 and 10, we find the

exact value of Fi2 ,

F12 =
2

S1TS2

Z1Z2

L
1 "

1" ZiZ2
T

(ZiZi) 2 "*"
(ZtZa)* ^

J
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In view of equation 4, we have,

.

Yl2= -
Zlz2

Z
-z 12

> '
'

(14)

an equation obtainable directly from the transducer equations.

In the present case of two capacitor antennas, the calculation of

the impedance coefficients is quick and simple because no current is

induced in such antennas when their terminals are floating. In general,

this is not the case, and the method of calculating the impedances is

similar to the above method of obtaining the admittances. We start

with the conditions existing in the antennas when they are in free space

and calculate successive interactions. The procedure is the same as in

the case of reflection from two impedance discontinuities. *

13.2 Asymptotic fields of straight antennas

Consider a sinusoidal current filament whose slope is discontinuous in

the center; if the filament extends from z = — I to z = I, the current is

I(z) = I sin 0(1- |*|). (15)

The derivative is

I'(z) = =F/37 cos 0(1 - \z\), z \ 0. (16)

Therefore,

I(-l) = 1(1) = 0, 7(-0) = 7(0) = losing,

I'(-l) = 0IO ,
7'(-0) = piocoaft, (17)

7'(+0) = -0lo cos0l, I'(l) = -0IO .

Applying equation 12-47 to the two segments, we have

2 cos pi -
)

r n r2 )
(18)

where ro, ri, r2 are the distances from the center and the ends of the

current filament (Fig. 13.2).

We shall now expand the proof given in Section 12.8, showing that,

as the radius of a perfectly conducting transmitting antenna fed at the

center approaches zero, the longitudinal electric intensity is, in the

limit, given by equation 18 at any distance from the antenna greater

than zero, and that, at p = 0, Ez = (except at z — 0) . In Chapter 8

we have shown that the current in such an antenna approaches the form

given by equation 15. The residual current is just sufficient to make Ez

equal to zero on both arms of the antenna. Suppose now that we fix

our attention on a point P outside the antenna and at distance p from its

* Electromagnetic Waves, pp. 224-225.
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axis. The field at this point equals the average value of equation 18

around the surface of the wire plus the field of the residual current.

As the radius approaches zero, the average value of equation 18 ap-

proaches its value for the entire

current concentrated along the

axis of the antenna. The residual

current and its field at P vanish

in the limit. This is true for any

p different from zero. Our argu-

ment applies only to points outside

the antenna; hence, the points

on the axis of the antenna remain always excluded. Since, however,

Ez (a) = at all points on each antenna arm for any a, we have in the

limit Ez (0) = 0. Thus, the limit function is discontinuous at p = 0.

It is left to the student to derive the following expressions for the

electric intensity parallel to the symmetric and antisymmetric current

distributions (equations 8-109 and 8-110)

:

z = -i z = l

Fig. 13.2 A center-fed antenna.

Symmetric mode (Fig. 8.9a)

:

E z = 3VjA
exp(-j^l_ _exp(-j/3r_£)

n r-s

exp(-j/3n_)_ _exp(-jj8r_ z )

ri r-i

cos (31

COS (3%\ : P > 0. (19)

Antisymmetric mode (Fig. 8.96)

:

T exp(-j/3rt ) _ exp(-jjgr_^) "|

exp(-j/3r_ z ) exp(-j/3r

E 2 = SijA
J

-^f^
- —

r^
A
)

sin 0£ p > 0. (20)
r_i r t

The subscripts indicate the points from which the distances are measured.

13.3 Asymptotic expression for the mutual impedance of two
parallel center-fed antennas

Consider two parallel center-fed antennas (Fig. 13.3). Substituting

from equations 15 and 18 in equation 12-27, we obtain an asymptotic

expression for the mutual impedance of these antennas,

Z\2 =
60j

sin2 (31 i:
lPr\

r\
+

r<2

- 2
>-)Pro

TO
cos 01 j X

sin p (I -z)dz. (21)
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This integral may be evaluated in terms of sine and cosine integrals.

Thus, noting that

sin (3(1 — z) = sin fil cos $z — cos /3Z sin /3z

= \(e* z + er**>) sin 0Z + ij(e^ z - e~^ z
) cos 0Z, (22)

we obtain

Zi2 a Rl2 a + jXi2 a

Z\2 =
sin2 (31 sin 2 131

(23)

where

Ri2 a = 60[2Ci (3p - Ci 0(rO4 + Z) - Ci £(r04 - Z)] +
30[2 Ci |8p - 2 Ci /3(r04 + Z) - 2Ci /3(r04 - I) +
Ci /3(ru + 2Z) + Ci

J
8(r14 - 2Z)] cos 2/3Z +

30[2Si /3(r04 - - 2 Si /3(r04 + Z) +
Si j8(n4 + 2/) - Si /3(r 14 - 2Z)] sin 2(31, (24)

X 1:

2

Fig. 13.3 Two parallel antennas.

= 60 [Si 0(rO4 + Z) + Si (3(r 4 - Z) - 2 Si (3P ] +
30[2Si /3(r04 + Z) + 2 Si /3(r04 - Z) - 2 Si (3P

-

Si /3(ri4 + 2Z) - Si 0(r14 - 2Z)] cos 2(31 +
30[2Ci |8(ro4 - Z) - 2 Ci /3(r04 + Z) +
Ci (8(ri4 + 2Z) - Ci (3(r14 - 2Z)] sin 20Z. (25)

When j8p <^C 1 and p <^l, the above equations may be simplified by
using the following approximations

:

VZ2 + l +
21

V4Z2 + p
2 ^ 2Z +

4Z

Si ft>
~ 0, Ci j8p = C + log /3p.

Thus, we find

R 12 * = 60(C + log 2/3Z - Ci 2(31) +
30 (Si 40Z - 2 Si 2/3Z) sin 2/3Z +
30 (C + log /3Z - 2 Ci 20Z + Ci 4/3Z) cos 2(31

= 60 Cin 2(31 + 30 (Si 4/3Z - 2 Si 2/3Z) sin 2/3Z +
30(2 Cin 2/3Z - Cin 4/3Z) cos 2(31,

(26)

(27)
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Fig. 13.4 The mutual impedance between two parallel half-wave antennas: in

(a) the solid curve represents the mutual resistance and the broken curve the mutual

reactance; in (6) the amplitude and phase are shown as a polar diagram.
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Xi2 a = 60 Si 2$ + 30 (2 Si 201 - Si 4#) cos 2# -

30 Hog -p- - C - log27r- Ci40Z+ 2Ci2fl

= 60 Si 20Z + 30 (2 Si 2/3Z - Si 4/3Z) cos 2/3/ +

30 ( 2 Cin 2$ - Cin 402 - 2 log —J sin 20Z, (28)

where C = 0.577- • -is Euler's constant.

The superscript a in the above equations anticipates the result of

Section 13.6, namely, that Zi2 a
is the mutual impedance with reference

to current antinodes, that is, with reference to the maximum current

amplitudes. We shall make a a subscript, when there are no other

subscripts.

Equation 23 gives the exact value for the mutual impedance when
both antennas are infinitely thin. In this limiting case the current in

the first antenna induces a certain voltage across the terminals of the

second antenna but no current along it, since the inductance per unit

length is infinite. Since there is no induced current, there is no reaction

on the first antenna and no secondary action on the second antenna.

13.4 Mutual impedance of infinitely thin half-wave antennas

If I = X/4, we have

#12 = 60Ci/3P - 30Ci(w + 7r) - 30Ci(u - *),

X 12 = 30SiO + r) + 30SiO - r) - 60 Si ft>, (29)

u =

The solid curve in Fig. 13.4a represents the mutual resistance and the

broken curve the mutual reactance. Fig-

ure 13.46 shows the amplitude and phase

for various values of p/X.

The mutual impedance between two

quarter-wave antennas above a perfect

ground (Fig. 13.5) is one half of the mu-
tual impedance between two half-wave

antennas in free space.

As p approaches zero, the mutual im-

pedance between two half-wave antennas

approaches a definite limit. Since the in-

put impedance is the average of the mutual impedance around the an-

tenna (See Section 12.4), we find that the input impedance of the

(0

fi

(2)

777777777777777777777777777777,

Fig. 13.5 Two parallel ver-

tical antennas.
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half-wave antenna is simply the limit of Z12 as p —> 0. Thus,

Zi = 30 Cin 2tt + 30j Si 2x = 73.13 + 42.54J. (30)

As with all the formulas of this section, equation 30 refers to an infinitely

thin half-wave antenna. It is an approximation for thin antennas.

t) (r

' .' A
.-

'.

-" ///.'
1

1

1

h

-----------
=jj

[?------"-

Fig. 13.6 A horizontal an-

tenna.

13.5 Impedance of horizontal half-

wave antennas above a perfect

ground

In the case of a horizontal antenna above a

perfect ground (Fig. 13.6), we can replace the

ground by an image antenna. In the image

V2 = —Vi, 7*2 = — h, and the impedance is

Z =
h

= Zn ~ Z 12. (31)

Figure 13.7 shows Z for a horizontal half-wave antenna as a func-

tion of h.

100

(A

5 80
I
O

Z 60

LU

Z 40
<
Q
LU

0- 20
2

' /_ X

7—-f ^-—^— / ^
/ / \

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Fig. 13.7 The input impedance of a horizontal half-wave antenna over a perfect

ground: the solid curve represents the input resistance and the broken curve the

input reactance.

13.6 Mutual radiation of parallel antennas

The mutual complex power of two parallel infinitely thin antennas

(Fig. 13.3) can be obtained from equations 23 and 12-23. Noting that

Iit i
= h sin (31, Ii>2 = h sin (31, (32)

where I\ and h are the maximum amplitudes, we have

2* 12 = iZ12
a(hl2* + Ii*h) = Z 12

a re(/i/2 *). (33)

This result can also be obtained directly from equation 12-19.
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If 7i and I2 are in phase, we have

2*12 = Ztfhh*. (34)

13.7 Radiation from a single antenna

In accordance with equation 12-21, the complex radiated power for an

antenna is the average of the mutual power round the antenna. For a

thin antenna, the expression 27 for the mutual radiation resistance with

reference to the maximum current amplitude is seen to be independent

of the radius of the antenna. In the mutual reactance the only term

depending on the radius is log(7/p); its average value around the

cylinder is* log (I/a). Hence,

* = iZJo2
, (35)

where Za is obtained from Z\2 a by substituting a for p, and Jo is the

maximum amplitude of the antenna current.

13.8 Half-wave vertical antennas above ground

A half-wave vertical antenna just over the ground and its image (Fig.

13.8) form a full-wave antenna. Hence, its impedance is half the im-

pedance obtained from equations 27 and 28 by

substituting (31 = ir\ thus, in the limit, as the

radius vanishes,

Z = 99.54 + j'62.72. (36)

7
: ';/;////////

This expression is for an infinitely thin half-

wave antenna. At resonance an antenna of

finite radius will be shorter, but the shape of the

current distribution will be substantially the

same; hence, the impedance of a self-resonant

antenna just above a perfect ground is approxi-

mately
Z = 99.5. (37)

The ground currents near the base are small

since the magnetic field there is small. At

greater distances some power will be absorbed

when the ground is not perfectly conduct-

ing, but this power has already left the an-

tenna. Hence, the effect of finite conductivity

on the impedance of the half-wave vertical antenna should be small.

* See equation 8-88.

Fig. 13.8 A vertical

antenna just above

ground.
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13.9 Asymptotic formula for the impressed voltage

Equation 18 gives the exact value of the electric intensity produced by
a sinusoidal current filament (equation 15) in the direction parallel to the

filament. If the current is distributed uniformly around a cylinder of

radius a, the intensity is given (exactly) by the average value of equation

18 around the cylinder. In order to produce the distribution of current

given by equation 15 on the surface of a cylinder of finite radius, we
should, therefore, impress a continuously distributed field equal and

opposite to the average value of equation 18,

1 r 2ir I e~ 3'Pri e~ ]'P r* e~ ]'P r<> \
A'-eqft-sfJf (-5T + -5S ^- C0B/8

)
dft (38)

p = 2a sin— •

Part of this impressed field is almost entirely concentrated in the

center ; it is given by the real part of the last term in the integrand,

E * = 60j/o cos 0Z 4- C '
"***

dv, (39

)

*7T t/0 7*0

and we shall call it the principal part of the impressed field. As a ap-

proaches zero, the voltage arising from this part becomes concentrated

nearer and nearer the center. There are also strong components near the

ends of the antenna; but these are not very effective in producing the

current, because of the high impedance of the antenna as seen from a

point very near the end. Thus, we have a direct verification of the

conclusion already reached in several different ways to the effect that,

as the radius of the transmitting antenna approaches zero, the current

in it becomes more nearly sinusoidal. The impressed voltage producing

this current is, asymptotically,

V n

where

J
Ez ,jdz = -jKI cos j8Z, (40)

K = W±£^£^d, (41)

This integral is a special case of equation 8-89 with z = 0, z\ = — I,

Z2 = I; hence,

K = 120 ("log -^ - Cin pi\ = 120 Hog -^ + 0.116 + Ci
#

J

(42)
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An asymptotic expression for the input impedance is thus

Zi = -j^yr = ~jK cot 01. (43)

It is seen to be identical with the input impedance of a transmission

line of length Z, open at the far end, whose characteristic impedance is K.

That it is a pure reactance is not surprising, since we have sought and

obtained the limiting expression as a approaches zero and, hence, K
approaches infinity. In these circumstances the energy stored around

the antenna approaches infinity while the radiated power remains

constant. In practice, however, K is never excessively large and is

often deliberately made small ; hence, we shall need a better approxima-

tion than equation 43. We shall obtain it in the following three sections.

Equation 43 can also be obtained from equations 8-90 if we use the

values of L and C at the input end 2 = 0. If, instead, we use the

average values of L and C, we obtain a similar equation 8-117,

Zi= -2jZ cotpl, (44)

where

2Z = 120 (log-^ + 0.116 + Ci 2$ - Sm^1

\ • (45)

The difference,

K - 2Z = 120 (Ci (31 - Ci 2/3Z + S1^Z

\ , (46

approaches 37 ohms when l/\ approaches zero; as l/\ approaches in-

finity, the difference approaches zero. In any case this difference be-

comes smaller in comparison with either value as the radius of the

antenna diminishes.

13.10 Asymptotic formula for the input impedance of a sym-
metric antenna

In accordance with equation 12-32, the input impedance is the average

value of the mutual impedance around the antenna. Hence, its asymp-

totic expression may be obtained from equation 23,

z
< = ~^hi ' (47)

sin"2 pi

where Za is given by equations 27 and 28 with p = a. Thus, we find

Z { = -jK cot ^l + R+
2

J*
, (48)

sinJ (31
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where

R = 60 Cin 201 + 30 (Si 4,01 - 2 Si 201) sin 2/3Z +
30(2 Cin 201 - Cin 401) cos 2$, (49)

X = 60 Si 2/3Z + 30(2 Si 2/3Z - Si 4/3/) cos 2$ +
30(2 Cin 2/3Z - Cin 401 - 2 Cin 01 + 2 log 2) sin 201. (50)

We may also write

Zi = -
2iZo cot + fi+i[l+(Zo -^) Sin20]

.

sin2 jSZ

Expressions 48 and 51 are identical except in form and give a higher-

order approximation to Zi than the expressions in the preceding section.

13.11 Asymptotic formula for the input admittance

The formulas of the preceding section are exact for antennas of zero

radius; but, for actual antennas, no matter how thin, they are ap-

proximate. The principal source of error is in the denominator and is

due to the difference between the actual input current and the asymp-

totic input current. Obviously, this error will be proportionally larger,

the smaller is sin 01. Hence, these formulas deteriorate progressively

as I approaches a multiple of X/2. We shall now obtain a companion

formula for the input admittance, which will be more accurate in the

vicinity of I = nX/2 and will deteriorate progressively as we approach

a resonant condition. In the next section we shall combine these

formulas into one for the entire range.

In a transmitting antenna the electromotive force is impressed in a

highly localized region. To obtain the sinusoidal current we had to

impress Eg
i = —Ez ,

given by equation 38. This gave us a voltage

V = —jKIo cos 01, largely but not completely localized. Let us now
subject the antenna to an additional impressed field equal to —Ez

{ = Ez

along the antenna and a concentrated emf at z =0. The former will

wipe out the original distributed field. In order to obtain the input

impedance, we need only the change in the input current produced by

the additional impressed field ; this change is

h = y~ C
T

d<p C
L

E2 7(«; 0) dz - jKI cos 01 7(0; 0), (52)

where the transfer admittance Y(z; 0) is the current at z = due to a

unit voltage at* z = z. By the reciprocity theorem, the transfer admit-

* The transfer admittance F(0; 0) is, of course, the input admittance. In

these formulas it is to be interpreted |as lim F(0; ^s) as the length s of the gap

approaches zero, while always remaining larger than the diameter of the antenna.
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tance is a symmetric function, Y(z; 0) = Y(0; z). Now the ap-

proximate value of the current F(0; z) produced by a unit voltage at

z = is obtained if we divide equation 15 by equation 40 ; thus,

7(0; z) = Y(z; 0) = - sin
^

(Z ~ ^
• (53)

jK cos pi

Substituting in equation 52, we have

h = —
7T- f'* d*f E* sinW ~ N) dz + Josin pi. (54)

jK cos pi ** Jo J-i

Since*

- 4r /

W

d(P f E * sin /3(« - N) dz = ZJo sin2 0Z

= Io(-jK sin # cos pi + £ + jX), (55)

we have

, T ^ + jX — iK sin pi cos (31 , T . _-

/i = Jo — ^ — + /o sin #
/K" cos #

£+jX (56)= —= io-
jK cos j8/

This increment in the current is produced by annihilation of the dis-

tributed field along the antenna ; by adding it to the original approxima-

tion to the input current, we obtain the second approximation,

Ii = Io sin pi + ^
+jX

Io. (57)
jK cos pi

Dividing by the impressed voltage (equation 40), we have an asymptotic

formula for the input admittance,

Yt = jK-* tan pi + g
+&

• (58)
K2 cos2 pi

This equation is complementary to equation 48 since it is more accurate

in the vicinity of I = A/2 and deteriorates as I approaches X/4.

We have now carried our analysis as far as it is practicable. The
next step is to bridge the gap between equations 48 and 58 by means of

an " analytic interpolation."

* See equations 18, 21, 23, 47, and 48.
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13.12 General formula for the input impedance of a thin sym-
metric antenna

Presently we shall show that equation 48 represents the input impedance

of a uniform transmission line terminated into an impedance,

Z t
= S- , Z = R + jX, (59)

Zj

as K approaches infinity. Similarly, equation 58 represents the input

admittance. Hence, the input impedance of the uniform line,

-> Z t cos pi + jK sin (31 ^ Z sin pi — jK cos pi far. s
Li — K — -^ = xi —x ^

5 (bu)
K cos (31 + jZ t sin /3Z K sin /3Z - jZ cos /3Z

combines two expressions, 48 and 58, into one; and, thus, it may be

taken as an approximation to the input impedance of a cylindrical

antenna for the complete range of frequencies.

It is easy to show that equation 48 represents the first two terms

of an asymptotic expansion for equation 60. We note that as K sin /3Z

approaches infinity,

K sin pi \ K )

= (Z - jKcot (31) (l + jjr cot pi -- 4^cot2 /3Z- ••)

Z2

= Z - jK cot pi + Z cot2 pl+j— cot pi (1+ cot2 PI)- '-
K

= -jK cot pi + .

Z
2Q1 +0

sin2 pi \K /

where 0{1/K) represents terms of the order of \/K and higher.

Similarly, if we take the reciprocal of equation 60, assume that

K cos pi approaches infinity, and use the above method, we shall find

that Yi approaches asymptotically the expression given by equation 58.

There is a simple interpretation of Z. From equation 48 we obtain

the asymptotic formula for the complex power input into the antenna,

¥ = hZilJi* = iZJoh* sin2 pi

= i[-jit sin pi cos PI + R+ jX]I Io*, (62)

where Jo is the current at the antinode. Therefore,

Z = R + jX = -
* + jK sin pi cos j3Z. (63)
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The first term on the right is twice the complex power output of an

infinitely thin antenna (when the current is strictly sinusoidal) per unit

maximum current at the antinode ; K is obtained from the first term of

the asymptotic expansion for the input voltage, which is calculated by
integrating the principal part of the electric intensity produced by a

sinusoidally distributed current. Hence, these two expressions, both

obtainable from the sinusoidal approximation to the antenna current,

give Z and, consequently, the next approximation to the input im-

pedance.

In the case of a loop of length 21, we have a similar formula for the

input impedance,

Z = K - C0S — +^ sin ^
> (64)

K cos pi + jZ sin pi

'

where

Z = = , . - jK sin (31 cos pi (65)
iO^O

In all these formulas we might equally well use the average value

2Zo instead of K if we make the appropriate change in X. For the

dipole antenna the latter is given by (Zo — %K) sin 2(31, to be added to

X as in equation 51. For the loop antenna this term must be subtracted

from X. It is possible that the use of 2Zo will give somewhat better

results; but this could only be verified by further analysis or by a

comparison with experiment.

One further observation might be made which will enable us to

improve equation 60 without essentially complicating it by adding

higher-order correction terms. When considering the various factors

affecting antenna current in Chapter 8, we concluded that there is an

end effect due to a somewhat larger capacitance near the ends of the

antenna and, for antennas of larger radius, another effect due to the

capacitance of the flat ends. This end effect effectively lengthens the

antenna and thus alters the values of both X and R. To incorporate

this effect we shall change the form of equation 60 by multiplying both

numerator and denominator of the fraction by j.

„ r> K cos f3l — X sin pi -f- jR sin pi ,ac .

Li = K — = = > (oo)
R cos pi + j(K sin pi + X cos pi)

and introducing

Since

6 = tan" 1 4- • (67)
K

X = K tan 9, (68)
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equation 66 becomes

- K cos(/3Z + 0) + jR sin (31 cos , .

Li = K — = • (69)
R cos pi cos 9 + jK sin(/3Z +9)

Inasmuch as X is small compared with K, we have approximately

= 4- , (70)

and the effective lengthening of the antenna due to a surplus capacitance

near the ends of the antenna is

I" = "4" '

(71 )

To this we add the lengthening (equation 8-126) due to the capacitance

of the flat ends,

dcap "
30tt ~ 60tt

" U ^
j

Thus the total effective lengthening of the antenna due to the end

effect is

1(1) qg Xlffl qg
5 "

/3K
+

60* - 2vK +
60x

' {76)

We now use the effective length of the antenna I + 5 instead of the

actual length / in the formula for the input impedance,

z = £ Jgjcos ]8(Z + 5) + J^ sin ff(Z + 5)
(74)

5 cos j8(Z + 5) + jK sin |8(Z + 5)

In this equation ^ is also calculated for the effective length I + 8. If the

lengthening is excessive, as when the antenna is capacitively loaded, R
may have to be recalculated for the current distribution with a " blunt

nose " at z = I.

Let us now recall that, in deriving equation 74, we assumed that the

length of the antenna gap approaches zero as the diameter approaches

zero while always remaining larger than the diameter. Hence, we have

automatically excluded the capacitance of the input region, the base

capacitance between the bottom of the cylinder shown in Fig. 12.5, for

instance, and the ground plane, as well as the near-base capacitance

between the lower portion of the cylinder itself and the ground plane.

As explained in Section 12.10, the capacitance of the input region is

substantially in parallel with the rest of the antenna and thus can easily

be taken into account. Likewise, if there is an insulator at the base
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of the antenna, we should add its impedance in parallel with the im-

pedance given by equation 74.

Instead of K defined by equation 42, we may use 2Zo defined by
equation 45, provided that at the same time we replace X by X +
(Zo — \K) sin 2(31. This follows from equation 51. The difference

between the two formulas diminishes as the characteristic impedance

K (or 2Zo) increases.

13.13 Mode theory of antennas

All the equations in the first 11 sections of this chapter have been

obtained rigorously; but the transition from the asymptotic forms

(equations 48 and 58 to 60) must be considered as an " analytic inter-

polation." The final result is not very surprising. We have seen that

the distribution of the zeros and poles of the impedance of a thin antenna

approaches that of a transmission line; hence, we should expect to be

able to express this impedance in some such form as equation 60 with a

properly chosen parameter K and auxiliary functions R and X. But
our present method did not yield the final equation 60 directly ; it gave

us only the asymptotic forms (equations 48 and 58). If it were not for

computational complexities, we could continue successive approxima-

tions.

A similar formula may be obtained by solving Maxwell's equations

subject to the boundary conditions at the surface of the antenna.*

This method exhibits so clearly the physical similarity between antennas

and waveguides that it may properly be described as the " waveguide

theory of antennas " or the " mode theory of antennas." It is beyond

the scope of the present volume to consider this theory in detail, and we
shall merely summarize some of the important conclusions.

Let us consider a perfectly conducting double cone, such as the one

shown in Fig. 4.8, and assume that it extends to infinity. Suppose that

a certain voltage Vo is impressed between the apices of the cones. On
account of S3mimetry Maxwell's equations reduce to the simpler form

given by equations 4-6, 4-7, and 4-8. They involve the radial com-

ponent E r of the electric intensity, the meridian component Ee, and the

azimuthal component H^ of the magnetic intensity. On the conical

boundaries E r must vanish. In Section 4.6 we obtained one solution

of the equations in which the radial component vanishes between the

cones as well as on their boundaries. The electric lines given by this

solution are circular arcs extending from one cone to the other. The
TEM w^ave represented by this solution is very similar to waves on

* S. A. Schelkunoff, Theory of antennas of arbitrary size and shape, IRE Proc,

29. September 1941, pp. 493-521.
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parallel wires. In Section 4.12 we found that Maxwell's equations

possess other solutions which represent the higher-order modes of

propagation; however, these solutions require infinite voltages at the

apex whenever the cone is infinite in length. Thus, a finite voltage

between the apices of an infinite double cone excites only the TEM
waves.

Suppose now that the cones are of finite length I (along the gen-

erators of the cones, Fig. 13.9). If we add a spherical conductingsurface

of radius I (Fig. 13.9a), the waves originating at A, B are totally and

uniformly reflected. If the impedance of the reflecting surface is uni-

K-l) K-l)

i

Fig. 13.9 (a) A biconical cavity resonator, and (b) a biconical antenna.

form, even though different from zero, the reflection is also uniform,

even though not total. The reflected wave is similar to the incident

wave but is moving in the opposite direction.

Consider now a double cone of finite length I in free space. A
spherical wave emerging from the center A, B has no means of knowing

that the cone is finite until it reaches the surface of discontinuity S
(Fig. 13.96). Beyond this surface the wave must move on without the

aid of conductors. Outside S the wave cannot be transverse electro-

magnetic, since such a wave requires conductors on which the electric

lines may terminate. We may also think of the free space outside S as

a biconical transmission line with cones of zero radius. The charac-

teristic impedance of TEM waves is then infinite; hence, they are

effectively eliminated from consideration. Among the modes of propa-

gation peculiar to free space, there is one that can be excited by a

current element. In this mode Ee varies as sin 0, and the electric lines
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look as shown in Figs. 4.22 and 4.23. On the other hand, in the TEM
mode of the original wave inside the boundary sphere S, Ee varies as

1/sin 0, and on the surface of the spherical caps of the cones Ee should

vanish. This means that, on reaching the surface S, the TEM wave
will excite many other modes of propagation in such a way that their

combined Ee will conform to the impressed Ee. All of these waves have

a radial component of E ; and, since the field must be continuous across

S, the free-space waves will react back on the antenna region inside S
and excite higher modes of propagation, such as the one shown in

Fig. 4.27.

With each of these higher-order waves, there will be associated a

certain current in the cones. The total current at distance r from A, B
may thus be expressed as the sum,

7(r) = 7 (r) + Ji(r) + /2 (r) + •••, (75)

of currents associated with the various waves in the antenna region.

The first term represents the current associated with the TEM wave.

All the higher-order waves we shall lump together under the name
" complementary wave." Thus, we shall write equation 75 as

I(r) = J (r) + I(r). (76)

The complementary current vanishes at r = 0,

7(0) = 0, (77)

while the total voltage along a typical meridian vanishes for all higher-

order waves, so that

V(r) = V (r). (78)

Thus, the input admittance,

_U0l _ 7q(0)

V(0) 7 (0)
'

{ }

is given solely by the current and voltage associated with the TEM wave.

At r = I, we have

1(1) = 7o(Z) + 1(1), (80)

where 1(1) is the total current reaching and going over the edge of the

cone into its cap (Fig. 13.106), or into its interior surface when the cone

is hollow (Fig. 13.10a). The principal current is

I (l) = 1(1) - 1(1). (81)

Thus, when we consider the propagation of principal waves, it appears

that at r = I we have an effective admittance,
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(a) (b)

Fig. 13.10 (a) A hollow biconical antenna, and (6) a biconical antenna with flat

" caps."

(0 (2) (3) (4) (5) (6) (7)

Zt

I-— i *

CHARACTERISTIC IMPEDANCE, K

O—

'/////////////////////////////////////////////////

ht

CHARACTERISTIC IMPEDANCE, ^-

Fig. 13.11 The input impedance of a symmetric antenna equals the input imped-

ance of a transmission line (in general, tapered) terminated into a proper impedance.

This terminal admittance is a parallel combination of the admittance of

the cap,

Y c =

and the complementary admittance,

Y = -

Vo(l)

Hi)
V (l)

(83)

(84)

representing the effect of a sudden termination of the cones on the field

in the antenna region inside S. Since the propagation of the voltage
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and current associated with the principal wave in a biconical antenna is

identical with that in a uniform transmission line whose distributed

parameters are given by equations 4-34, we have the following theorem

:

The input impedance of a symmetric biconical antenna of any angle equals

the input impedance of a uniform transmission line whose length equals

the length of one antenna arm. The effective impedance at the end of the

antenna is composed of two impedances in parallel. One of these

represents the impedance of the cap (or the interior surface of the cone,

if the cone is hollow). The other represents the impedance of higher-

order waves formed by the sudden termination of the conductors. For

antennas of other shapes (Fig. 13.11), we have a similar theorem; the

main difference being the nonuniformity of the equivalent line.

13.14 Characteristic impedance of an antenna

The input impedance of an antenna contains one important parameter

analogous to the characteristic impedance of a transmission line. The
value of this parameter, however, de-

pends on the particular method of analy-

sis and, as in the case of integral equa-

tions, even on how the analysis is carried

out. Theoretically these differences are

compensated by the corresponding differ-

ences in associated functions involved in

the input impedance formula; but the

compensation would be complete only in

exact formulas. Because of analytic

difficulties it has been impossible to ob-

tain exact formulas;* in approximate

formulas the compensation may not be

complete, and there may be a correspond-

ing difference in the final results. Never-

theless, there are several formulas ob-

tained by different methods which are in

substantial agreement with each other

and with experiments. In view of the foregoing remarks we shall sum-

marize the various values for the characteristic impedance of an an-

tenna and shall refer to the input impedance formulas in which they are

to be used.

In the mode theory the characteristic impedance of an antenna is

the impedance of the principal or TEM waves. In the case of a bi-

conical antenna (Fig. 13.12a), the impedance K is constant along it.

* Except in the case of spheroidal conductors.

(b) (c)

Fig. 13.12 (a) A biconical

antenna, (6) a cylindrical an-

tenna, (c) a linearly tapered

antenna, and (d) a spheroidal

antenna.
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From equation 4-27 we have

K = 120 log cot %fr, (85)

where ^ is the cone angle as defined in Fig. 4.8: that is, the angle be-

tween the axis of the cone and its generators. If \p is small,

27K = 120 log— i (86)

where a is the maximum radius of the cone.

For any other shape the distributed parameters L and C are variable,

and the nominal characteristic impedance is defined as the ratio v L/C.

For thin antennas this is given by equation 4-37,

K(z) = 120 log— > (87)
P

except when z < p (see Section 12.10, input regions). In this case the

transmission line equivalent to the antenna is nonuniform, and two

cases should be considered. In the first (and the more important)

case, the length I does not exceed 3X/4, and the solution is expressed in

terms of the average characteristic impedance,

Ka = -±-f

l

K(z) dz = ~C l

log -|V dz, (88)
I Jo t Jo p(Z)

and certain supplementary functions of I. For cylindrical antennas

p = a, and

27
Ka = 120 log— - 120. (89)

a

For linearly tapered antennas (Fig. 13.12c), we have

Ka = 120 log -^ + -^^ log -?L
, (90)

where a t and a& are the radii at the top and bottom of the upper arm.

For spheroidal antennas (Fig. 13.12c?),

Ka = 120 log — , (91)
a

where a is the radius at the input terminal. For antennas of any shape

of the longitudinal cross section, Ka is given by equation 89 if a is the log-

arithmic mean radius defined by

1 C l

log a = y / log P (z) dz, (92)

where p(z) is the radius at a typical point.
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When the angle between the antenna arms is # instead of x (Fig.

13.13), the average characteristic impedance is

Ka (l, &) = Ka {l, 7r) + 120 log SHI §0. (93)

The average characteristic impedances for biconical, spheroidal,

and cylindrical antennas are shown in Fig. 13.14. The curve for

cylindrical antennas may be used for antennas of other shapes if a is

interpreted as the logarithmic mean radius given by equation 92.

The following are a few representative values of Ka for cylindrical

l/2a = 10, 50, 100, 200, 300, 600, 1000, 10000,

Ka = 323, 516, 599, 682, 731, 814, 875, 1152. (94)

Practically, it would be difficult to obtain charac-

teristic impedances higher than 1300 ohms.

The average characteristic impedance of cage

structures may be determined from the effective

radius given by equation 4-44.

The average characteristic impedance as defined

above is to be used in the input impedance formulas

given by the mode theory in the next section when I

does not exceed 3X/4. If I is large, it is more con-

venient to divide the equivalent line in Fig. 13.11

into two sections, one of length X/2 near the input

end and the other of length I — (X/2). In the second

section, K varies slowly, and, in the first approxima-

tion, the reflections due to the variation of K may
be neglected; even the second approximation is easy to calculate.*

The average impedance of long rhombic antennas should equal

approximately the input impedance of infinitely long diverging wires.

This can be calculated as suggested in the preceding paragraph, and for

wires of uniform cross section isf

Fig. 13.13

A V antenna.

ZiiO0 = 120 log
2ira

0.60 + log sin
#

\?170, (95)

where & is the angle between the wires. Figure 13.15 shows the real

component of this impedance for the case # = jr. In obtaining equation

95, it was assumed that the distance between the input terminals is

* From the mathematical point of view we have to solve equations 4-33 with

variable coefficients L and C (since G = 0). See Applied Mathematics, Chapter 11,

Section 13, and Problem 8 on p. 219.

t Electromagnetic Waves, pp. 292-293.
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not small compared with the radius, or else that the input ends are

tapered. If the radius is constant but the antenna gap is infinitesimal,
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Fig. 13.14 The average characteristic impedance of antennas:

(2) spheroidal, and (3) biconical.

(1) cylindrical,
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Fig. 13.15 The input resistance of an infinitely long thin antenna.

then the input conductance d, x is the reciprocal of the above input

resistance while the susceptance is infinite.

When the details of the mode theory of antennas are considered,

it is found that there is an infinite sequence of characteristic impedances,

one for each mode of propagation in the antenna region and one for each
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mode in free space. Only one of these impedances, namely, K a) appears

explicitly in the formula for the input impedance; the others appear

implicitly in certain complementary functions associated with Ka .

In Section 13.12 we obtained equation 60 for the input impedance

when the end effect is neglected, and then equation 74 in which the end

effect is included. The characteristic impedance in these formulas is

K = 120 ( log( a
Cin (31 =

j
= 120 nog

2ira
+ 0.116 + Ci pi)- (96)

)

There we also suggested that to the same order of approximation we
could replace K by

2Z = 120 flog -^- + 0.116 + Ci 2(31 -
2ira 2pl )

(97)

provided we also replace X by X + |(2Zo — K) sin 2(31. These two

formulas will not give identical results ; but the order of approximation is
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Fig. 13.17 The impedance Z for use in equations 60 and 74.

the same. In this elementary method of analysis, the definitions of K
and 2Zo depend on the assumption that a approaches zero— an assump-

tion not needed in the mode theory. This assumption makes these par-

ameters indefinite to the extent of an additive constant. Theoretically

this indefiniteness is arbitrary; practically, common sense restricts it

within certain relatively narrow limits.

It is impossible to represent either K or 2Zq by a single curve since
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these quantities depend on two parameters; but we can plot the

differences,

K - K a = 120(1 - Cin pi) = 120(1 - C - log (31 + Ci (31),

2Z -Ka = 120 (1 + log 2 - Cin 2/3Z -
Sm m

= 120 ( Ci 2/3Z — log jSZ + 1 - - C -

These differences are shown in Fig. 13.16.

The associated impedance Z = R -f- j'Z appearing in equations 60

and 74 is given by equations 49 and 50 and shown in Fig. 13.17.

13.15 Input impedance of thin symmetric antennas according

to the mode theory

Figure 13.11 represents a schematic diagram for the input im-

pedance of a thin, symmetrically fed antenna. The line section repre-

sents the principal effects of the mean radius of the antenna and of the

departure of the actual radius at various points from the' mean radius.

The terminating impedance Z t represents the effect of radiation and of

the local storage of energy near the ends of the antenna. As explained

in the preceding section, the important parameter is not the arithmetic

mean radius but the geometric or logarithmic mean radius given by
equation 92 ; in other words, the important parameter is the arithmetic

average (equation 88) of the nominal characteristic impedance,

2?
K[z,p(z)] = 120 log —gy, (99)

where p(z) is the radius of the antenna at distance z from the mid-point

between the input terminals. If the arms of the antenna have different

radii, p(z) is their geometric mean.

The effect of the departure of the actual radius from the mean
radius, that is, the effect of the difference between the nominal charac-

teristic impedance and the average characteristic impedance is repre-

sented by the following two functions

:

M(pl) = (3

J
[Ka - K(z, p)] sin 2(3z dz,

N((3l) = p
J

[Ka - K(z, p)] cos 2pz dz.

(100)
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Thus, for cylindrical antennas,

M(fil) = 60(Cin 2/3Z - 1 + cos 2/3/),

/ 2/ \ ( 101 )

N(fil) = 60(Si 2/3/ - sin 2/3Z), Ka = 120 flog -= 11-

For antennas of diamond cross section (two cones arranged base to

base),

M{fil) = 60(1 + cos'20Z) Cin 2(31 - 60 sin 2/3/ Si 2(31,

N(0l) = 60(1 - cos 2/30 Si 2(31 - 60 sin 2/3/ Cin 2/3/,
fl02

*

27
Ka = 120 log— •

a

For conical antennas, M = N = 0.

The principal term of the terminal impedance depends on the

average characteristic impedance Ka . The simplest way to express this

dependence is to write the terminal admittance in the following form,

1
=
~~K~2 '"JmG* = ^2 '

( 103 )

where in the first approximation Za depends only on Z/X, and C t is the

capacitance between the flat outer ends of the antenna arms. An ap-

proximate value of the admittance associated with this capacitance is

**•-£• (104)

where a t is the top radius.

It is to be noted that

Za(fil) = lim Ka
2Y t , as Ka -> oo

. (105)

This function is the same for all antenna shapes, and it may be described

as the limiting value of the terminal impedance inverted by a quarter-

wave transformer. It is also the radiation impedance of an infinitely

thin biconical antenna referred to the current antinode. Since the shape

does not affect the real part of this impedance, R a ((3l) equals Ri2 a given

by equation 27, computed for the cylindrical antenna. Hence, R a also

equals R appearing in equations 60 and 74; but Xa ?* X. The com-

plete expressions are

Raffi) = 60 Cin 2/3/ + 30(2 Cin 2(31 - Cin 4/3/) cos 2/3/ +
30 (Si 4/3/ - 2 Si 2/3/) sin 2/3/,

(

Xaifil) = 60 Si 2(31 - 30 (Cin 4/3/ - log 4) sin 2/3/
-

30 Si 4/3/ cos 2/3/.

These functions are shown in Fig. 13.18.
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If the angle between the antenna arms is \J/
instead of ir, then,*

R a = 60 Cin 2pUc + 30[2 Cin 2/3/ - Cin 2/3/(1 - k) -

Cin 2/3/(1 + k)] cos 2/3/ +
30[-2 Si 2/3/ + Si 2/3/(1 - k) +

Si 2/3/(1 + k)} sin 2/3/,

X a = 60 Si 2filk + 30[Si 2/3/(1 - A;) - Si 2,8/(1 + /c)] cos 2(31 +
30[2 log (1 + k) + Cin 2/3Z(l - fc) -

Cin 2/3/(1 + k)] sin 2/3/, A; = sin

(107)

The M and N functions are given by equations 100 with the following

changes: (1) The lower and upper limits of integration must be the
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Fig. 13. 18 The impedance Za for use in equation 108. It is the terminal impedance

inverted by a quarter-wave transformer.

distances r\ and r2 of the beginning and the end of an antenna arm from

the point of intersection of the arm; (2) z must be replaced by r — n.

If
\f/

is not too small, the M and N functions are substantially inde-

pendent of \f/.

Aside from the shunt admittance of the input region, which may or

may not be significant, the input impedance of the antenna is

7 K (K a - M) cos /3/ + j(Za + joCtKa2 - jN) sin /3/

1 " a
(Z a + jo>C t

K a
2 + jW) cos /3/ + j(Ka + M) sin /3/

" UU0J

For these formulas the authors are indebted to Miss Marion C. Gray.
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Near resonance, pi c^. ir/2, and

KaR a
Ri =

Ka + M
(109)Ka(Ka --M) f T , Xq ~ AT + aCtKg2

1

LT 2
+ Ka -M J

'

Ka + M
Near antiresonance, fil c^ 7r, and

R a
Gi =

K a (K a - M)
-, (no)

R ifa + M r xa + jv + cgc^gj 1Bi =
Ka(Ka - AT) [& " W) + i^+M J

*

Expressions 106 and 107 are the limits of the exact expressions,

R (1) R (2) X (1) X (2)^ +_ir + ^7" + '"' x<, + _tr + ~x^ + '"' (111)

as Ka becomes infinite. These limits are calculable from the sinusoidal

current distribution. The effect of the " blunt-nosed " distribution of

current near the ends is involved in the terms of order 1/Ka and is thus

neglected in equation 108.

13.16 Zeros and poles

The natural oscillation constants of an antenna with its input terminals

short-circuited are obtained by equating the numerator in equation 108

to zero. The natural frequency is complex, and, in order to bring the

damping into evidence, it is convenient to replace j<a by £ + jw. For

large K a , the first term in the numerator of equation 108 is large unless

cos (31 is nearly equal to zero, whereas the second term is not very large.

In the first approximation, therefore, £ = and covjusZ = (m + J)7r.

Using this approximation in the coefficients of cos (31 and sin (31, we
obtain the next approximation,

ftA--\+/-i R ° -IV J-
1 \ X a -N + CcC tKa

2 ~]

ft+j-v^a-- Ka _ M +j^m+7J> ^-^
J,

m = 0, 1, 2,--- . (112)

Similarly, when the antenna input terminals are not so close that

there is a substantial direct capacitance between them, in addition to

the input impedance given by equation 108, the natural oscillation

constants with the terminals floating are obtained by equating the
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denominator in equation 108 to zero. Thus,

m = 1,2,3---. (113)

13.17 Resonant and antiresonant frequencies

When K a is very large, the resonant and antiresonant frequencies may
be obtained either by equating to zero the reactive terms of the input

impedance and admittance in such expressions as 109 and 110, or by

noting that these frequencies are substantially equal to the natural

frequencies and using equations 112 and 113. Thus, the resonant

lengths of the antenna arms are given by

I 2m + 1 Xa - N + uCtKa2
n - ,11Ax

Y =— 4 2t{K. - M) ' ^ = 0,1,2,... (114)

Similarly, the antiresonant lengths are given by

I m X a + N + oCtK*
2w(Ka + M)

m = 1, 2, 3,---. (115)

More accurate values of lf\ are obtained from the reactance curves.

Experimentally, the resonant values agree well with those obtained

from equation 114, even for moderately thick antennas; but at anti-

resonance the difference is large because Xa increases rapidly as w — (31

decreases. For a comparison between theory and experiment, see

Section 13.24.

13.18 Quality factor

From equations 112 and 113 we obtain the quality factor Q. Thus, near

a resonance,

n _"_ (m + i)w(K a - M) - X a + N - aC tKa
2

H '

2£ 2R a

m = 0, 1, 2,---, (116)

and, near an antiresonance,

n _co_ <rmr(K a + M) - X a - N - o>C tK 2

** "
2£ " 2R a

m = 1, 2,---. (117)

For the first resonance and the first antiresonance in cylindrical

antennas the above equations become, respectively,

n Ka ~ 6 n Ka + 106 ms^Q 93—

>

Q =
527

'
( 118 )
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as long as C t is negligible; otherwise, we should subtract the quantity

aK a
2/W\Ra-

13.19 Antiresonant impedance

As Ka approaches infinity, the antiresonant impedance of a cylindrical

antenna is given by

Ka (K a - 146)
/It.max -"

1QQ 1
V lly j

More accurate values of the antiresonant impedance are obtained from

resistance curves (Figs. 13.19 and 13.21). To illustrate the difference:

if Ka = 800, equation 119 gives 2628 while the impedance curve gives

2500; if K a = 500, the equation gives 889 and the curve 940. In

terms of \/2a this equation becomes approximately

[276 logio(\/2cQ - IIP] 2

,^i.max -
Jgg"^

> (1^0)

provided we neglect the difference between I and X/2. If we take this

difference into account, then,

a 2a \ t )

and

R [276 logio(X/2a) - 110 - 120(X - 2*)/A] 2

/li.max — TOO
-

]

'

\^ LL )

13.20 Input impedance of cylindrical and biconical antennas

Figures 13.19 and 13.20 show the resistance and reactance of cylindrical

antennas if the top capacitance C t is neglected. Even hollow cylindrical

antennas have some top capacitance due to the charge on the rims and

on the inner surface of the cylinder near the open ends. Theoretically

the top capacitance is zero only if the open ends are closed with perfect

magnetic conductors.

Figures 13.2t and 13.22 show the resistance and reactance of

cylindrical antennas when the top capacitance is included. The value

of this capacitance is assumed equal to the static capacitance between

the two exposed faces of the circular disks at the ends of the antenna.

Further, the effect of this capacitance on R a and X a has not been in-

cluded.

Figures 13.23 and 13.24 show the resistance and reactance of

biconical antennas when the top capacitance is neglected. A comparison

with the corresponding figures for the cylindrical antennas shows that

the maximum values of the input resistance are higher for the biconical

antennas.
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13.21 Comparison between theoretical and experimental values

of the antiresonant impedance

Figure 13.25 presents a comparison between theoretical and experimental

values of the antiresonant impedance for different values of l/2a. The
theoretical curves were obtained from the impedance formula 108. The
upper curve is for the dipole antenna in free space; the lower curve is

for a monopole above a perfect ground. The lower branches on each

curve neglect the top capacitance C t altogether ; for the upper branches,

C t = 2ea and juC t
= ja/30\. The capacitance between the tops of

the cylinders was obtained as follows. The capacitance of a disk of

radius a in free space is Sea ; the capacitance of one face is 4ea ; and the

capacitance of two exposed faces in series is 2ea.

Experimental data were obtained by various investigators at dif-
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Fig. 13.22 The input reactance of cylindrical antennas in free space when the top

capacitance is included.

ferent times and under different circumstances. The earliest data here

presented were obtained by C. B. Feldman in 1934. He measured the

maximum resistance of a vertical monopole above ground using X czl 18

meters. The gap between the lower end of the antenna and the ground

was 0.06X. In Fig. 13.25 his experimental points are marked with the

letter F. The next series of measurements* was made by A. C. Beck

in 1936. He employed squirrel-cage antennas with tapered input ends.f

Some measurements were made on balanced dipoles at the height of

60 ft above ground. Other measurements were made on the un-

balanced monopoles. Several wavelengths were used in the range

between 14 and 28 meters. His measurements are marked with the

* Heretofore unpublished.

t See also : G. Rosseler, F. Vilbig, and K. Vogt, Uber das elektrische Verhalten

von Vertikalantennen in Abhangigkeit von ihrem Durchmesser, TFT, 28, May 1939,

pp. 170-178.

F. E. Lutkin, R. H. J. Cary, and G. N. Harding, Wide-band aerials and trans-

mission lines for 20-85 Mc/s, IEE Jour., 93, IIIA, 1946, pp. 552-558.
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is neglected.

letter B. Both sets of measurements had been made before the present

theory was available. This is true also of the point marked MS which

was obtained by Morrison and Smith.*

Extensive impedance measurements were reported by Brown and

Woodward in April 1945. They used X = 5 meters. Their results

are marked BW. We have omitted the antennas with the two largest

diameters because the measured values included substantial base

admittance (see Section 13.23) . The point corresponding to I/2a = 1750

is seen to be considerably below the theoretical curve. This point,

however, should be seriously questioned. The maximum resistance

of a sharply antiresonant circuit is nearly equal to the maximum react-

ance swing. Other poles near the imaginary axis may either raise or

lower the reactance curve in this vicinity; but they do not affect the

reactance swing. Now the reactance swing as measured by Brown

and Woodward is 1750 ohms while the maximum resistance is 1280 ohms.

* J. F. Morrison and P. H. Smith, The shunt-excited antenna, IRE Proc, 25,

June 1937, pp. 673-696.
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Fig. 13.24 The input reactance of biconical antennas when the top capacitance is

neglected.
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Fig. 13.25 The antiresonant impedance of a vertical antenna above a perfectly

conducting ground. The upper curve includes the top capacitance; the lower curve

excludes it. The antiresonant impedances of hollow antennas should lie between
these curves. Various points are experimental. Points marked F were obtained by
Feldman, those marked BW by Brown and Woodward, those marked EB by Edwards
and Brandt, those marked B by Beck. The point marked MS was obtained by
Morrison and Smith. All these points are for antennas based on a plane and cor-

respond to the theoretical curve 2. Points marked DK and KK are for dipole an-

tennas in free space and go with the theoretical curve 1. The former were obtained

by D. D. King and the latter by Ronold King and D. D. King.
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These values are inconsistent. The X-R diagram is also badly out

of shape. If we take the reactance swing as more nearly representative

of the true value of the maximum antenna resistance, we find a good
agreement with theory.

Another set of measured impedance characteristics of balanced

dipole antennas was reported in August 1945, by Ronold King and
D. D. King.* The maximum values of the resistance from their curves

are shown by the points marked KK. These values are considerably

higher than those predicted by our theory. The next set of impedance

characteristics was published by D. D. Kingf in October 1946. The
maximum values of the resistance, marked DK, are much closer to the

theoretical curve 1.

The points marked EB were obtained by C. F. Edwards and

R. H. Brandt! in 1949. They used X = 7.62 cm.

It should be noted that the theoretical curves have been obtained

on the assumption that log(2Z/a) is large. This quantity is not large

in the leftmost sections of the curves shown in Fig. 13.25. In this range

the experimental values tend to be closer to the theoretical curve in

which the top capacitance is neglected. The upper curve shown in

Fig. 13.26 is the graph of equation 120 for the dipole antenna; the

lower curve is for the monopole backed by a perfectly conducting plane.

It will be recalled that equation 120 was obtained from equation 119

which in turn was obtained from equation 108 on the assumption

that Ka is very large. Several experimental points are shown to indicate

that the simple equation 120 is satisfactory. However, if \/2a < 50,

care should be taken, when using this formula, that there is no excessive

capacitance at the base of the antenna or near it which is in parallel

with the rest of the antenna. For example, according to Brown and

Woodward, the maximum resistance of an antenna with a diameter

of 10° is 160 ohms. In this case, \/2a = 36 and the theoretical value

would be 260 ohms if there were no base and near-base capacitance.

But the base capacitive reactance turns out to be 275 ohms ; in addition,

there is substantial near-base capacitance.

When we turn to Hallen's theory, we find that the values of the

antiresonant resistance depend very substantially on the choice of

the " expansion parameter" used in solving a certain integral equation

by successive approximations. This parameter corresponds to the

* Ronold King and D. D. King, Microwave impedance measurements with

application to antennas, II, Jour. Appl. Phys., 16, August 1945, pp. 445-453.

t D. D. King, The measured impedance of cylindrical dipoles, Jour. Appl.

Phys., 17, October 1946, pp. 844-851.

% Heretofore unpublished.
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average characteristic impedance K a of the mode theory; but its

numerical value cannot be fixed as definitely as that of K a . The defini-

tion of the expansion parameter involves an assumption that the antenna

radius is very small, and gives the value 2 log(2Z/a) + C, where C
is an essentially indefinite constant (or a slowly varying function whose

values are comparable to a constant). Thus, a variety of series expan-

sions for the antenna current may be obtained. Analytically they are

identical; that is, one series can be transformed into another. But

the numerical values of the antiresonant resistance obtained from

the first few terms of the expansion for practical values of 2l/a are
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Fig. 13.26 The antiresonant impedance (solid curve) as given by the approximate

formula 120 and some experimental points from Fig. 13.25.

sensitive to the particular value of the constant C. This accounts for

the differences between the values of the antiresonant resistance which

have been reported in literature. The more recent values are in good

agreement with those presented here.

In addition to the experimental data reported in this section, other

measurements have been reported by Rosseler, Vilbig, and Vogt,* by

Essen and Oliver, f by Smith and Holt Smith, and by Cochrane. For

comparison between these data and theory the reader is referred to a

book by R. A. Smith.

t

* G. Rosseler, F. Vilbig, and K. Vogt, tlber das elektrische Verhalten von

Vertikalantennen in Abhangigheit von ihrem Durchmesser, TFT, 28, May 1939,

pp. 170-178.

f L. Essen and M. H. Oliver, Aerial impedance measurements, Wireless Eng.,

22, December 1945, pp. 589-593.

J R. A. Smith, Aerials for Metre and Decimetre Wave-lengths, University Press,

Cambridge, 1949.
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Fig. 13.27 Antennas whose impedance characteristics are presented in Figs. 13.28

and 13.29.

200

160
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80 100 120 140 160

ANTENNA LENGTH IN DEGREES
240

Brown and Woodward, Courtesy IRE

Fig. 13.28 Resistance as a function of antenna length A (in degrees). The diam-

eter D is 20.6°. Curve A: the arrangement shown in Fig. 13.27a. Curve B: the

arrangement of Fig. 13.276, with the diameter of the outer conductor equal to 74°;

the characteristic impedance of the transmission line is 77.0 ohms. Curve C: with

the diameter of the outer conductor equal to 49.5°; the transmission line has a char-

acteristic impedance of 52.5 ohms. Curve D: with the diameter of the outer con-

ductor equal to 33°; the characteristic impedance is 28.3 ohms. Curve E: this

curve was obtained for the antenna in Fig. 13.27(a) by tuning out the base reactance

(but not the near-base reactance) with an inductive reactance.
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13.22 Effects of base and near-base capacitance — experimental

To examine the effects of base and near-base capacitance on the antenna

impedance, Brown and Woodward* used the arrangements shown in

Fig. 13.27. Figures 13.28 and 13.29 present the measured resistance

and reactance. Curves B, C, D refer to the arrangement shown in

Fig. 13.276. As the outer diameter of the coaxial pair decreases, the

near-base capacitance increases and the maximum resistance decreases.

Curve A refers to the arrangement shown in Fig. 13.27a where we have

a large base capacitance in addition to the near-base capacitance. The

20 40 60 80 100 120 140 160 160 200 220 240
ANTENNA LENGTH IN DEGREES

Brown and Woodward, Courtesy IRE

Fig. 13.29 Reactance curves corresponding to the resistance curves of Fig. 13.28.

maximum resistance is markedly depressed. Curve E refers to the

same arrangement but with the base capacitance tuned out. It might

be expected that, if the near-base capacitance were also tuned out,

the maximum resistance would be still larger, and its position would

move further to the right. If the base capacitance is excluded, the

theoretical value of i?max is about 140 ohms.

The base capacitance and the corresponding admittance are

Ch =
Bird'

h
jcoCb = 3™

6(M (123)

where h is the distance between the base of the cylinder (Fig. 13.27a)

and the ground plane. The near-base capacitance and admittance

are approximately

a
Cnb = 4sa log -r > JGdCnb =

m . a

4r l0g x (124)

* George H. Brown and O. M. Woodward, Experimentally determined imped-

ance characteristics of cylindrical antennas, IRE, Proc, 33, April 1945, pp. 257-262.
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Hence, the ratio of the admittances is

nb 4/i . a
v = — lOg -T-Yh ira h

13.22

(125)

For the present arrangement, h/a = 0.1, and Ynh/Yh = 0.29. An
inductive reactance equal to 65 ohms was needed to tune out the base

reactance ; hence, an inductive reactance of 50.4 ohms would be needed

to tune out both the base and the near-base reactance.

0.040

0.035

-0.005

-0.010
80 90 100 110 120 130 140 150 160 170

ANTENNA LENGTH IN DEGREES
180 190 200 210

Fig. 13.30 The susceptance calculated from the data in Figs. 13.28 and 13.29.

Figure 13.30 shows the susceptance calculated from the data in

Figs. 13.28 and 13.29. It shows clearly the difference between the

capacitances of the input regions of various antennas.

Thus, Brown and Woodward's experiments confirm the theoretical

conclusions of Section 12.10 with regard to the short-circuiting effect

of the proximity between the antenna terminals. Even if we use the

arrangement in Fig. 13.276, with no overlap between conducting surfaces

and, hence, no direct base capacitance, we still have the near-base

capacitance, particularly for cylinders of large diameter. Theoretically

this capacitance approaches infinity as the distance between the antenna

terminals approaches zero, no matter how small the radius of the antenna

as long as it is kept constant. Hence, if the gap is infinitesimal, so that
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the antenna is driven by a hypothetical potential discontinuity across

the driving point, the input impedance is automatically zero. Such

idealized driving conditions are physically unrealizable; but they are

valuable in theory because we can evaluate the distribution of the

antenna current for an arbitrary distribution of the impressed field

simply by integrating the current distribution for a unit voltage dis-

continuity across a typical driving point. The fact that the current

at the driving point turns out to be infinite does not invalidate the

method, since the integrals for the case when the voltage is distributed

in a, finite interval are convergent.

The idealized driving by a voltage discontinuity would have

possessed even greater practical importance if this method of driving

led to a finite input impedance, for then the impedance would have

been substantially independent of the driving conditions, and the

problem of its calculation would have been greatly simplified. As it is,

we cannot avail ourselves of this simplification. At this point we cannot

overlook a theoretical difficulty created by Hallen's method of suc-

cessive approximations for the solution of an integral equation for the

cylindrical antenna.* This method gives a finite value of the input

impedance for a zero gap, which seemingly contradicts all other the-

oretical analyses. Another difficulty is created by a custom prevailing

in circuit theory in which one speaks of a voltage at this or that point

of a circuit or network and of the " driving-point " impedance. The
implication is that the distance between the terminals of a generator

or a passive element is not important and that presumably it can be

infinitesimal without affecting the impedance.

The explanation of the first difficulty is that Hallen's method of

successive approximations (in all its special applications, as far as the

choice of the expansion parameter is concerned) involves a tacit assump-

tion that the impressed voltage is distributed over a segment of finite

length, even though in the original statement of the problem the voltage

is supposed to be concentrated at a point. If we try to remove the

tacit assumption and adhere strictly to the original assumption of

driving by a potential discontinuity, Hallen's method of approximations

breaks down immediately.

The second difficulty is removed as soon as we realize (see Section

2.4) that the custom of ignoring " gaps " in circuits is due to the fact

that, for normal distances between the terminals of circuit elements

and normal lengths of connecting leads, the stray capacitances are so

small that at low frequencies their effects on the impedances across

* Erik Hallen, Theoretical investigations into the transmitting and receiving

qualities of antennae, Nova Acta, Uppsala, 1938.
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the terminals are negligible. Thus, the custom does not imply that

these capacitances are unimportant under any conditions. In fact,

in high-frequency circuits these effects are carefully scrutinized.

13.23 Resonant impedance— theory and experiment

The theoretical value of the resonant impedance of the infinitely thin,

perfectly conducting half-wave dipole in free space is known exactly;

it is (r7/47r)Cin 2tt = 73.129 • • ohms.* Figure 13.31 shows the reso-

nant impedance as a function of the wavelength in diameters. The
curve has been obtained from equation 108 with the end capacitance C t
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Fig. 13.31 The resonant resistance of a half-wave dipole according to the first

approximation given by the mode theory.

and the higher-order terms in equation 111 neglected. If C t is included,

still lower values are obtained ; for instance, when \/2a = 200 we would

find about 56 ohms instead of 61.6. In the vicinity of resonance, the

input resistance is given by equation 109 and is substantially equal

to R a ((3l). The second term in equation 111 may easily affect R a to

the extent of several ohms.

The resonant impedances obtained by Hallen's method agree

quite well with those in Fig. 13.31, provided the terms of order 1/Ka
2

are included ;t thus, if

K a
12 = 2 log

a 60
+ 2, (126)

* This numerical value is based on the value 3 X 10 8 meters per second for

the velocity of light and, hence, on 120tt ohms for the intrinsic impedance of free

space.

t C. J. Bouwkamp, Hallen's theory for a straight conducting wire, used as a

transmitting or receiving aerial, Physica, 9, July 1942, pp. 609-631.
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we have the following values

:

U = 10, 15, 20,

R Tes = 61.3, 66.3, 68.5 (Fig. 13.31),

RTea = 60.4, 67.7, 70.5 (C. J. Bouwkamp).

The values are lower if only the terms of order 1/K a are included;

thus, for 12 = 15, King and Blake* find 61.2 instead of 67.7 obtained

by including an extra term. Values nearer 70 ohms were obtained

by M. C. Gray and by King and Middleton using Hallen's method
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Fig. 13.32 The impedance of dipoles with various center spacings. The solid

curves show the values measured by Smith and Holt Smith (X = 6 meters,

a = 0.625 in., X/4a = 100); the dotted curve shows measurements by Cochran^
(X = 7.2 meters, a = 0.375 in., X/4a = 200).

but choosing expansion parameters differing from ft. All these the-

oretical calculations are based on the assumption that the antenna gap
is very small but not so small that the base capacitance is significant.

Thus, there is some uncertainty about the theoretical values of

the resonant impedance. Experiments are mutually conflicting; some
reports give 73 ohms or even larger values whereas others give smaller

values. R. A. Smith | presents experimental evidence which shows

* Ronold King and F. G. Blake, Jr., The self-impedance of a symmetrical

antenna; IRE Proc, 30, July 1942, pp. 335-349.

t R. A. Smith, Aerials for Metre and Decimetre Wave-lengths, University Press,

Cambridge, 1949.
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that, in the vicinity of resonance, the resistive part of the impedance

increases with the length of the gap while the reactance remains the

same. He shows curves (Fig. 13.32) for X = 6 meters, a = 0.625 in.,

X/4a = 100, and for three different spacings between the terminals of

a balanced dipole, s = 0.5 in., 4 in., 8 in. For the longest gap, the

resonant resistance is very nearly 73 ohms. For the shortest gap (which

is comparable to the radius so that the near-base capacitance is still

negligible), the resonant resistance is 61 ohms, compared with 61.6 ohms
in Fig. 13.31. This is the kind of gap that is assumed in the mode
theory of antennas.

Edwards and Brandt have measured consistently 36 ohms for

unipoles backed by large metal sheets and fed by coaxial lines (see

Section 13.21). Data have been obtained for X = 3 in. In proportion

to the length of the unipole, the gaps have been larger than the 8-in.

gap referred to in the preceding paragraph. Smith reports that, in

the vicinity of resonance, the impedance depends not only on the spacing

at the center of the dipole but also on the method of connecting the

transmission lines. It may then be expected that there will be some
difference between the resistances of quarter-wave unipoles fed by
coaxial lines and the half-values for the half-wave dipoles.

13.24 Resonant and antiresonant lengths — theory and ex-

periment

Figures 13.33 and 13.34 show the resonant and antiresonant lengths

of dipoles obtained from equation 108. In the upper curves 1, the

end capacitance C t is neglected; in the lower curves 2, it is taken into

consideration.

Experimental values are scattered about these curves. Beck

measured antiresonant lengths of two cage antennas for which X/2a = 60

and obtained two values, 0.78 and 0.81. The first of these is slightly

below curve 2, and the second is somewhat below curve 1. For another

pair of cage antennas X/2a = 70, and two values of 2Z/X are 0.80 and

0.835. The first of these falls exactly on curve 2, whereas the second

is slightly above curve 1. For still another cage antenna for which

X/2a = 80, Beck obtained 2l/\ = 0.84, which is slightly below curve 1.

For tubular conductors with X/2a = 200, Brown and Woodward
obtained 2l/\ = 0.85 at X = 5 meters; Feldman obtained 0.88 at

X = 18 meters. Edwards and Brandt obtained 0.90 at X = 3 in. for

a solid conductor with the same value of X/2a. Feldman's value is

near curve 2, whereas the Edwards-Brandt value is near curve 1. For

an antenna with X/2a = 1000, Feldman's value for 2l/\ is 0.92 while
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curve 2 gives 0.93. Essen and Oliver obtain 0.92 for an antenna with

\/2a = 400 while curve 2 gives 0.908.

For half-wave antennas Brown and Woodward obtain 2Z/X = 0.467

0.473, 0.476 for \/2a = 400, 800, 2000. The corresponding values from

curve 2 are 0.467, 0.474, 0.48. For an antenna with X/2a = 100 Smith

and Holt Smith find 0.467 which is close to curve 1.

13.25 Dependence of the input impedance on the shape of the
antenna

Figures 13.35 and 13.36 show the input resistance and reactance of three

antennas of different shapes (from the mode theory of antennas). The
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Fig. 13.35 The input resistance of three dipoles of different shape having the same
average characteristic impedance, 600 ohms (for cylinder l/2a — 100) : The curve

having the greatest maximum is for the cone, the next is for the cylinder, and the

lowest is for the inverted cone with its base at the input terminals. The numbers

marking the curves are the ratios of the diameters at the top and the bottom. The
end capacitance is included for the cone and cylinder.

average characteristic impedances of these antennas equal 600 ohms.

The numbers opposite the curves are for the ratio of the top radius

to the bottom radius. Thus, the curve having the highest resist-

ance maximum is for the biconical dipole, the one with the next

highest maximum is for the cylindrical dipole, and the one with the

lowest maximum is for two cones arranged base to base.
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Fig. 13.36 The input reactance of the antennas described in the caption to the

preceding figure.

13.26 The input resistance of infinitely thin antennas

The dotted line in Fig. 13.37 represents the exact input resistance of

an infinitely thin perfectly conducting symmetric dipole. The equa-

tion for this resistance is

RaW)
Ri = (127)

sin2 $1

The current distribution in any infinitely thin perfectly conducting

antenna is exactly sinusoidal. Hence, we can determine the exact

radiated power and the exact input current. Then the exact input

resistance is

2P
Ri =

h2 (128)

If 7i and 12 are the maximum amplitudes of the currents in the arms

of an asymmetrically fed straight dipole, the radiated power is of the

form
_ 1Hull 2 + #12/l/2 + 4A22/22

. (129)
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If Zi, h are the lengths of the arms,

Ii = 7i sin /3Zi = I2 sin #2

;

therefore,

R t
= R 11 +

2R 12 +
/?22

sin2 fill sin /3Zi sin fifa sin2 $2

13.27

(130)

(131)

Similarly, we can determine the input resistance of an infinitely thin

loop, circular or square, fed at the corner of the square or elsewhere.

Fig. 13.37 The input resistance of three cylindrical antennas. The dotted curve

is exact.

13.27 Comparison between the elementary theory and the mode
theory of antennas

Figure 13.38 shows the input resistance of a very thin cylindrical antenna

according to the mode theory (the solid curve) and according to the

elementary theory (equation 64)

.

REFERENCES
1. E. C. Jordan, Electromagnetic Waves and Radiating Systems, Prentice-Hall, New

York, 1950, Chapter 13.
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S. A. Schelkunoff, Advanced Antenna Theory, John Wiley, New York, to be

published. This book presents the mode theory of antennas, Hallen's theory,

and the theory of spheroidal antennas. It also contains pertinent references

to the original papers.
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PROBLEMS
13.1-1 Consider two parallel capacitor antennas perpendicular to the line

joining their centers. Let their input impedances in free space be, respectively,

z\ and Z2, and let the terminals of the second antenna be short-circuited. Obtain

directly from field considerations: (a) V\ when 7i has a given fixed value, (6) I\

when Vi has a given fixed value. Show that the ratio Vi/Ii is the same, irrespective

of the method of its calculation, and that it is actually equal to Zn — (Z12VZ22).

Ans. (a) Vl = \Z l
-

(b) h =

-[
(siTs 2 )

:

-]-•

(SlTs 2 )
2

,

(si?
7

s 2 )
4

1 + 7T~Z H TTTTTTT +
Z1Z2 (Ziz 2y ]
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13.2-1 Show that the electric intensity parallel to the current filament given

by equation 8-106 is

Ez = ZOjA
exp(-jprs) .

exp(-jprj)
.

sin 2/3Z sin /3(/ + £)
—

r£ ri

exp(-jpr_i)

r-i
sin /3 (Z -«,]

13.2-2 Derive equation 19.

13.2-3 Derive equation 20.

13.2-4 Obtain the asymptotic expressions for the current in and the electric

intensity parallel to a linear antenna of length Z + 2X when a generator and a resist-

ance are inserted at distances from the ends equal to j\. The resistance is such

that the current wave between the generator and the resistance is progressive.

Assume that the antenna extends from z = — ^X to z = Z + 4X.

Arts. I(z) = Jo cos /3z, —Jx < z < 0;

= 7 exp(—jpz), < z < I;

= 7 exp(-jpl) cos p(z - I), I < z <l + Jx.

ih(-
c-#ri g

-#r
e
-,^r2 e

-#r8

#2 = 30j7 +j je-* 1 -

where r±, ro, r% rs are the distances from z = —jX, z=0,z = l, z = l-\- \\.

13.3-1 Derive equation 24.

13.3-2 Derive equation 25.

13.7-1 Obtain the radiation resistance (with reference to the maximum
current amplitude) of a progressive current wave on a filament of length Z. Use

equation 12-17.

Ans. See equation 6-65.

13.7-2 Obtain the radiation resistance (with reference to the current antinode)

of a symmetrical antenna loaded at both ends. Let the current distribution be

I{z) = 7 sin(# - p\z\) so that 7(0) = 7 sin # and 7(0 = 7 sin(# - pi). Do it

by two methods, one based on equation 12-13 and the other on equation 12-17.

Ans. Ra = 30 (Si 4/3/ - 2 Si 2/3Z) sin 2# + 30 (Ci 4/3/ - 2 Ci 201 +

log pi + C) cos 2d + 60
sin 2/3/ \ . 9/- 1 )sin 2

(# - 01) -
2/3/

Ci2/3/ H- log pi + C H-log2
]

13.7-3 Obtain the radiation resistance with reference to the current antinode

of the antenna described in Problem 13.2-4.

Ans. Ra = 15 [Cin(2/3Z + 2ir) + 2 Cin(2/3Z + jr) + Cin 2/3/] +
15 cos 2/3/ [Cin (2/3/ + 2x) - 2 Cin (2/3/ + *-) + Cin 2/3Z] +
15 sin 2/3/ [-Si(2/3/ + 2tt) + 2 Si(2/3/ + tt) - Si 2/3/].
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RHOMBIC ANTENNAS

14.1 Rhombic antennas

Rhombic antennas* consist of four straight wires arranged in the form

of a rhombus (Fig. 14.1) or of four systems of wires similarly arranged.

Rhombic antennas are usually terminated into an impedance such that

the current waves in the wires are substantially traveling waves. The

object is to throw the main beam of radiation in the forward y axis

direction.

Rhombic antennas are essentially transmission lines deliberately

designed to radiate power. They are end-fire arrays of current elements

TERMINATING
MPEDANCE

Fig. 14.1 A rhombic antenna.

inclined to the desired direction of radiation. The current elements

must be inclined since they do not radiate along their axes.

Of course, considerable power is lost in the terminating impedance.

This loss is the price paid for desirable features such as extreme simplicity

coupled with high directivity.

14.2 Input Impedance

The input impedance of two infinitely long diverging wires is given by
equation 13-95. From physical considerations it may be assumed that

*E. Bruce, Developments in short wave directive antennas IRE Proc, 19, August

1931, pp. 1406-1433.

457
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this is also an approximate expression for the input impedance of the

rhombic antenna, so terminated that reflections are reduced to a mini-

mum. Thus, we have

Zi = 120 log -^ 72 + 120 log cos <p' - J170. (1)

If, for example, <p' = 70°, a = 0.041 in., then:

X = 15, 26, 45 meters,

(2)
Z {

= 728 - J170, 794 - J170, 860 - J170 ohms.

Early experiments (1932) with a rhombic for which <p
f = 70°, I = 96

meters, a — 0.041 in. showed that the best termination over the range

of wavelengths from 15 to 45 meters was 820 ohms. When so ter-

minated, the resistive component of the input impedance varied from

about 660 ohms at 15 meters to about 830 ohms at 45 meters. Con-

sidering the difficulties of making such measurements at that time,

and the fact that 820 ohms was a compromise termination, the experi-

mental values check the calculated values satisfactorily.

14.3 Current distribution

Even without radiation, the current along the rhombic antenna will

vary unless the wires are conical. The nominal characteristic impedance

of the rhombic (for the principal waves) may be obtained from equa-

tion 4-42:

K(r) - 120 log— + 120 log cos <p', (3)
(Jb

where r is the distance from the generator. It can be shown that when
K(r) varies slowly, the current varies inversely as the square root of

K(r). This condition is satisfied between points about a quarter

wavelength from the generator and from the load. Thus, there is a

gradual fall and rise in the amplitude of the current. On this we must

superimpose the attenuation due to radiation. Experimental curves

showing the current distribution in rhombic antennas are given by

W. N. Christiansen.*

The smaller the radius of the wires, the narrower the channels

around the wires in which most of the energy leaving the generator

travels. Thin wires are better guides for energy around the corners M,
N of the rhombic. At the same time a greater proportion of the emitted

power is dissipated in the load, and the antenna is less efficient. Thus,

* Rhombic antenna arrays, AWA Tech. Rev., 7, October 1947, pp. 361-383.
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to increase the efficiency, we must increase the radius of the wires.

A practical method is to use two divergent wires for each wire of the

simple rhombic. Since the effective radius is the geometric mean of

the radius of each wire and the distance between them, we obtain

better returns than we would by increasing the radius of a single wire.

The lower characteristic impedance of the rhombic also reduces the

fluctuations in the input impedance caused by inevitable mismatches,

especially those arising from the clashing wavefronts (Fig. 8.23).

14.4 Radiation intensity

The shape of the radiation pattern of a rhombic is not sensitive to the

distribution of the amplitude of the current ; the phase velocity of the

current waves is the important factor, and this is equal to the velocity

in free space. But the absolute value of the radiation intensity does

depend on the attenuation of the current waves; so does the total

radiated power. Since the shape of the pattern remains substantially

the same, the directivity is not appreciably affected by the attenuation.

Assuming uniform progressive currents, we obtain the following

expression for the radiation intensity in the direction determined by
the angles 6 and <p (Fig. 5.1) of the rhombic (Fig. 14.1) in free space,

* = 240* (1Y cosV -=^- -*^£ P,
\ A / U\ U2

irl

u\ = — [1 — sin 8 cos(<p — <p')], (4)
A

irl
U2 = -r- [1 + sin cos(^> + <p')].

A

For a general expression for the field distribution from a rhombic

antenna carrying exponentially damped progressive waves, see E. G.

Hoffmann, Hochfreqtechn. u. Electroakus.; 62, July 1943, pp. 15-20.

14.5 Optimum angle

The interior angle p' is generally chosen to make the radiation intensity

in the direction of the y axis maximum. In this direction p = 6 = tt/2,

and

[£ (1 - sin „')]

[y (1 - sin P')7

sin-

* = 240* (yY COS2 <p'—^
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Equating to zero the derivative with respect to <p
f

, we find

tan (1 • - sin <p') = —-— cos2 <p'. (6)
X

v r y

J X

Solving, we obtain, for optimum rhombics,

y = L5
>

2
>

3
>

4
>

6
>

8
'

<PoP t' = 45°.4, 51°.5, 58°.6, 62°.9, 67°.9, 70°.9.

14.6 Shape of the major lobe

In the vertical plane, <p = w/2, the radiation intensity is

I \ 2
o / sin4 u TO wl

—2— I2 , u = —
ir X

(7)

$ = 240tt
( 4" ) cos2 <p' ^g=- P, u = -^- (1 - sin sin ^')- (8)

In the horizontal plane, 6 = 7r/2; in this case there is no essential

simplification in equation 4.

In the vicinity of 6 = w/2, the parameter u in equation 8 is a slowly

varying function of 0; hence, the major lobe in the vertical plane is

blunt. This shape is characteristic of end-fire arrays and could have

been expected since, in the vertical plane, the rhombic is essentially an

end-fire array. In the plane of the rhombic, on the other hand, the

direct and return branches form a broadside array, and we should expect

a sharper pattern. The rhombic antenna is, therefore, especially useful

in short-wave radio circuits in which the vertical angle of arrival varies

considerably.

14.7 Minor lobes

The secondary lobes of the radiation pattern of the rhombic are large,*

much larger than for ordinary end-fire and broadside arrays. A graphic

picture that illustrates the major and minor lobes by means of intensity

lines was preparecLby W. N. Christiansen! (Fig. 14.2). This picture

is for antennas above a perfect ground, so that the interference between

the rhombic and its image is included. The contour lines are the lines

of equal radiation intensity. The centers indicate the directions of

maximum radiation within each lobe.

The minor lobes are large because, from the point of view of direc-

tivity, the current elements in a progressive wave along a wire are poorly

* Donald Foster, Radiation from rhombic antennas, IRE Proc, 25, October

1937, pp. 1327-1353.

f Directional patterns of rhombic antennae, iWi Tech. Rev., 7, September

1946, pp. 33-51.
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MA'N LOBE -» 9P
ly

™ "1
ANGLE, 9"

8 x 4 X 2 = 64
HALF-WAVE
ELEMENTS

AVERAGE h = 1.25 A

Christiansen, Courtesy AWA Tech. Rev,

Fig. 14.2 A graphic picture of radiation (a) from a rhombic antenna and (b) from

a pine-tree array. The contour lines are the lines of equal radiation intensity.

The centers indicate directions of maximum radiation within each lobe.
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arranged. For a single wire the space factor is maximum in the direction

of the current wave; but in that direction the pattern of the element has

a null. The space factor is given by equation 5-41 with k = /3; and

the electric intensity of the element is proportional to sin 6. For small

the envelope of the space factor S varies as 1/02 ; hence, the field of

the progressive current wave varies as 1/0, the pattern of the element

counteracting the space factor. The 0's corresponding to the directions

of the major lobe and the adjacent lobe are in the ratio of 1 to V3;

hence, the radiation intensity of the single wire in the direction of the

second lobe is only a third of the maximum intensity, or only 4.8 db

down. In the case of the rhombic, the largest secondary lobe is 5.5 db

below the major lobe; the smaller size of this lobe is due to the inter-

ference between the four arms of the rhombic.

14.8 The ground

Rhombic antennas are generally mounted horizontally over level

ground. Figure 14.3 shows a typical rhombic antenna of the type used

S/G

BALANCED TO— UNBALANCED
4 TRANSFORMER

COAXIAL
OUTPUT LINE

"77777777"

200 meters-

Fig. 14.3 A typical rhombic antenna.

in short-wave reception. Its dimensions are: I = 96 meters, <p
f = 70°;

and the height above the ground is h = 17.6 meters. The radiation

patterns are shown in Fig. 14.4. Mechanical integration of the radia-

tion pattern of this antenna revealed that in free space half the total

radiated power is radiated through the minor lobes.

In obtaining the radiation intensity of a horizontal antenna, the

ground may be considered as a perfect conductor. The image is

negative, and the radiation intensity above ground is

$i = 4 sin2 (^y~ cos
J
$, (9)

where 3> is the radiation intensity In free space; the remaining factor

is the space factor of the antenna and its image.

The effect of the ground on the radiation resistance of a rhombic is
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usually small. For I = 6X and h = 1.1X, the radiation resistance is

about 10 per cent above its value in free space.

Poor ground will increase the attenuation due' to heat loss. In a

single, long wire the series resistance due to the ground is about 10/h

20 30 40 50 60 70 80 90

10

1

oo

70 T~
60 /

50

30
20

S-sa^g^^^AUJ
_l
(J)

z
<

\7a)

UJ
>
<

10

20 30 40 50 60 70 80 90

70 80 90

40 30
AMPLITUDE

Fig. 14.4 Radiation patterns of the rhombic antenna shown in Fig. 14.3: (a)

azimuthal pattern over a perfectly conducting ground when X = 16 m, l/\ = 6,

<p' = 70°, h/\ = 1.1, 6 = 80°; (b) vertical pattern.

ohms per meter at X = 18 meters and " Holmdel ground " (er = 20,

g = 0.015). At X = 16 meters and I — 96 meters the copper and ground-

effect losses in the wires are about 0.5 db.

14.9 Pqwer gain

If R{ is the input resistance of the rhombic, the power input is

P = Wo2
, (10)

where 7o is the amplitude of the input current. Hence, the average

radiation intensity is

<J> =
47T 87T

RJo2
. (11)
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Assuming that the current waves are exponentially damped,

I(s) = I e-as-^ s
, (12)

where s is the distance from A, we obtain the electric intensity in the y
direction of the rhombic antenna in free space,

j120tIq cos<p'
E x = - [1 — g— al— ?/3(l—sin <p' )l~\ I g— as— ;'/3(l—sin <p' )s ^g

JoXr

J120tI COS tp'[\ - e-^-^d-sin^)i]2

Xr[a + j/3(l - sin*/)]

Hence, in the y direction,

r2E xE x* _ 607t/ 2 cos2 <p'[l - 2e' al cos 0(1 - sin *>')Z + e-2a ']
2

(13)

$ =
240tt X2 [a2 + /3

2
(1 - sin^') 2

]

24Q7r/ 2e-2aZ cos2 y/[cosh aZ - cos)8(l - sin?/)Z] 2

X2 [a2 + /3
2
(1 - sin?') 2

]

The power gain of the rhombic in the y direction is therefore

19207r2e-2a * cos2 ^[cosh al - cos 0(1 - sin <?')Z]
2

#<X2[a2 + £
2
(1 - sin <p')*\

~ ' ( 5)
3>

In practice, the attenuation constant a is small. Neglecting a2 in

the denominator and approximating cosh a by unity, we find

1920e-2 ** cos2 <p' sin4 -y- (1 - sin <p')

9p = (16)

Ri(l - sin^') 2

For a half-wave antenna, the power gain (and its directivity) is

120
9 = Tjr> B.i-78. (17)

Dividing equation 16 by equation 17, we obtain the power of the

rhombic with respect to the half-wave antenna.

It is to be noted that the exponential factor,

e~2" 1 = 4^ > (18)
-to

equals the ratio of the amplitudes of the current through the termination

and the input current.
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14.10 Directivity

The power radiated by a rhombic antenna may be obtained by either

of the two methods described in Chapter 5, that is, either by integrating

the radiation intensity over a unit sphere or by integrating the product

— %E SI* along the antenna. If the current is assumed to be sinusoidal,

the second method is easier. In order to find E s , it is necessary to

calculate the components of E parallel to a current filament (equation

12-47) and perpendicular to it.* Using this method and assuming

uniform progressive waves f Marion C. Gray obtained the following

expressions for the radiated power and directivity, for optimum rhombics

in free space,

Prad = 120 [log (2# cosV) + 0.577

9d
8(131 - u') sin4 ^'

u = IT

'Vo
2

,
(19)

(1 - sin<p')i

(20)

(21)

i*'[log(20ZcosV) +0.577]

GD = 10 logio Qd-

From this we obtain

l/\ = 1.5, 2, 3, 4, 6, 8;

GD = 11.9, 13.2, 15.1, 16.4, 18.2, 19.5.

These values indicate that the power radiated because of the mutual

interaction between the several arms of the rhombic is not negligible.

Thus, adding 6 db (to allow for the four arms of the rhombic) to the

directivity of a single wire carrying a progressive wave (see equation

6-68), we obtain

Z/X=1.5, 2, 3, 4, 6, 8;

G = 13.4, 14.1, 15.3, 16.2, 17.5, 18.4.
y }

The gain in the forward direction is reduced if <p
f
9^ <p'op t- The

reduction is obtained from the radiation intensity (equation 5) if we
assume that the radiated power is approximately independent of <p

f

.

Thus,

g(p'opt)

g(v')

cosyopt

7T

(1 — sin^') sin
7T

X
(1 - sin <? 'opt)

cosy
id

X
(1 - sin <p 'opt) sim

irl

(1 — sin <p')

(23)

Such a reduction in gain occurs when a fixed antenna is used over a

large wavelength range, and it is illustrated in Fig. 14.5 for an antenna

* Electromagnetic Waves, p. 371, equation 9.25-12.

f The directivity varies very slowly with changes in attenuation (see Problem

6.1-11).
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with I = 96 meters and <p' = 68°. In long-distance short-wave circuits,

the interior angle <p
f
is made equal to its optimum value for the shortest

wavelength in the range. The curve reveals a 4.5-db loss when the

wavelength is twice as large. This loss occurs only for the signals arriv-

ing in the horizontal direction. Actually in short-wave circuits the

25

O 20
UJ
o
? 15

>-'

>

to

V
1=96 METERS

J
rOPT

""— — --.

¥> = 68°N

8 16 24 32 40 48 56 64
WAVELENGTH, A, IN METERS

Fig. 14.5 Directivity of a fixed antenna (solid line) and directivity of an optimum
antenna (dotted line) as a function of wavelength.

signal angle 6 usually decreases as the wavelength is increased; hence,

the actual loss is smaller. The following table shows that the optimum
value of <p' increases as the signal angle 6 is decreased,

(24)

It is this property that makes it possible to use fixed rhombic antennas

in short-wave circuits over a large range of wavelengths.

14.11 Loss in the terminating resistance

Let the loss T in the terminating resistance be expressed in decibels.

Since the loss in the wires is negligible, T must equal the difference

between the directivity and the power gain. Hence,

l/\ = 1.5 2 3 4 6 8

For 6 = 90° i

<P opt = 45.4 51.5 58.6 62.9 67.9 70.9

For 6 = 75° f

<P opt = 47.0 53.5 61.4 66.2 72.1 75.9

For 6 = 60° /

<P opt = 52.1 60.0 69.8 75.7 83.0 85.3

T = Gd — Gp, 1Q7710 = 9d

For exponential attenuation we also have

It2

T = - 10 log 10 1 -
/o

s

e-4al = 1 _ 10-7/10.

(25)

= -101ogio(l - e~*« l

),
(26)
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Noting that the directivity Qt> is approximately independent of the

attenuation of the current waves, we can find Ri from equations 16,

20, 25, and 26,

Ri = VlOr / 10 (10T ' 10 - 1) 240 |log (-^- cos2 <p'

J
+ 0.5771 • (27)

In the case of cylindrical wires, and particularly in the case of

multiple cylindrical wires which are used to diminish the impedance

level, the nominal characteristic impedance given by equation 3 varies

rapidly near the generator and more slowly at greater distances. Hence,

the current amplitude decreases much more rapidly within, say, the first

half wavelength than subsequently. This more rapid variation in the

current, over such a short distance, will not greatly affect the directivity

and the power gain; but its effect on equation 26 will be large. Equa-

tion 27 will no longer apply, but a similar equation will. All that we
have to do in equation 26 is replace 7o by the current 7(X/2) at distance

X/2 from the input terminals, since from there on the nominal charac-

teristic impedance varies slowly, and the effect on the attenuation from

this cause is small. Simultaneously, we should use the nominal charac-

teristic impedance at this distance instead of Ri, since the input power is

P = ift,-/o2 = \K [j) \I
(J- 1J

• (28)

Thus, equation 27 becomes

K (±\ = VlO^ 10 (10^ 10 - 1) 240 ["log(~ cos2 <?'} + 0.5771 .

This is a more general equation than 27 ; for, if the nominal characteristic

impedance does not vary, K(\/2) is equal to Ri. From equation 3 we
find

120 log— + 120 log cos <p'. (30)
(JL

Figure 14.6 shows the relation (equation 29) between this impedance

[or the input impedance when the nominal characteristic impedance

K(r) is substantially constant] and the loss in the termination.

In order to test the sensitivity of these values to the over-all current

distribution, they were recomputed on the assumption that the current

amplitude is constant in each arm of the rhombic and drops suddenly

at the mid-points M and N (Fig. 14.1). For l/\ = 6, these results

are shown in Fig. 14.6 by circles.*

* In computing the curves in Fig. 14.6, a 2 was retained in equation 15; its

effect, however, was found to be small.
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Fig. 14.6 The nominal characteristic impedance of a rhombic antenna, at a dis-

tance from the input terminals equal to X/2, as a function of the termination loss.

WAVE FRONTS

Fig. 14.7 A rhombic antenna constructed from conical conductors.

Fig. 14.8 A rhombic antenna constructed of twin conical conductors.
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For the antenna mentioned at the end of Section 14.2, the measured

termination loss at 16 meters was about 3 db. In Fig. 14.6 this corre-

sponds to K(\>2) = 1010 ohms. From equation 30, we find K(\/2) =

1030 ohms.

The curves in Fig. 14.6 show the advantage of using multiple con-

ductors. For example, for a rhombic made with conically tapered wires

(Fig. 14.7) and having the following dimensions,

<p> = 68°, ^ = 10-4
,

we find, from equation 4-42,

K = 120 log
2 C°S ^ = 1071 ohms, T = 3.2 db.

If two sets of conical conductors are used (Fig. 14.8), the antenna

impedance is reduced (see equation 4-43) to

If if' = 68°, $ = 10"4
,
v = 10~2

, then,

K = 752 ohms, T = 2.2 db,

and there is 1-db increase in signal gain over the single-wire rhombic.

Experimental work with multiple-wire rhombics has indicated gains

between 0.5 and 1.5 db over single-wire rhombics.

14.12 MUSA receiving system

The MUSA* receiving system employs sharp vertical plane directivity,

capable of being steered to meet waves arriving at a receiving location

at varying angles. It consists of an end-fire array of antennas, of fixed

directional pattern, whose outputs are combined in phase for the desired

angle. An experimental system, constructed at Holmdel, consisted of

six rhombic antennas (Fig. 14.9). The antenna system extended three

quarters of a mile toward England. The outputs were conducted by

coaxial transmission lines to the phase shifters in the receiving building.

The phase shifts, &, 2$, 3$, 4??, 5$, are indicated schematically in Fig.

14.9. The phasing is actually accomplished by means of rotatable

phase shifters operating at an intermediate frequency! (Fig. 14.10).

* H. T. Friis and C. B. Feldman, Multiple unit steerable antenna, IRE Proc,

25, July 1937, pp. 841-917.

t The technique used here to phase the output antennas takes advantage of

the fact that, when two radio frequency voltages are separately heterodyned with

the same beating oscillator, the different frequency outputs obtained have the same

relative phases as the original radio-frequency voltages before the frequency change

was accomplished. See H. T. Friis, A new directional receiving system, IRE Proc,

13, December 1925, pp. 685-707.
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These phase shifters, one for each antenna except the first, are geared

together in gear ratios 1, 2, 3, 4, 5. The direction of the main beam
in the vertical plane may then be altered by rotating the assembly.

Three sets of such phase shifters are paralleled, each set constituting a

separately steerable branch. The one toward the right serves as an

exploring or monitoring circuit for determining the angles at which

waves are arriving. The remaining branches may then be set to receive

at these angles. The patterns at the top of this figure show that the

I200METERS (|- MILE]

y777777777777777777777777J77777777777777777777Y777777777777777777.

{IgjH

Fig. 14.9 An experimental system of six rhombic antennas.

branches A' and A" are adjusted to receive waves arriving from direc-

tions making angles, respectively, 12° and 23° with the horizontal plane.

The space factor is

sim
N

S =

cos 6

sim — cos

(32)

where c/v is the ratio of the velocity of light to that in the transmission

lines,* N = 6 is the number of rhombics, d is the spacing between

rhombic output ends. A family of calculated directional patterns of

the experimental MUSA is shown in Fig. 14.11. At the top of each

column is shown the principal lobe of the vertical directional pattern of

the unit rhombic antenna, calculated in the meridian plane. Beneath

are shown six vertical patterns of the MUSA, which are obtained by

multiplying the space factor by the unit antenna pattern. The upper

* The velocity in coaxial transmission lines is smaller than the velocity of waves

in free space because of the insulators.



14.12 MUSA RECEIVING SYSTEM 471

pattern corresponds to phasing for zero angle #. The remaining ones

are plotted for increments of 60° in #. Note that the width of the major

lobe, at the 3-db points, at X = 16 meters, and = 16°, is only 2.5°.
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Fig. 14.10 A diagram of phasing equipment.

A commercial MUSA system which consists of a row of 16 rhombic

antennas 2 miles long has been constructed at Manahawken, N. J.*

* F. A. Polkinghorn, A single-sideband MUSA receiving system for commercial

operation on transatlantic radio telephone circuits, IRE Proc, 28, April 1940, pp.

157-170.
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The vertical-plane directivity for this system is 16/6 =2.67 higher than

for the experimental 6-antenna system; the lobe width at X = 16 meters

is now less than 1° when the steering angle 6 is 16°. To be able to con-

struct steerable antennas with 1° major lobes illustrates the status of

the short-wave art just before World War II.
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Fig. 14.11 Directional patterns of a MUSA system.

MUSAs have been used to unravel the complicated transmission

phenomena of short waves, and for that purpose they have been a very

valuable tool. For short-wave reception, they give considerable im-

provement in signal-to-noise ratio and reduction in selective fading.

A long system is expensive, and, in addition, the benefits of increased

lengths or higher selectivity diminish gradually. Results with the
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2-mile long system indicate that the point of diminishing return has

been reached.
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LINEAR ANTENNA SYSTEMS

15.1 Linear, antenna systems

Heretofore we have considered relatively simple linear antennas. In

studying their properties, we kept the source of power in the background

since it does not affect their performance. When analyzing directive

radiation, we assumed certain relationships between the amplitudes and

phases of the currents in the elements of an array and ignored completely

the question of actually obtaining these relationships. The problems

arising from the necessity of connecting the antenna to the source of

power (or to the load in the receiving case) are largely, although not

exclusively, circuit and transmission line problems. To a great extent

the problems of power distribution between the various elements of the

array are also circuit and transmission line problems.

To illustrate the different kinds of problems that arise in the design

of antenna systems consisting of linear antennas, we shall discuss a

few typical examples. So many systems have been developed in the

past that it is not feasible to consider them all within the limits of this

book. Superficial descriptions of some of these systems may be found

in radio handbooks; but for more detailed analysis the reader should

consult the original papers.

15.2 Impedance matching

The principal elements in the system connecting the antenna to the

transmitter are shown in Fig. 15.1. For maximum transfer of power,

the transmitter must be " matched " to the antenna, and, if a long line

is used between them, it is desirable that the line should be matched

both to the antenna and to the transmitter. In this connection the term
" impedance matching " implies that the impedance seen from the

antenna terminals, for instance, toward the transmitter must equal the

conjugate of the antenna impedance; that is, the resistive components

474
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must be equal and the reactive components must be equal in magnitude

but opposite in sign.
4

In order to design a matching circuit, we must know either the

antenna impedance or the antenna admittance. The former is more

TRANSMITTER
IMPEDANCE

TRANSFORMER
TRANSMISSION

LINE
IMPEDANCE

TRANSFORMER ANTENNA

Fig. 15.1 A transmitter-antenna system.

convenient for matching circuits of the series type, and the latter is

preferable for circuits of the parallel type. The series and shunt repre-

sentations of the antenna (Fig. 15.2) are equivalent. In these repre-

W (b)

Fig. 15.2 Series and shunt representations of an antenna.

TO
TRANSMISSION

LINE

. TO
ANTENNA

mmm~ —

Fig. 15.3 Simple parallel circuit for matching transmitter to antenna.

sentations coL and coC denote merely positive and negative reactances

and susceptances ; their actual variation with frequency may be com-

plex. A simple matching circuit of the parallel type is shown in Fig.

15.3. For other examples the reader should consult handbooks.

15.3 Traps

If a coaxial line is used to convey energy from the transmitter to the

antenna, the outer surface of the outer conductor of the line becomes part

of a parasitic radiating circuit. The voltage across the coaxial line is

impressed not only between the input ends of the antenna arms but also

between one of these ends and the outer surface of the outer conductor.

To remedy this situation, a quarter-wave trap may be added as shown
in Fig. 15.4a. This trap introduces a large impedance into the parasitic
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radiating circuit and reduces its current. Figure 15.46 shows a similar

trap for a coaxial antenna.*

If the waves are not too short, the coaxial feeder may be wound
into a coil near the input terminals of the antenna. This coil introduces

a large inductive reactance into the parasitic circuit.

(D

Fig. 15.4 Quarter-wave traps.

15.4 Transformers between balanced antennas and unbalanced
transmission lines

Figure 15.5 shows a transformer for use between a balanced receiving

antenna (such as a rhombic) and a coaxial output circuit. The second-

ary winding is split into two parts to obtain symmetry with respect to

the balanced primary circuit. Adjacent terminals of the transformer

are grounded to decrease undesirable capacitive coupling.

15.5 Feeder systems

Additional problems arise in the design of antenna arrays. In a linear

broadside array of the point-to-point type, the currents in all the elements

must be in phase. By feeding the elements with separate transmission

lines from a common center, we can insure that the impressed voltages

are equal. But the impedances of the various elements are affected

by their coupling to other elements ; hence, the impedances of the central

elements will be different from the impedances of the elements near the

ends of the array. We may have to take some loss due to the mismatch,

or else insert matching circuits.

Instead of using separate transmission lines, we may use a single

line, as shown in Fig. 15.6. Transpositions of the feeder conductors

* W. C. Tinus, Ultra-high-frequency antenna terminations, Electronics, 8,

August 1935, pp. 239-241.
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insure equal phases of the impressed voltages. In the case of two an-

tennas this method is perfect ; otherwise, we have to consider impedance

mismatches much more serious than those due to the differences in the

COPPER
BOX

BALANCED
INPUT

-CAPACITOR I PRIMARY
- INDUCTOR \ CIRCUIT

COAXIAL OUTPUT
CIRCUI

/ N
I INDUCTOR 1 SECONDARY
CAPACITOR CIRCUIT

Fig. 15.5 A transformer for use between a balanced antenna and an

unbalanced line.

position of the elements within the array. Suppose, for instance, that

the impedance of each antenna is 600 ohms and the impedance of the

line is also 600 ohms. The impedances are matched at the terminals

(0 (2)\j (3)U (4)U (5)

Fig. 15.6 Use of a transmission line for feeding the elements of an antenna array.

of the fifth antenna (Fig. 15.6) ; but the impedance at the terminals

of the fourth antenna is only 300 ohms, and we shall have a mismatch

unless the line impedance between the third and fourth antenna is re-

duced to 300 ohms. The line impedance between the second and third

antennas must be 200 ohms, between the first and second 150 ohms, and
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the impedance of the input line 120 ohms. If we wish to use a uniform

line, we must insert transformers, or take the consequences of impedance

mismatch.

H i

fa)

A
2

Jt_l

u—
(b)

,'////////<>,

(d)

X
'////////// //////////////////

Fig. 15.7 Illustrating various methods used to obtain suitable phasing of vertical

currents in half-wave antennas: (a) and (6) quarter-wave sections of transmission

lines, (c) resonant circuit, (d) loosely wound helix.

Fig. 15.8 Sterba array of half-wave and quarter-wave elements.

No transposition is needed in the case of an end-fire array of ele-

ments one-half wavelength apart ; but we must still consider the problem

of impedance matching.

Simple broadcast-type broadside arrays of half-wave antennas are

shown* in Figs. 15.7a and b. Quarter-wave sections of transmission

lines cause current reversals at half-wave points so that the vertical

* Antennas of the type shown in Fig. 15.7a are called Franklin antennas.
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radiating currents are substantially in phase. Resonant circuits at

half-wave points (Fig. 15.7c) might be used, but their design would

be complicated by the interactions between the inductors and capacitors

and the antenna. The velocity of waves along the winding of a not too

closely wound helix is nearly equal to that in free space ; hence, a wire

about one-half wavelength in length wound into such a helix (Fig. 15.7d)

would also introduce the required current reversal and keep the vertical

currents in phase.

The Sterba array of half-wave and quarter-wave elements* (Fig.

15.8) has a valuable feature: A steady current may be easily passed

through the closed loop for de-icing purposes.

Schematic diagrams of the Walmsley (England) and Chireaux-

Mesny (France) arrays may be found in handbooks, f As in the Sterba

Z
j

Fig. 15.9 The fishbone receiving antenna.

array, the principal aim is to design a system in which the fields are

strengthened in some particular direction when the size of the array

is increased.

15.6 Fishbone antennas

The fishbone receiving antenna is a long terminated transmission line fed

by untuned dipoles, the distance between each dipole being less than a

* E. J. Sterba, Theoretical and practical aspects of directional transmitting

systems, IRE Proc, 19, July 1931, pp. 1184-1215.

f Harold Pender and Knox Mcllwain, Electrical Engineers' Handbook, John

Wiley, New York, 1951.

Frederick E. Terman, Radio Engineer's Handbook, McGraw-Hill, New York,

1948.
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quarter wavelength.* The dipoles are loosely coupled to the transmission

line by means of small capacitors (Fig. 15.9). Thus, each dipole adds a

small capacitive and resistive loading to the line.

Assuming uniform loading and equal (in magnitude) currents in

the dipoles, we find that the space factor for an antenna of length I

extended along the z axis is

sin

S =
ir + 7r T (1

- cos *)]

~2~ + TTy (1 - COS0)

(1)

where

Figure 15.10 shows typical patterns when the wave velocity along

the line equals that in free space, so that #' = 0. The blunt shape of

the major lobe is often a desirable feature. Figure 15.11 illustrates the

effect of the excess &' of the phase lag along the line over that in free

space. f The major lobe becomes sharper, and, for &' = ir, the pattern

is similar to the pattern of a broadside array.

Figure 15.12 exhibits the effect of exponential attenuation of the

currents in successive dipoles. The shape of the major lobe is not

affected appreciably even by a large attenuation; but the nulls are

eliminated, and the general shape of the radiation pattern becomes

smoother. Evidently the directivity is not much affected by the

attenuation.

For the case of zero attenuation, the directivity may be expressed as

Q = ^AB, (3)

where the factor A is the function of &' shown in Fig. 15.13, and B is a

correction factor for the directivity of each dipole (Fig. 15.14). For

long antennas B is nearly equal to unity; A is unity when #' = 0,

and the wave velocity along the line equals that in free space.

In practice, it is difficult to design a highly efficient fishbone an-

* H. H. Beverage and H. O. Peterson, Diversity receiving system of RCA
Communications, Inc., for radio telegraphy, IRE Proc, 19, April 1931, pp. 531-561.

f An analysis of the directivity of such arrays may be found in W. W. Hansen

and J. R. Woodyard, A new principle in directional antenna design, IRE Proc,

26, March 1938, pp. 333-345.



15.6 FISHBONE ANTENNAS 481

(/>



482 LINEAR ANTENNA SYSTEMS 15.6



15.6 FISHBONE ANTENNAS 483

9 o

II ii

^k^

TOTAL

TTENUATION

M

DECIBELS:

3 yS<-
04 J

o ±

a>

CO
(J)

z
<

<o

V)



484 LINEAR ANTENNA SYSTEMS 15.6

tenna over a long range of wavelengths because the dipole impedances

change rapidly with wavelength. For this reason the fishbone antenna

is used primarily for short-wave, 15- to 60-meter, reception where,

because of static interference, the efficiency is not very important.

2.0

1.8

1.6

1.4

1.2

1.0

0.8

0.6

0.4

0.2

J^_ 2 -^
A

y€i

^ A
= 00

u
\
>

-77 -0.57T 0.577" 7T 1,577*

Fig. 15.13 The factor A in equation 3 for the directivity of the fishbone antenna.

B 1.4

2 4 6 8 10

LENGTH IN WAVELENGTHS, t/^

Fig. 15.14 The factor B in equation 3.

Several interesting variants of fishbone antennas are described by

Carter, Hansell, and Lindenblad. *

Fishbone antennas may be used as elements of an array (Fig. 15.15).

The fishbone is a balanced antenna, and, when located in a hori-

zontal plane, it is useful for the reception of horizontally polarized

waves. Half a fishbone antenna close to the ground is called a comb

* Development of directive transmitting antennas by RCA Communications,

Inc., IRE Proc., 19, October 1931, pp. 1773-1842.
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antenna* and is useful for reception of vertically polarized short waves.

The design shown in Fig. 15.16 was arrived at experimentally by A. C.

Beck at Holmdel, N. J., by measurements of patterns (Fig. 15.17),

207^
TERMIN-
ATION

SUPPORTING
WIRE N INSULATORS

I V

ANTENNA WIRES
(0.080"DIA. 27'9"LONG)

35
MM*

30

10'
2"

25
MA*

20

V77777777,

-E

TRANSFORMER

OUTPUT

V///////////////////A/////////////////////////////////////////

\ 207 W COAXIAL (NOT LOADED)
"(2-INCH GALVANIZED PIPE)

122'

(37 METERS)

£
ZJT,

j

70^
COAXIAL

Fig. 15.16 Comb antenna for reception of vertically polarized short waves.
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Fig. 15.17 Measured radiation patterns for the comb antenna of Fig. 15.16.

relative levels of the currents in the antenna wires (Fig. 15.18), and

directivities. The tapered values of the coupling capacities (Fig. 15.16)

tend to equalize the antenna currents and to reduce resonance effects

over a large frequency band.

* Ralph Grimm, The comb antenna, IRE Proc, 36, March 1948, pp. 359-362.



15.6 FISHBONE ANTENNAS 487

The azimuth patterns (Fig. 15.17) were obtained by energizing the

antenna and measuring the electric intensity around a circle with half

a mile radius. The relative levels of the currents in the antenna wires

(Fig. 15.18) also correspond to the transmitting case.

With a field produced by a transmitting antenna located about

three quarters of a mile in front of the comb antenna, the relative output

of the comb antenna with respect to a nearby half-wave antenna was

found to vary between 5 and 7 db over a 9- to 18-Mc frequency range.
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Fig. 15.18 Diagrams showing relative levels of the currents in the wires of the

fishbone antenna.

When transatlantic short-wave signals were used for relative gain

measurements, between 1 and 2 db lower gain values were obtained.

The conservative figure is 4.5 db. This is also the signal gain in free

space of a double comb or fishbone antenna of the design shown in

Fig. 15.9 with respect to a full-wave antenna (the half-wave antenna and

its image). Hence, the signal gain with respect to an isotropic source is

approximately

G s = 4.5 + G (full-wave antenna) ~ 8.5 db

over a frequency range from 9 to 18 Mc.
The heat loss may be estimated by evaluating the difference be-

tween the directivity and the signal gain. To obtain the directivity from

equation 3, we have to know A. The phase difference #' which de-

termines this factor may be evaluated from the angle 6' corresponding
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to the first null in the directive pattern ; thus, from equations 1 and 2,

&' = 2ir\l - y(l - cosol- (4)

For example, at 18 Mc, X = 16.6 meters, and, from the measured pattern

in Fig. 15.17, we find that B' = 45°; from Fig. 15.16, I is equal to 37

meters ; hence,

&' = 2tt |l - -^ (1 - cos 45°)1 = 0.7tt.

The corresponding value of A is 1.8 from Fig. 15.13. From Figure 15.14,

we obtain B = 1.25 for l/\ = 37/16.6 = 2.24. Therefore,

4 y 37
g =

**
x L8 x L25 = 20

>

lo.o

G = 13 db.

Consequently,

Heat loss = G - G s ^ 13 - 8.5 ~ 4.5 db.

At 9 Mc. we have

0' = 50°, &' = 1.2tt, A ~ 2, B = 1.47,

G^lldb, and G - G s = 2.5 db.

These values for heat loss were not checked by direct measurements

of the power delivered to the experimental comb and the power dissipated

in its terminating resistance. For this reason the above figures should

not be given too much weight.

The comb antenna is one solution the antenna art has produced in

the search for a directional antenna that has a constant input impedance,

high directivity, and satisfactory efficiency in a broad band of fre-

quencies.

An array of 8 comb antennas has been built for experimental

purposes. Figure 15. 19 shows a top and side view of the array. The
output of each comb is brought into the receiver building through a

72-ohm coaxial transmission line. The lines are cut to lengths such

that, for signals arriving along the axis of the array, the currents are

in phase when they enter the receiver building. Thus,

V V V
I2 = li — d— ) Is = l\ — 2d — j Z4 = l\ — 3d— >

c c c

where v is the phase velocity of the lines.

The direction of maximum response of the array is adjusted by

switching short lengths of coaxial lines in and out of the lines from the
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various combs. Vertical steering is accomplished in steps of 0°, 10°, and
20° by switching simultaneously, in and out, the lengths marked a, 2a,

and 3a, for each row of end-on combs. Horizontal steering is accom-

plished in steps of 0°, 5°, 10°, and 15° on either side of the axis of the array

by means of the lengths marked +6 and —b. This type of steering is

independent of the wavelength.

The array was located on good conducting ground, and it performed

very well for signals with variations in horizontal angles of arrival as

great as ±20° and for signals with very low angle of arrival. It illus-

trates the status of the antenna art, but it has not yet found application

in practice.

15.7 Pine-tree arrays

Pine-tree* arrays consist of a front curtain and a rear curtain of hori-

zontal one-wave dipoles (Fig. 15.20). The vertical spacing of the dipoles

TO TRANSMITTER

Fig. 15.20 A pine-tree array of horizontal one-wave dipoles, Station DGY, Nauen,

Germany.

is one-half wavelength; the horizontal distance between the centers of

the adjacent elements is one wavelength. The pine-tree antenna at the

Station DGY, Nauen, Germanyf was constructed to operate on the

wavelength X = 16.92 meters. The dipoles in the front curtain are

* From Tannenbaum in German.

t M. Baumler, K. Kruger, H. Plendl, and W. Pfitzer, Radiation measurements

of a short wave directive antenna at the Nauen high power radio station, IRE Proc,

19, May 1931, pp. 812-828.
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excited as indicated in Fig. 15.20 to obtain the same magnitude and

phase of all dipole currents. The rear curtain is used as a reflector.

The British Post Office has constructed pine-tree antennas at Rugby of

width a — 8X and height b = 25X.

The effective directivity area of a large pine-tree antenna in free

space is approximately equal to its actual area. To obtain the di-

rectional pattern, we should multiply the space factor by the radiation

pattern of a single one-wave dipole and by the space factor of the center

of the array and its negative image in the ground plane.

An approximate value of the radiation resistance R a of each half-

wave element with respect to the current antinode may be obtained very

simply. Let N be the number of half-wave elements (twice the number
of one-wave dipoles) in the front curtain; then the radiated power is

P = iNRal2
, (5)

where I is the maximum amplitude. Equation 5-9 gives the power

flow W per unit area in terms of the magnitude of the electric intensity

;

hence,

\E\ = V2407rTF. (6)

From the transmission formula 6-28, we find that, at a distance r along

the normal to the pine-tree antenna,

W = P^' (7)

where A is the effective area of the antenna ; therefore,

|*| =^™ •

(8 )

On the other hand, by adding the fields of 2N half-wave elements, we
obtain

7iv 2Ar

\E\ = 120t =
120NI

• (9)
2Xr r

Equating 8 and 9 and noting that

*-w-£- (10)

we find, with the aid of equation 5,

R a = ^= 153. (11)
7T
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Thus, the radiation resistance (with reference to the current antinode)

of each half-wave element in a large pine-tree antenna is aproximately

twice as large as its radiation resistance in free space. *

Since the half-wave elements are excited at the current node, the

input resistance of each one-wave dipole is (see Chapters 11 and 13)

K a (K a - 146) K a (K a - 146)
Ui " "

2R a

~~~
306

" {1Z)

Comparing this with the input resistance,

Ka (K a - 146)
Hi ~

200
' (13)

of such a dipole in free space, we find

Ri^lRi'. (14)

If, for example, the input impedance of one of the full-wave dipoles

in free space is 3000 ohms, its impedance in a pine-tree antenna will be

2000 ohms. Hence, the impedance presented to transmission lines

which connect four vertically stacked dipoles will be only 500 ohms.

Pine-tree antennas are used for transmission and reception of waves

in the range from 1 to 70 meters. These antennas have high directivities

and are fairly simple to construct. On the other hand, they are fre-

quency selective, for wavelength enters in several places : (1) in the one-

wave dipole, (2) in the quarter-wave spacing between the front and rear

curtains, and (3) in the transmission lines connecting the vertically

stacked dipoles. Besides, it is not easy to provide melting equip-

ment for ice or sleet.

15.8 Wave antennas

In the preceding sections, we have considered a few practical embodi-

ments of the principles of directive radiation expounded in Chapters

5 and 6. In each example, the radiating elements were relatively non-

directive antennas. We shall now discuss a radically different type of

directive antenna. It is one antenna that depends for its operation on

the finite conductivity of the earth. Whereas the performance of all other

antennas is impaired by the finite conductivity of the earth, the " wave

antenna " operates better over a poor ground. Over a perfectly con-

ducting earth, the wave antenna would fail completely.

The wave antenna^ consists of a horizontal wire, terminated to the

* For another simple and instructive method see Harold A. Wheeler, The

radiation resistance of an antenna in an infinite array or waveguide, IRE Proc,

36, April 1948, pp. 478-487.

t H. H. Beverage, C. W. Rice, and E. W. Kellogg, The wave antenna, AIEE
Trans., 42, 1923, pp. 215-266.
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ground at each end in the characteristic impedance of the transmission

line formed by the wire and the ground (Fig. 15.21). The performance

of the wave antenna is easier to understand when it is used for reception;

using the reciprocity theorem, we can then obtain its properties as a

transmitting antenna. Consider a plane wave at grazing incidence.

Over an imperfect earth there is always a horizontal component of the

electric intensity, due to absorption of power by the earth. This com-

ponent is impressed on the wire and produces, at each element of the wire,

two waves traveling in opposite directions. If the direction of the in-

<j^!^\ e^2-<^- direction ° F

!"*« ^t>^ > <*Ks^ \ PROPAGATION

Fig. 15.21 A wave antenna consisting of a horizontal wire grounded at each end.

coming plane wave is parallel to the wire, the induced elementary waves

will tend to add at one of the terminals of the wire. They add in phase

if the velocity along the line equals that in free space. If the two

velocities are not exactly equal, there is some destructive interference.

For waves arriving from other directions the interference is greater

because the velocity of the incoming plane wave in the direction of the

wire differs considerably from the wave velocity in the line. Thus, we
have a directive antenna.

The voltage induced in an element dx of the wire is

EH cos d e~^ xcos e dx, (15)

where 6 is shown in Fig. 15.21. The current in the element is obtained

if we divide this voltage by 2K, where K is the characteristic impedance

of the line. To obtain the current dl at the far end termination B,D,

we must multiply by the propagation factor; thus,

2K



494 LINEAR ANTENNA SYSTEMS 15.8

where a + j/3' is the propagation constant of the line. Hence, the

total current is

rJi=0 2K a'+j(P' -0cos0) '

{U)

If we neglect the attenuation along the wire and assume that the

wave velocity along it is the same as in free space, we have

sin -y- (1 - cos 0)

\I\ = |g cos — • (18)

-§- (1 - cos 0)

The third factor in this expression is seen to be the space factor for a

continuous array of length I.

The current is maximum when = 0,

|I|.-o = fj£
• (19)

Substituting from equation 7-36, we may express this current in terms

of the vertical electric intensity of the incoming wave,

This shows that the response in the wave antenna is larger when the

conductivity of the earth is smaller.

The current in response to the voltage induced in the vertical wires

AC or BD is not affected by the wavefront angle 0) it is

Eyh
(21)2K

For large I this current is much smaller than that in equation 20. If,

for example, I = X, g = 1.5 X 10-3 , h = 10 meters, X = 5000 meters,

then,

Iv
= 24, (22)

so that the difference in levels is 27 db.

In practice, two wires are used as shown in Fig. 15.22. These

wires act in parallel, effectively as a single wire of the simple wave an-

tenna in Fig. 15.21 ; they also act as a balanced two-wire transmission

line and bring the signal currents back from the far end. The termina-

tion Kac is now near the receiver where it may easily be adjusted for
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(k'bd)
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Fig. 15.22 A practical form of wave antenna using two wires in parallel.

RECEIVER

REFLECTION
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Fig. 15.23 Illustrating a compensating circuit used with the wave antenna to

modify the radiation pattern.
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minimum interference. Further improvement can be obtained by com-

bining, in proper phase and magnitude, the residual current through

Kac with the main signal current I, as shown in Fig. 15.23. This
" compensation " arrangement makes it possible to produce a null point

in the directional pattern in any desired direction (Fig. 15.24*).

An array of four wave antennas of the type shown in Figs. 15.23

and 15.24 has been built and tested at Houlton, Me., for reception of

T

2.1

MILES

u

- y>

DIRECTION OF
TRANSMITTER

TO
RECEIVER

3.5 MILES

Fig. 15.25 An array of four wave antennas used for long-wave reception.

transatlantic 60-kc telephone signals (Fig. 15.25). Antennas 1 and 3

form a broadside array; 2 and 4 form a second broadside array; the

two broadside arrays are then combined into an end-fire array.

Wave antennas are used for long-wave reception. They are aperi-

odic (broad band) and easy to construct. In practice, they are made
as a high-grade telephone line, on 30-ft poles. They require ground with

low conductivity and for this reason they have not been as successful

in England as in U.S.A.

f

The efficiency of a wave antenna is low. Let us compare the power

available from the wave antenna with that available from a 100 per cent

* Austin Bailey, S. W. Dean, and W. T. Wintringham, Receiving system for

long-wave transatlantic radio telephony, IRE Proc, 16, December 1928, pp. 1645-

1705.

f Arrays of loops have been developed in England for long-wave reception.

Two loops, spaced j to \ wavelength in the direction of the transmitter and with

their outputs phased for a null point in the opposite direction, have approximately

the same directivity as a one-wavelength-long wave antenna. See the preceding

reference, Figs. 36 and 77, and H. T. Friis, A new directional receiving system,

IRE Proc, 13, December 1925, pp. 685-707. An array of two such loop units is

the only "matchbox" or "supergain" type of antenna that has so far been used

in practice. The low efficiency and narrow band limitations of such antennas are

not too important factors in long-wave reception.
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efficient short vertical antenna over a perfect ground. Thus,

1 £V2A 2

» vert ~

2 640tt2 wave ant — 2 /v |* 0=0 (23)

Substituting from the approximate equation 20, based on the assumption

a' = 0, jff' = 0, we have

Pwave ant (24)480g\K

If X = 5000, Z = 3X, £ = 400, g = 1.5 X 10"3
, then,

Pvert = 2000£F2 , Pwaveant = 156£F2
.

The figures above indicate that an array of 13 wave antennas, each

three wavelengths long, should give as much power output as a perfect

short antenna. The approximation a' = 0, (3' = used in obtaining

equation 20 from equation 17 makes 24 an optimistic equation. Al-

though ft can be made equa] to £ by loading the wave antenna with

series capacitors, the attenuation constant a' cannot be made equal to

zero. Nevertheless, theoretical and experimental studies by Austin

Bailey have indicated that at 60 kc an array of 12 loaded wave antennas,

each 28 wavelengths long, covering an area about 5X9 miles at Bradley,

Me., and properly oriented, would produce the same field in England as

the R.C.A. Rocky Point vertical an-

tenna. At this frequency the effi-

ciency of the Rocky Point antenna is

approximately 50 per cent. The study

also showed that the array of wave an-

tennas would transmit signals over a

wide frequency band with the same

efficiency.

325

15.9 Shunt-excited antennas

7777777777.

-106' NO. 8 WIRE

777777^7777777777777?

8*4
Fig. 15.26 A shunt-excited

. antenna.

Shunt excitation of antennas (Fig.

15.26) enables us to eliminate base in-

sulators, tower lightning chokes, and

other lightning-protective devices.*

The dimensions in this illustration are

those of Station WWJ which was made
available to Morrison and Smith for experimental work through the

courtesy of the Detroit Daily News. A schematic diagram of connec-

* J. F. Morrison and P. H. Smith, The shunt-excited antenna, IRE Proc.,

25, June 1937, pp. 673-696.
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Fig. 15.27 Coupling arrangement for the shunt-excited antenna at Station WWJ.
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Fig. 15.28 Current distribution in the antenna of Fig. 15.27: (a) for base series

excitation; (6) for shunt excitation.
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tions is shown in Fig. 15.27. Figures 15.28a and b present measure-

ments of the current distribution in the tower: (a) for base-series exci-

tation; (6) for shunt excitation.

15.10 Adcock antennas

Consider two equal parallel antennas, and assume that they are perpen-

dicular to the line joining their centers. If the currents in these antennas

are equal and opposite, there is no radiation in the plane perpendicular

to the line joining their centers; as long as the distance between the

antennas does not exceed A/2, the maximum radiation is along this line.

Hence, the shape of the radiation pattern in the plane perpendicular to

the antennas is that of the figure 8. Several methods of feeding two

antennas to obtain equal and opposite currents were suggested by

(a)

OUTPUT
I I

ih)

Fig. 15.29 Adcock antennas.

I I

OUTPUT

Adcock.* Two of the most obvious arrangements are shown in Fig.

15.29; the arrangement a is for vertical antennas above ground and

b is for antennas in free space.

By the reciprocity theorem we conclude that the shape of the

receiving pattern is also that of the figure 8. This may also be con-

cluded from direct inspection of the above arrangement; only the dif-

ference between the antenna currents passes through the primary

windings of the transformers and induces a response in the secondary

windings. The principal application of Adcock antennas is in direction

finders.

15.11 V antennas

If a thin antenna is fed in the center and if the length of each antenna

arm is less than X/2, the currents in various parts of the antenna are

* R. H. Barfield, Some principles underlying the design of spaced-aerial direc-

tion-finders, IEE Jour., 76, April 1935, pp. 423-447. Terman's Handbook, pp.

880-883.
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substantially in phase, * and the radiation is maximum in the equatorial

plane. For a longer antenna we have a phase reversal in the current.

The field in the equatorial plane will thus begin to decrease, and we
might expect a decrease in the directive gain in this plane. However,

the radiated power also decreases because the mutual radiation of the

antenna arms decreases. To understand this, let us replace each half-

wave by a current element of the same moment in the center of the half-

wave. Equation 5-77 for the mutual radiation resistance of two colinear

current elements indicates clearly that this resistance decreases as the

2
2

^777777777777777777777777777777777,

(a) ^ (b)

Fig. 15.30 (a) A V antenna and (b) an inclined wire.

distance between the elements becomes larger than A/2. This may also

be seen from Fig. 13.17, which gives the radiation resistance of a linear

antenna with respect to the current antinode. It was shown by Ballan-

tinef that the gain in the equatorial plane reaches a maximum when
l/\ = 0.64.

The gain in any given direction in the equatorial plane may be

increased still further by inclining the wires and forming a V antenna^

(Fig. 15.30a). If the equatorial plane is a perfect conductor, we have

the case of an inclined wire over perfect ground (Fig. 15.306).

To obtain an approximate formula for the angle # between the wires

for maximum radiation in the z direction, we shall assume at first that the

current waves in the wires are progressive waves originating at the apex.

If j8 is the phase constant along each wire, the phase constant in the z

direction is /3 cos(#/2) ', hence, the difference in the phases of the waves

coming from the element at the apex and from the elements at the ends

of the wires is (31 — (31 cos(#/2). These elementary waves reinforce

* Exactly in phase for an infinitely thin antenna.

t Stuart Ballantine, On the optimum transmitting wavelength for a vertical

antenna on a perfect earth, IRE Proc, 12, December 1924, pp. 833-839.

X P. S. Carter, C. W. Hansell, and N. E. Lindenblad, Development of directive

transmitting antennas by RCA Communications, Inc., IRE Proc, 19, October 1931,

pp. 1773-1842.



15.11 V ANTENNAS 501

each other as long as the phase difference does not exceed t. Therefore,

the optimum length I is given by

j8Z(l - cos Jtf) = x. (25)

This is an approximate expression for two reasons. The waves reflected

from the ends affect the optimum angle. Their principal radiation is

in the negative z direction, of course ; but there is some radiation in the

positive z direction. A more important source of error is the neglect

of the variation of the radiated power with I ; we have taken into con-

sideration only the variation in the field strength in the z direction.

For a straight antenna, & = t, and equation 25 gives fil = w, I = X/2;

actually, I = X. For larger values of Z/X the error should be smaller.

From equation 25 we find

*
= 4 "-1

(Wt)
' (26)

To obtain the radiation intensity, we use the method of Section

12.1. At first we consider only a single wire and assume that the current

distribution is sinusoidal,

I(s) = 7o sin (3(1 - s). (27)

The radiation vector is in the direction of the wire,

AT
I (e^ 1 cos * - cos (31 - j cos ^ sin (31) .

1\ 8 — .

2
• \£Q)

(3 sin"5

\J/

The radiation vector of the second arm is the negative of this in magni-

tude. Adding the two vectors, we obtain the radiation vector of the

V antenna.

To obtain the gain in the z direction, we note that, for both antenna

arms, \p = d; hence,

N, = -Jfj sin 6 = - 2/°^8 ' cos
* ~ ™.V ~ 3 ™° sin & . m)

(3 sin 6

For the radiation intensity in the z direction, we have

8X2
7T sm2 |# J ^ '

"

f(@l, d) = l + cos2 (31 + sin2 (31 cos2
i# - 2 cos pi cos(/3Z cos |#)-

2 cos §0 sin 0Z sin(0Z cos §^). (30)

The radiated power is

P = $Ral02
,

(31)
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where R a is the radiation resistance with reference to the current anti-

node. This resistance may be calculated by integrating the field along

the antenna. The directive gain in the z direction is then
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Fig. 15.31 Directivity of V antennas.

Figure 15.31 shows g as a function of i? for various lengths (in wave-

lengths) of the antenna arms. The following table gives the optimum
angles and the maximum values of g for various lengths

:

l/X = 0.5 0.75 1.00 1.25 1.50 1.75 2.00 2.25 2.50 2.75 3.00

i? = 180° 114°.5 90°.0 78°.5 85°.0 75°.0 68°.5 62°.0 59° .0 55°.0 60°.0 (33)

(/max = 2.41 3.12 3.38 3.53 4.61 5.02 6.00 6.20 6.95 7.07 7.94

If # = 180°, g = gmax = 3.297 when l/\ = 0.635.
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15.12 Horizontal omnidirectional antennas

An omnidirectional antenna is an antenna that radiates equally

in all directions parallel to the surface of the earth. Vertical antennas

are omnidirectional antennas. Loops with their planes parallel to the

surface of the earth are omnidirectional antennas, provided the current

is distributed uniformly around them. Now in a small loop the current

is substantially uniform; but in a large loop it is nonuniform unless

Fig. 15.32 Uniform distribution of voltage round a loop.

we distribute the impressed voltage around the loop (Fig. 15.32).

Suppose that we have n generators distributed uniformly around the

loop. The principal current in the first section of the loop is then

Ii(s) = A cos (s - so), (34)

where A is the maximum amplitude and s = so is the position of the

current antinode. The maximum current must be halfway between

the successive generators ; hence,

ira
so = >

n
(35)

where a is the radius of the loop. The current at each generator is

therefore,

h = A cos /3s = A cos -^—

:

(36)
n

— = 1 - cos —— . (37)
n
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From this equation we can determine the degree of nonuniformity in

the current distribution for a loop of given radius.

If the reader does not find equation 35 obvious, he can obtain it by
routine calculations as follows. By symmetry the current in each

section of the loop is the same function of the distance from the generator

at the beginning of that section. Hence, the current in the second

section is obtained from equation 34 by substituting s — (2ira/n) for s,

/2W = A cos 13 I s — so —
)

V n /
(38)

The current must be continuous in passing through the second generator.

The current entering this generator from the first section is 7i(2ira/n),

and that leaving it into the section is l2{2ira/n) ; hence,

A cos (
— so) = A cos /3so. (39)

An obvious solution is

^ll
'a /Af\\

so = s . (40)
n

There are other solutions, but they give the same form of current

distribution.

The main problem in design is to find a convenient method of

impressing the voltage uniformly around the loop. One solution is

the Alford loop* shown in Fig. 1.49c? where the loop is formed by the

outer conductors of coaxial pairs and the voltage is applied across the

gaps at the corners. The shape of the loop may be either circular or

polygonal.

Another solution is shown in Fig. 15.33a where the voltage is also

applied at points equispaced on the loop. From this a cloverleaf

antenna (Fig. 15.336) was evolved, f The loop is broken into several

sections ; the beginnings of the sections are connected to one conductor

of a coaxial feed and the ends to the other conductor. Alford loops and

cloverleaf loops may be stacked into vertical broadside arrays.

The radiation pattern of a loop may be obtained by the method

of Section 12.1. Let the loop be in the xy plane, and let the center be

at the origin. The components of the moment of a typical element

* Andrew Alford and Armig G. Kandoian, Ultrahigh-frequency loop antennas,

AIEE Trans., 59, 1940, pp. 843-848.

t P. H. Smith, "Cloverleaf" antenna for F. M. broadcasting, IRE Proc, 35,

December 1947, pp. 1556-1563.
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of the loop at <p = <p' are

:

dp x = — (I ds) sin <p
r = — la sin <p' d<p'',

505

(41)
dp y

= (I ds) cos <p' = la cos <p' dip'

.

The radiation vector of this element with reference to the center of

the loop IS ^^ = _ /a6 ^asin0cos (¥,-V) s[n J dip',

dNy = Iae J

'

Paain9co9^- ,p
'

) cos <p' dip'

.

(42)

(a) (b)

Fig. 15.33 (a) A method of applying voltage at points equispaced round the loop

and (6) a cloverleaf antenna.

Assuming that I is independent of <p' and integrating round the

loop, we find

N x = —2jwal Ji((3a sin 0) sin <p, Ny = 2jnal J\{fia sin 0) cos <p. (43)

Hence, by equation 12-9,

Nv = 2irjal Ji{$a sin 0), Ne = 0,

and, by equation 12-10,

60tt3$ =
X2

a2!2 Ji 2 (pa sin 0).

(44)

(45)

In the plane of the loop, 8 = x/2, and

*(*») --^rr-a

This is maximum when

d

X2

\fiaJi(Pa)] = /3a J (|8a) = 0,

27ra = 2.40X.

a" (0a)

/3a = 2.40,

(46)

(47)
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For a larger loop, the maximum radiation is thrown upward at the angle

2.40X
6 = sinT*

2ira
(48)

The directive gain in the plane of the loop is

4tt $(}t) Ji2 (pa)
9
=

f*12

J Ji 2
((3a sin 0) sin 6 dd

(49)
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Fig. 15.34 Directivity of a loop in its plane.

Expanding the square of the Bessel function in power series and inte-

grating, we have

-x
t/2

J i
2 (pa sin 6) sin d dd = £

(-)"(j3a) 2"+2

ntr (2n + 3)(n + 2)!n!
(50)
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Hence,

-JWT - h (n + 2)!n! " J' {2pa) '

507

(51)

and, therefore,

/•Pa /»20o

D
-f*J

J^ du =
Wafo Mv)

= -±.jima) +±f^Mv)d,

dv

(52)

Thus, we have expressed the denominator in equation 49 in terms of

tabulated functions. For large values of 2fia we may conveniently use

(a)

Fig. 15.35 (a) A turnstile antenna and (6) its radiation pattern.

the asymptotic expansions of these functions ; normally, however, only

the relatively small values of 2/3a are of practical interest since for the

larger values the radiation is thrown upward. Figure 15.34 shows

the directivity of a circular loop in its plane as a function of its cir-

cumference in wavelengths.

Another type of omnidirectional antenna for horizontally polarized

waves is the turnstile antenna (Fig. 15.35a). It consists of two per-

pendicular horizontal dipoles operated in quadrature.* Figure 15.356

shows the radiation pattern of two perpendicular current elements

operated in quadrature. The radiation vectors are

Nx = Is, Ny =jls; (53)

* George H. Brown, The "turnstile" antenna, Electronics, 9, April 1936, pp.

14-17. N. E. Lindenblad, Television transmitting antenna for Empire State build-

ing, RCA Rev., 3, April 1939, pp. 387-408; Antennas and transmission lines at the

Empire State television station, Communications, 21, April 1941, pp. 10-14.
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hence,

Ne = Is cos e 1'*, Nv = jlse'*,

1 <W (54)
$ = J£2! (/s)2 (1 + C0S2 #)

For the radiated power, we find

P = 80x2 (-y-Y i (55)

either by integrating 3> or from the fact that two elements operating in

quadrature radiate independently.

The maximum radiation is in the vertical direction where

*(0) = ^r (7*)
2

- (56 )

The directivity of the turnstile arrangement of elements is seen to be

1.5, that is, the same as the directivity of a single current element.

In order to obtain a 90° phase shift, we may add X/4 to the length

of the line feeding one of the elements of the turnstile antenna. When
the two feeders are connected either in series or in parallel, the variation

of the input impedance with frequency is reduced compared with the

input impedance of a single element.

The radiation pattern of two dipoles in the turnstile arrangement

is given by the product of 4> in equations 54 and the radiation intensity

of the dipole.

15.13 Space diversity systems

In a diversity system, the outputs of several spaced antennas are com-

bined after detection so that high-frequency phase angles of the indi-

vidual outputs are not involved.* Such systems are used to reduce

fading due to atmospheric conditions, for it frequently happens that

signals induced in antennas 5 to 10 wavelengths apart fade inde-

pendently.

15.14 Approximate analysis of antenna systems

From the point of view of radiation the important characteristics of an

antenna are: (1) the radiation pattern, (2) the radiated power for a

given maximum amplitude of current, (3) the input impedance. If

we are exploring the possibilities of a given antenna for a certain purpose,

we may wish to determine these characteristics rapidly. In such

exploratory calculations, errors of 10 to 20 or even 30 per cent are not

* H. H. Beverage and H. O. Peterson, Diversity receiving system of RCA
Communications, Inc., for radio telegraphy, IRE Proc, 19, April 1931, pp. 531-561.
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important; the main consideration is simplicity. No general rules

can be given ; the simplicity of a method depends on the readily available

information. Continuous arrays may be approximated by discrete

arrays and vice versa, depending on the circumstances. Each current

filament of length equal to or less than X/2 may be replaced by a current

element of the same moment at the center of the filament ; and, recip-

rocally, each current element may be replaced by a current filament of

length not exceeding X/2. For instance, the moment of a half-wave

sinusoidal filament is

p = Jo / cos jfts dz = —r^- = — J . (57)
J-X/4 P 7T

Hence, the effective length of the element is X/71-. The power radiated

by an element of moment p is

P = 40x2 (-£. ; (58)

hence, the approximate power radiated by the half-wave antenna is

407o
2

. The exact power is 36.56/o
2

. The error is 10 per cent.

If we replace a center-fed full-wave antenna by two colinear current

elements, a half wavelength apart, the radiation resistance is 80 + 80 +
48 = 208 ohms. The exact value is 199 ohms. The error is less than

5 per cent. This close agreement, however, is accidental; the errors

in the resistances of the separate arms of the antenna and in their mutual

resistance happen to be compensating. If we take the same antenna

and feed it at a distance from one end equal to X/4, the currents in the

two halves will be opposite, and the radiation resistance will be 80 +
80 — 48 = 112 ohms. The correct value is 93 ohms and the error

is 20 per cent.

Next let us consider the Alford loop. If the length of each side

is X/2, we can calculate the radiation resistance from the formulas for

the mutual resistance between parallel antennas, and for the self-

resistance of a 90° V antenna. Exact expressions may be obtained for

other lengths, but we would have to repeat rather laborious calculations.

So we turn to the approximate method. Suppose that each side is X/4.

The moment is

r
x/8

X
p = Io I cos /3z dz = -= 7

, (59)
t/-x/8 7rv2

and the moment per wavelength is

* 7rV2
fx = — = -= • (60)
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From the equations of Section 5.21, we find

where

Hence,

#rad = (4#n + SK 12 - 4K 13 ) (y J
, (61)

Ku = SOtt2
,

K12 - 2
1

(^) = 44,
(62)

K13 = fl(J) - T{\) - 448.

#rad = 87. (63)

This is the radiation resistance with reference to the maximum amplitude

of the current (at the mid-point of each side). The current at each

corner is (l/y/2)Io. With reference to this current the radiation

resistance is 2 X 87 = 174 ohms. A quarter of this resistance, about

42 ohms, is seen at each corner. The length of the coaxial pair from

each corner to the center of the square is X/4; hence, the impedance

42 + jX seen at the corner becomes K2
/ (42 + jX) at the center of

the loop, assuming that K is the characteristic impedance of the lead-in

coaxial pair. The four corners are seen in parallel by the coaxial feed

line; the impedance across it will thus be 42£2/(42 + jX).

15.15 Antenna models

The principal reasons for experiments with antennas are: (1) to obtain

theoretically unavailable information, (2) to confirm a theory, (3) to

check a method of measurement, (4) to appraise an approximate theory

when a theoretical appraisal is difficult, (5) to ascertain tolerances

permitted in the construction of a system to meet given requirements,

assuming again that a theoretical examination is too difficult, (6) to

make the final check on the performance of a system built for use.

Dimensional considerations are useful in facilitating these experiments

and in reducing their number. We have seen, for instance, that the

radiation patterns of antennas in free space depend only on the ratios

of the physical dimensions to the wavelength ; this reduces the number

of essential parameters by one. It also enables us to obtain these

patterns from experiments on models.* Models are also used in imped-

ance measurements.

The simple rule of preserving the physical dimensions of a system

in wavelengths in the construction of a model applies only to perfectly

conducting antennas in free space. In the general case, we have to

* George Sinclair, E. C. Jordan, and E. W. Vaughan, Measurement of aircraft-

antenna patterns using models, IRE Proc, 35, December 1947, pp. 1451-1462.
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scale the conductivity, permeability, and dielectric constant. Proper

scaling factors may be obtained from Maxwell's equations,

curl E = —ju/jlH, curl H = (g + jue)E. (64)

Let primes denote various quantities in a model; then,

curl' E' = -ja'fi'H', curl' W = (g' + jW)£", (65)

where the prime after curl denotes differentiation with respect to the

scaled coordinates. Suppose that

E' = kEE, H' = kHH, d' = kdd, «' = k„a>,

ix' = /cM/x, e' = hs, g' = k gg. (66)

Substituting in equati ons 65, we find

k k-
7

— curl E = —jkukjiknunH, —
7
— curl H = ksikgg -f- jkukeue)E,

or

(67)

curl£= -j
k^Hhd ^H,

Ke

curl H =
\—hT g + J-T^ ae

)
K

These equations should be identical with equations 64 ; hence,

kukukHkd
-, kgkskd .,

k^k^kEkd
., /ao\= 1,

—- = 1, r = l; (OS,)
kE kj{ kii

that is,

7 kE , _ kti 7 _ kn
(t\Q'\

* kHkukd ° kEkd kEkJzd

In practice, experiments on models are performed in free space;

hence, we have the following restrictions on the scaling factors

:

k> =1, ke = 1. (70)

Consequently,

ks = kukdkn, kH = kwkdkE',
that is,

kjcd =1, kE = kH . (71)

The first of these equations states that, in the construction of a model,

we should keep all distances in wavelengths constant. The second

equation tells us that the impedances associated with the model equal
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the corresponding impedances of the full-scale system. From equa-

tions 69 and 71 we obtain

*..-£. (72)

This equation imposes a severe limitation on model experiments. Most
antennas (except broadcast antennas) are made with copper conductors.

Since the conductivity of copper is exceeded only by that of silver and

only by a small percentage, k g must be smaller than unity. This

requires that kd be greater than unity. That is, in constructing an

exact model, we can only increase the dimensions of the actual system.

In practice, on the other hand, we most frequently desire to decrease

these dimensions. Hence, we are forced to ignore equation 72. The
results obtained with model experiments are therefore approximate, and

good only to the extent to which the conductivity of the antennas has

a negligible effect on the measured quantities. For a more detailed

discussion of antenna models the reader is referred to a paper on " Theory

of models of electromagnetic systems" by George Sinclair in the Pro-

ceedings of the Institute of Radio Engineers, November 1948, pp. 1364-

1370.
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HORNS

16.1 Horns

Horns are expanding waveguides of finite length (Fig. 16.1). When
the E vector is vertical, the electric currents are mostly longitudinal

and are confined largely to the upper and lower walls of the horn.

Fig. 16.1 An electric horn.

These currents flow in opposite directions ; hence, if we subdivide these

two walls into narrow longitudinal strips, we can pair the strips into

"V antennas." Thus, we may consider the horn as a system of fanned-

out V antennas.

The radiation pattern of a given horn may be obtained from the

current distribution in the walls of the horn and of the waveguide

feeding it. It is much simpler, however, to obtain it from the field

distribution in the aperture of the horn. For this purpose we have to

prove a certain induction theorem and derive some auxiliary formulas.

515
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16.2 Induction theorem*

The theorem we are about to prove is a generalization of a more elemen-

tary theorem concerning the induction of currents in wires by an im-

pressed electric field. According to this theorem, the impressed field

is equivalent to a continuous distribution of series generators of zero

internal impedance whose internal emf's are equal to E\&n Ax (Fig.

16.2), where Ax is the length of a typical element of one of the wires.

To obtain the more general theo-

rem, let us assume that we know the

field in a horn of infinite length. This

field E\ H l will be called the primary

or the incident field. When we cut the

horn to a finite length, the field will be

changed; let this field be E, H. Im-

agine now a surface S over the aperture

Fig. 16.2 A pair of parallel wires of the finite horn which separates region

in an impressed electric field. 1 " inside " the horn from region 2
" outside " it. We may choose this

surface to be plane; we may take it coincident with the wavefront of

E\ H l
; or we may take it to be any other convenient boundary. The

actual field in region 2 will be called the transmitted field E\ H l

; thus,

in region 2,

E = E\ H = HK (1)

In region 1 the difference between the actual field and the primary field

will be called the reflected field E r
, H r

; thus, in region 1,

E - E l = E r
,

H - H l = H r
,

or

E = E* + E r
,

11 = 11* + H\ (2)

The surface S4s just an imaginary surface over the aperture of the

horn; there are no sources on it; and the field E, H must be con-

tinuous across it. Thus, at the surface S, the values of the tangential

components obtained from equation 1 must equal those obtained from

equation 2,

-E'o.tan
= -^O.tan ~h -C'O.tan, J^QMn = J^OMn T" -"O.tan- («j)

In view of Maxwell's equations the continuity of the normal components

is a necessary consequence of equations 3 and need not be stated

* It is one of several field equivalence theorems analogous to the circuit equiva-

lence theorems discussed in Section 9.9.
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explicitly. From equations 3 we have

^O.tan -C'O.tain
= J^Q,t&n, -no.tan -"o.tan = "o.tan- (4)

Consider now the scattered field E", H8 consisting of the reflected

field E r
, H r in region 1 and the transmitted field E\ H l in region 2. We

can prove that this field can be generated by a proper distribution of

sources over S as well as by the primary field E\ H\ The scattered

field satisfies Maxwell's equations and the boundary equations at the

surface of the horn ; but it is discontinuous across S. The discontinuity

(equation 4) in the tangential component of E in this field requires a

magnetic current sheet; the magnetic current must be perpendicular

to I?o,tan> and its linear density (the current per unit length perpendicu-

lar to the lines of flow) must equal E l

0Mn . Similarly, the discontinuity

in the tangential component of H requires an electric current sheet of

density H l

0Mn . These currents may be considered as the virtual sources

of the scattered field, defined as the sum of the reflected and transmitted

fields.

The directions of the currents are obtained from Maxwell's laws.

The difference in the tangential transmitted and reflected components

of E must be equal to the negative of the magnetic current density M,
while the corresponding difference in the H components should equal

the electric current density* C. Thus, if n is the unit normal to S in

the direction of propagation of the incident wave, then,

M = E^.tan X n = E l X n, C = n X Hl

oMn = n X H \ (5)

In particular,

M x = Eo iV , Cy = Ho iX )

My = -E0lX ,
Cx = -Ho.y. (6)

Thus we have arrived at the following

:

Induction Theorem. The reflected and transmitted fields may be

generated by an appropriate distribution of electric and magnetic currents

distributed over the " surface of reflection.
11 The linear densities of these

currents are given by the tangential components of the incident field.

In obtaining the field of these currents the medium must be left

unchanged; for example, the horn in Fig. 16.1 must be left in its place.

The importance of the induction theorem warrants another proof.

Again we shall begin by considering an infinite horn and assume that

the field in it is known. The calculation of this field is much simpler

* These densities are linear densities of current sheets and are equal to the

currents per unit length normal to the lines of flow.
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than it would be for a finite horn. Next let us imagine a surface S
dividing the infinite horn transversely. Let the source of power be to

the left of S. Let us now see if we can make the surface S a perfect

absorber. If it is a perfect absorber, then the field to the right of it

will be identically equal to zero and the field to the left unchanged.

Hence, the tangential components of E and H will be discontinuous

across S. In accordance with Maxwell's equations, these discontinuities

require electric and magnetic current sheets over S ; Maxwell's equations

also give the linear densities of these as equal to* E\.dn , Hl

tSiTl
. The

action of the perfect absorber may now be interpreted as a cancelation

of the original field to the right of S by the field of the current sheets

over S. If we now reverse the directions of the current sheets, their

field will be exactly equal to the original field on the right of S. Thus,

we may replace the actual generator in the interior of the horn to the

left of S by a system of virtual generators distributed over S.

Thus far we have been assuming that the horn is infinite. However,

once we have determined the distribution of virtual sources necessary

to make S a perfect absorber, the field of these virtual sources cancels

the original field to the right of S, and there are no currents in that part

of the walls of the horn that extends to the right of S. Consequently,

we may remove this part of the horn without disturbing the conditions

to the right of S. Hence, the field of our electric and magnetic current

sheets still cancels the field produced by the actual generator in the

interior of the horn. The latter field must thus be equal in magnitude

and opposite in sign to the field of the virtual sources over S.

16.3 Field equivalence theorems

There is an obvious corollary to the induction theorem. We now
assume that we know the field produced by the actual generator in the

interior of a given finite horn, and enclose the horn by a closed surface S.

The arguments of the preceding section may be applied to this surface.

Thus, we can obtain a distribution of electric and magnetic currents on

S which will make it a perfect absorber. The field of these currents will

cancel the original field in the exterior of S without affecting the field

in the interior. Hence, the interior fields of the electric and magnetic

currents on S must cancel each other. Consequently, in calculating

the exterior field of these currents we are permitted to change the

conditions in the interior of S; for example, we may remove the horn

and the generator inside it.

The horn is incidental to our main arguments. The surface S may
be a closed surface surrounding an electric current element, or an

* The directions of these currents are also prescribed by Maxwell's equations.
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antenna, or any given electric current distribution. In such cases we
can verify the above field equivalence theorem (or the equivalence

principle, as we have frequently called it) by direct calculation.

This theorem asserts, in effect, that any field in a source-free region

may be determined from the components of E and H tangential to the

boundary of the region. It should be noted, however, that these

tangential components cannot be chosen arbitrarily, since they belong

to a field that satisfies Maxwell's equations. It can be shown that either

the tangential component of E or the tangential component of H alone

is sufficient to define a unique field in the region. When taken separately,

these tangential components may be chosen arbitrarily.

The field equivalence theorem is an extension to vector waves of

Kirchhoff's theorem* for scalar waves. Neither of these theorems should

be confused with the induction theorem, of which they are special cases.

In Kirchhoff's theorem and in the field equivalence theorem the surface

S must be a closed surface ; but in the induction theorem S may be an

open surface. In the former case, the field of the virtual sources is

calculated as if these sources were in free space, with the boundaries

surrounding the primary source removed ; but, in the latter case, these

boundaries must be retained when the field is calculated. These are

the conditions for obtaining exact results. However, these theorems

are used principally in approximate calculations; the nature of the

approximations is often such as to remove, in effect, the difference

between the induction theorem and the field equivalence theorem.

For further details about these theorems and their applications,

the reader is referred elsewhere, f Some of these theorems can also be

proved by setting up explicit expressions for the fields of the actual

sources in terms of retarded potentials and then transforming the

integrals until they yield the desired results, t This type of proof is

fairly long and laborious, and less general; but some may have more

confidence in it than in the strictly logical proofs given here.

* A. G. Webster, Partial Differential Equations of Mathematical Physics, G. E.

Stechert, New York, 1927, p. 216.

t S. A. Schelkunoff, Some equivalence theorems of electromagnetics and their

application to radiation problems, Bell Sys. Tech. Jour., 15, January 1936, pp. 92-

112; On diffraction and radiation of electromagnetic waves, Phys. Rev., 56, August

15, 1939, pp. 308-316; A general radiation formula, IRE Proc, 27, October 1939,

pp. 660-666.

t Julius Adams Stratton, Electromagnetic Theory, McGraw-Hill, New York, 1941,

pp. 464-470.
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16.4 Elementary sources in free space

According to the induction theorem, the problem of obtaining the fields

generated by horns may be solved by integrating the fields of known*

electric and magnetic current elements situated on some surface covering

the mouth of the horn. The fields of these elementary sources must be

calculated, not in free space, but in the presence of the horn itself. This

is a difficult problem. However, if we take the free-space fields of the

elementary sources and integrate them over a large area, we shall find

that the field is strong in the directions away from the horn and weak
in the directions leading into the horn itself. The reaction of the horn

will then be relatively small, and our results will constitute an approxi-

mate solution of our problem. In this method we start with the known
field over the aperture of the horn and are forced to make approxima-

tions when evaluating the field of an equivalent distribution of sources.

We can also take a closed surface S which covers the aperture, as in

the preceding case, and, in addition, encloses the horn itself. If we
knew the tangential E and H on this surface, we could, by using the

equivalence principle, evaluate the field outside S exactly; for, in this

case, the horn may be removed as explained in the preceding section,

and the field of the virtual sources on S may be calculated as if these

sources were in free space. But, in the present case, we do not know the

field on S, and, therefore, we do not know the exact distribution of the

virtual sources. In this method we are forced to make approximations

in this distribution. When the dimensions of the aperture are large

compared with the wavelength, a reasonable approximation would be

to assume that the field over the aperture is substantially equal to the

incident field and that the field over the rest of S is negligible. If we
make this approximation, we obtain the same result as by the first

method. The approximations in the two methods seem to be different,

but their final effect is the same.

The free-space field of an electric current element is given by

equations 4-82. In the arrangement shown in Fig. 16.1, the moment of

a typical electric current element in the plane of the aperture is Cy dx dy

= Ho, x dx dy. Since the present current element is parallel to the

y axis and not to the z axis, it is simpler to start by evaluating the

dynamic component of E, and then use the fact that the total electric

intensity at a distant point equals the projection of the dynamic com-

ponent on the tangent plane to the sphere centered at the element and

passing through the point under consideration. For the dynamic com-

* Known from a prior solution of the problem for an infinite horn.
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ponent, we have

_ j^Cydxdy _ QOTrHo^dxdy

Hence,

_. „ _ . . 607r//o,i da? dy . . .-

#0 = F y cos ^ sin v?
= —j r1 cos sin <p e~^'

2£ v = Fy COS <p = —J r cos <p e'^ r
.

(8)

The field of a magnetic current element may be obtained by analogy

with that of an electric current element. Thus, for the dynamic com-

ponent of the magnetic intensity of an element of moment M x dx dy =

Eo tV dx dy, we have

_ _ jueM x dx dy _ E
, y dxdy

tx ~
47rr

e ~ 3
2407rXr

&
'

W
From this we obtain the total magnetic intensity (at large distances

from the element),

tt tt / n n . Eo u dx dy n . aH e = F x
( m) cos cos <p = — .7

— '.

_

cos cos <p e~ 3(ir
,

(10)

„ „ , s . . Eq y dx dy . . aH v = -F x^ sin <p = j ^O^r sm * e~
'

Hence, the corresponding electric intensity is

E, = 120tH. = j
E^dy ^ -„ r

Zhr

E v = - 120tt#* = j
Eo
^J

xdy
Cos cos ? «r'*.

(ii)

The total field of the double source representing an element of the

wavefront is the sum of equations 8 and 11.

16.5 Huygens source in free space

For uniform plane waves in free space,

E
, x = 1207r#o^ Eo, y = -120tH

, x . (12)

These are also approximate equations for horns with large apertures.

In honor of Huygens, who was the first to introduce the idea that a
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wavefront may be considered as a system of secondary sources, the

double source corresponding to the particular ratio of electric and magnetic

intensities given by equations 12 has been named the "Huygens source."

Substituting from equations 12 in equations 8 and 11 and adding, we
obtain the distant field of the Huygens source for the case in which E
is parallel to the y axis,

-r, jEo y dx dy ^ rtN . .,E e = J
<L (1 + cos 6) sin <p e~^ r

,Z\r

(13)

„ jEo, y dxdy ,., . _. ..E v =
J ' y - (1 + cos 6) cos<pe- J ^ r

.

Z\r

Along the axis of the Huygens source, 0=0, and

-r, jEo y dx dy . .„

E e = '"
sin <p e~^r

\r

r, iEo v dx dyE = J—^ 2_ cos ^ e
-

\r

(14)

In Cartesian coordinates,

E y
= ^o.y^dy

e
_.

p^ Ex = Q (15)

In this direction the field is parallel to the original field. The phase

retardation is less than that corresponding to the distance r by 90°.

The reason for this difference lies in the higher phase velocity of spherical

waves in the vicinity of their source.

16.6 Radiation patterns

From the expression for the field of a Huygens source, we can obtain

the radiation pattern of any given distribution of Huygens sources.

Let us calculate, for example, the radiation pattern for an open end of

a large waveguide carrying a dominant wave. This will also be the

radiation pattern of a horn (Fig. 16.1) with a lens in its aperture which

transforms the spherical wavefront into a plane wavefront. The field

of the dominant wave varies as follows,

ttx
E y = Eq cos i (16)

a

where x is measured from the center.

In this case the elementary Huygens sources are similarly arranged,

and the radiation intensity is the product of the space factor and the
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radiation intensity of a Huygens source of unit moment (Eo tV dx dy = 1)

.

The latter is

= (l+COBg)»
.*°

960ttX2 {U)

For the former we have

S2 = E 2 oqsi gl'0(x sin 9 cos <p+y sin 6 sin <p) ^£ ^y (18)

Therefore,

Eo2a2 sin2 ( -r— sin sin <p
J
cos2

f -r~ sin 6 cos <p

240x sin2 sin2 <p(t2 — fi
2a2 sin2 cos2 <p)

2
(l + cos0) 2

. (19)

This formula is for large apertures. For smaller apertures we
may operate close to the cutoff, in which case the ratio of E to H at the

aperture is quite different from the free-space ratio, and we must use*

equations 6 instead of 12. Very close to the cutoff the magnetic inten-

sity at the aperture is very small, and the virtual sources are largely

magnetic current elements ; then the radiation in the backward direction

is almost as great as in the forward direction.

Likewise, if the guide or the horn is narrow in the direction of the

E lines, there is a large impedance mismatch at the aperture, such

that E is relatively large and H is small. In this case also, we have

mostly magnetic currents in the secondary source system, and the field

of each element will be given by equations 11 rather than by the sum
of equations 8 and 11. The radiation pattern of the guide in the plane

perpendicular to the long dimension is practically a circle.

16.7 Directivity

In the case of an open waveguide of large cross section, most of the

power delivered to the open end is radiated. This power is

p Eo2 r a p b

2
wx , , E 2abP = 240^Lha X|6

C°S T dX dy =
^80^

* (20)

The average radiation intensity is P/4cw. To obtain the maximum
intensity, we let 6 = in equation 19 ; thus,

ma* 60ir3X2
(

'

* Electromagnetic Waves, p. 359.
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Hence,

$max S2ab > .

For the effective area, we find

g\2 8
Aeff = -V- = —2" a&

; (23 )4x 7T

that is, the effective area of a horn with a lens which straightens the

wavefront of the guided wave is about four fifths of the area of the

aperture.

Without the lens in the aperture, the front of the emerging wave

is curved, the Huygens sources are at different distances from a distant

point in the direction of the horn, the corresponding elementary waves

arrive at that point in different phases, and the total radiation intensity

is reduced. Therefore, without the correcting lens, the directivity

and the effective area are smaller.

If the curvature of the wavefront is small, we may assume that

the electric intensity is parallel to the xy plane and is given by equation

16. The radiation intensity will be

ffo
2 (l + cosg) 2

960ttX2
X

ha %J —\

TTX
nr\a />;/9(xsin 6 cos (p+y sin sin ^>+zcos 6) /7-v rly

b a
(24)

where (x, y, z) is a point on the wavefront. The value of $ in the z

direction is obtained when 6 = 0,

*o =
o/in \2 \ I I

cos e dx dy
240ttX2 J-i a J-hb a

(25)

Let the equation of the wavefront be

^ = f(x, y) = a>o + a>ix + hy + CuX2 + ci2xy + c22y
2
H . (26)

Choosing the origin (0, 0, 0) on the wavefront, we obtain ao = 0. Since

the xy plane has already been chosen tangential to the wavefront, we
must have

when x = y = 0. (27)
dx dy

Therefore, a\ = bi = 0, and

z = cnx2 + cnxy -f c22y
2
H . (28)
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The c's may be expressed in terms of the principal radii of curvature

of the wavefront. In the arrangement shown in Fig. 16.1, the principal

radii of curvature are Rm and R e in the magnetic or xz plane, and electric

or yz plane, respectively. The first radius Rm is the length of the

dihedral horn that would be formed by extending those faces of the

given horn that are normal to the magnetic plane until they meet

(Fig. 16.3) ; similarly, R e is the length of the dihedral horn that would

be formed by extending the top and bottom faces which are perpen-

dicular to E (Fig. 16.4). To obtain the radius of curvature of the

wavefront in the plane

y = kx (29)

at the origin, we have to evaluate

Hi)
1

]

H

R =L

d2z

ds2

(30)

in this plane. Substituting from equation 29 in equation 28, we have

; (31)

then,

z = (en - - ci2k -- c22k
2)x2 + •

dz

dx
ds = [dx2 - dy2 - dz2Y* =

\
1 - - k2 -

dz

P* = [:

y%

dx.

(32)

dx

dz

ds

d2z

ds2

= 2(cn + a2k + c22k
2 )x +

dz dx

dx ds

2(cn + c i2k + c22k
2
) x

d ( dz\ dx

1 + k2 + dz

dx
+

dx \ ds J ds

2(cn + c12k + c22k
2
) |1 + k2 +

dz

dx

-l

+

In all these equations only the principal terms are displayed. At the

origin,

1 +/c2

R = ±
2(cu -f ci2k + 022k2 )

(33)
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In the xz plane, k = and in the yz plane, k = <»
; hence,

Rm = =t ~— t Re = =t
2cii 2c22 '

1 1
Cn = zt -7^5— » C22 = =b

(34)

2/£m 2.R,

The signs depend on the relationship between the positive direction

of the z axis and the directions of curvature. In our case, cn and C22

are negative.

Since k = tan <p, where tp is the angle between the plane y = kx

and the xz plane, equation 33 may be written as

2(cn cos2 <p -f- C12 sin ^> cos <p + C22 sin2 p)

To obtain the angles for which R is either maximum or minimum, we
equate to zero the derivative of \/R with respect to <p; thus,

tan 2<p = — (36)
cn - C22

In the arrangement shown in Fig. 16.1, the principal planes of curvature

are <p = and <p = 7r/2 ; hence, C12 = 0.

Thus we finally have

x2 v
z — TyB op r * ' ' (37)

for the equation of the wavefront.

Neglecting the higher powers of x and y, we substitute from equa-

tion 37 in equation 25,

E 2
I C*

a tx ( . irx2 \ ,

$0 = n , n x9 I cos expl —j -r-=— ) ax
2

X

X.,! exp(-^)^ (38)

Both integrals may be expressed in terms of Fresnel integrals,*

£ exp(iM2
) dt - C(x) + j 5(«),

C(x) = f'coaGwt2 ) dt, S(x) = C* sin(i^2
) d*. (39)

* Applied Mathematics, Chapter 19.
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Thus, for the second integral, we find

yV2 s

it ex
K~j^) dy

r
= 2xRe \r exp

(
_i^q d

(

L \V2\R e ) \V2\R e /_\

V\R,

(40)

In the first integral in equation 38 the cosine function should be

expressed in terms of exponential functions; then, by simple linear

substitutions, the integrands may be reduced to the standard form

(equations 39). In this manner we find

*° =
4i^r E°

2 {[C(u) ~ C{v)? + [S{u) ~ swi 2^2^) + s2 (w)},

\Rm /
u = J_ / V\Rm a \ (41)

V2 \ a V\5

1 / VXR,
v = —=1 )> w =( VMZrn _ a \

\ a V\Rm )\/2\ a V\Rm ) V2\R e

The radiated power is given by equation 20; thus, the gain in

the z direction is

9 =
S*R

nf e
\[C(u) - C(*)P + [S(u) - S(vm[CHw) + S*(w)].

If the horn is flared only in the magnetic plane, R e = oo. For

small values of w, C(w) ^-w and S(w) « w3
; hence, equation 42

becomes

g- = ^^ {[C(M) ~ C(v)]2 + [S(M) ~ S{v)]2}
-

(43)

Figure 16.3 shows gm\/b. It should be noted that, in deriving these

formulas, we assumed that the aperture is large ; hence, b must not be

small.

If the horn is flared only in the electric plane, Rm = oo, and the

simplest method of determining g e is to re-evaluate $0 from equation 38.

Then we find

g. = -^f*-
[C*(u>) + ff(»)]. (44)

Figure 16.4 shows gr cX/a.
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Fig. 16.3 Directivity of a large horn flared in the magnetic plane.

Multiplying equations 43 and 44 and comparing with equation 42,

we find

*" f9rrX\f # eX
g ==

32 V b
(45)

Hence, to obtain the directive gain of a horn flared in both planes we

need only divide the product of two readings from Figs. 16.3 and 16.4

by 32/-7T = 10.2. When the directivities are expressed in decibels, we

have to subtract 10 db from the sum of the readings.

16.8 Dihedral horns

In the principal mode of wave propagation in a dihedral horn (Fig. 16.5),

the electric lines are circles coaxial with its apex line, and the field is

independent of the distance along it. In this mode the only nonvanish-
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Fig. 16.4 Directivity of a large horn flared in the electric plane.

Fig. 16.5 A dihedral horn.

ing components of the field are Hz and E^, and Maxwell's equations

become

&R.. = —jcozE
d

(pEv ) = —ju(jipH g .

dp
J "' dp

Substituting for E v from the first equation into the second, we have

d2H z dH

(46)

+^ + P
2pH, = 0.

dp2
c?p

(47)
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This is Bessel's equation of order zero, and its general solution is

Hz = AJ (Pp) + BNo(M. (48)

Substituting in the first equation in the set 46, we find

E, = -MA J i (&0 + B Ni (pp)l (49)

If the horn extends to infinity, the waves must be progressive and

B = —jA. If the horn is large, the reflection from its aperture is small

and B s* —jA.

The transverse voltage between the boundaries of a large horn is

V(p) = PypE,= -i#PA[Ji(/3p) - j'tfi (&>)], (50)

where
\fr

is the horn angle. For small values of f3o,

Ji(fcO = i/3p, Nitfp) = -.-!'
(51 )

ir(3p

Hence, when the distance between the parallel strips is very small,

the coefficient A may be expressed in terms of the voltage F(0) at the

junction between the strip transmission line and the horn,

A = ^r v^- (52 )

If the width of the horn is w, the current is I = wHz . Using the fore-

going equations, we find

Up) - 4Sf F(0)[Jo(fr) -jNoW)],
2™

(53)

V(p) = -4w8pF(0)[Ji(/»p) -jNi(Pp)].

If the distance 6 between the parallel strips is very small, the input

admittance of the horn is

Fi = Tw = ^r [JoW ~iAr°wl

[1 -i— (log/96 - 0.116)].

(54)

2r)\f/ t

Since the characteristic admittance of the parallel-strip transmission

line varies inversely as b, whereas Ft
- varies only as log |86, the mismatch

at the junction is large. For very small values of 6, the transmission
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line is almost "open" electrically. This fact has an important effect

on the application of the equivalence principle to narrow horns.

16.9 Narrow horns

Seen from the aperture, the external broad surfaces of a narrow horn

(Fig. 16.6) form a dihedral horn (^ = 2w). The internal broad surfaces

form a strip transmission line feed-

ing the dihedral horn. In the pre-

ceding section we found that this

line is almost open electrically.

Hence, the electric intensity at the

aperture is strong, and the magnetic

intensity is relatively weak. Thus,

the secondary sources at the aper-

ture will be almost entirely mag-

netic currents.

First let us calculate the radi-

ation pattern for the case in which the flare angle is zero as in a wave-

guide open at the end. The electric intensity at the aperture is given

by equation 16. The moment of a typical magnetic current element

is bEo dx, and we can use equations 9, 10, and 11 if we let dy = b.

Hence, the radiation intensity is

Fig. 16.6 A narrow horn flared in the

magnetic plane.

$ = Eo2V
960^ (1 — sin2 cos2

cp)
TTX

COS g /0* sinfl cos^
a

(55)

Integrating,

$ =

wa
irEo2a 2b2 cos2

( -r— sin 6 cos
-)

240\2
(tt

2 - /3
2a2 sin2 6 cos2 <p)

2
(1 - sin2 6 cos2 <p). (56)

In the present case we may not assume that all power delivered to

the aperture by a progressive wave in the guide is radiated. In fact,

we have shown that most of it is reflected back into the guide. To
obtain the radiated power we shall have to integrate equation 56. The
integration may be greatly facilitated by changing the coordinates. We
note that

cos d
f = sin 6 cos <p (57)

is the cosine of the angle between the x axis and a typical direction.

Let us, therefore, rotate our coordinates and choose the x axis as the
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z axis in the new system ; then,

p-fffd*

cos2
( -r— COS 0'

)

irE 2a2b2 r« r 2 * V A /= w2 / /
sm e de *> (

58 )^4UX Jo JO
(x

2 _ ^2 cog2 0/)2

Integrating with respect to <p' and changing the form of the numerator,

we obtain

n T2a2b2E 2 C r
1 + cos(/3a cos 0') . , „, ln , /B? _.P = — ,m2 / "tV—B2^ 2 /i/\2 sin3 0' dO'. (59)

240A2 Jo (tt
2 - /3

2a2 cos2 0') 2 v J

Introducing a new variable

t = (3a cos 0', (60)

we find

p = ^^JT-^fO - ^ra-V* (6i)
irab2Eo2

ft* 1 + cos t ( _P_

240X Jo (tt
2 - *

2
)
2
V ^

Integrating,

p = -Sf K 1 - £)^ +«

-

si^ - *>i

+

2(1 + cos /3a)

/3a
(62)— (l + -^2) [

Cm (*" + £a )
- Cin ( 7r ~ fa)]

-

To obtain the maximum radiation intensity, we let = in equa-

tion 56 ; thus,

a2b2E 2
, v

max "
240tt3X 2

'

l J

Hence, for a narrow horn (b <^\) with zero flare angle,

g =±^ = ^ {(l - -^2) tSi(T + Pa) - 8i(«r - |te)j +

M ^•
2 \ rrr / „ x ^- / „ m 2(1 + cos 8a)

)

_1

1 +
-^2-

J [Cm(7r + /3a) - Cm(7r - /3a)] ^ M y

|
•

(64)

As a/X —* 00
f
we find

16a , ,

ff ^^r- (65)

To obtain the directivity for any comparatively small flare angle
\f/

we shall assume that the radiated power is not affected by the angle of
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flare. The maximum radiation intensity, on the other hand, will be

reduced by the destructive interference of elementary waves arriving

from different points in the aperture of the horn. Thus we have the

following approximate relationship

:

g(+) = 9(0)
$ r

$max(0)

If R is the radius of curvature of the horn. R = a\p, and

$maxW
$ma*(0)

(66)

67)

16.10 Dielectric waveguide antennas

A dielectric waveguide antenna is a finite section of a dielectric cylinder.

For such a cylinder the cutoff frequency of the dominant mode (TEn

1.6

'.2

t.O

° 0.8
A

0.6

0.4

0.2

e - 25/

•; *

:.::• 0.5 ;: ::

Fig. 16.7 The diameter in wavelengths as a function of the power ratio Wi/Wo,
where IF; is the power inside the dielectric waveguide and Wq is the power outside.

mode in a circular cylinder and TEio in a rectangular cylinder) is zero.*

However, at low frequencies most of the guided energy is outside the

guide and is only loosely coupled to the guide. In a practical sense,

this energy can hardly be called "guided," for it will escape its ties at

any but the very slightest discontinuity (such as a bend). Figure 16.7

shows how the ratio of the power inside a circular dielectric wire to that

* Electromagnetic Waves, p. 428.
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outside varies with the ratio of the diameter to the wavelength.* When
most of the power is traveling outside the wire, the phase velocity of

the wave is substantially equal to the free-space velocity. As this

power is drawn inside the wire by increasing the diameter, the phase

velocity approaches the value appropriate to the dielectric. This is

illustrated in Fig. 16.8.

It is evident from these curves that there is a kind of critical fre-

quency in the sense that for substantially lower frequencies most of the

"guided" energy is outside the guide and for substantially higher

frequencies most of it is inside the guide. Except when the relative

dielectric constant is near unity, the transition region is narrow. This
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Fig. 16.8 The ratio of the phase velocity along the dielectric waveguide to the

velocity of light as a function of the diameter in wavelengths.

property can be used to design dielectric waveguide antennas. The

guide is tapered. At one end its diameter is so large that it acts truly

as a waveguide. At this end we may insert a dipole antenna or any

other coupling device to the source of power (or to the load). At the

other end the diameter is so small that most of the guided energy is

forced out of the guide, and the area of the wavefront is large. When
the guide is terminated, this wavefront, acting as an array of Huygens

sources, produces a sharply directive pattern. The principle of opera-

tion is very similar to that in an ordinary horn. The dielectric wave-

guide antenna is a "horn turned inside out" in the sense that the material

boundary of the horn is in the interior of the guided wave.

Dielectric waveguide antennas may be conveniently used in broad-

side rectangular arrays where ordinary horns could not be employed

* For Figs. 16.7 and 16.8, the authors are indebted to Miss Marion C. Gray.
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effectively on account of their material boundaries; for, in order to

obtain a maximum gain from the space factor, the distance between

the centers of horn apertures may have to be smaller than permitted

by the rigid walls of the horns.

Another way of interpreting a dielectric waveguide antenna is to

consider it as an end-fire array of doublets. Polarization currents

radiate just as effectively as conduction currents. From this point of

view, the taper in the guide is introduced in order to obtain the phasing

proper to an end-fire array. The polarization current is the difference

between the actual displacement current in the guide and that which

would flow in free space in response to the same electric intensity.

Polarization currents may be calculated for an infinitely long waveguide

of uniform cross section. We may use them in approximate calculations

of the performance of dielectric waveguide antennas.

For further details the reader is referred to a paper by G. E. Mueller

and W. A. Tyrrell, Polyrod antennas, Bell Sys. Tech. Jour., 26, October

1947, pp. 837-851.
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SLOT ANTENNAS

Classification of antennas into mutually exclusive types is impossible,

for we can look at the same antenna from different points of view. A
very thin dipole antenna, for example, is a horn, even though this may
not be immediately apparent. Thus, Fig. 4.8 shows an omnidirectional

biconical horn; however, if the internal angle 2\p of this horn is small,

we have a thin conical dipole. The shape of a horn need not be conical

;

hence, a thin cylindrical wire is still "a horn." If the internal angle

of the biconical horn is nearly equal to 180°, we have a biconical capac-

itor antenna. By a slight deformation in shape we shall obtain a

capacitor antenna formed by two parallel disks. The narrow aperture

of this antenna is also a slot in a metal pillbox. Hence, a capacitor

antenna is both a horn and a "slot antenna." An open end of a narrow

rectangular waveguide is a slot antenna, for it is a slot in a large metal

surface. The outer surface of the waveguide is also the wall of a horn

whose solid angle is nearly 47r. We can recognize linear antennas,

horns, slots in metal surfaces or slot antennas, reflectors, lenses, etc.,

when we see them; but we are unable to subdivide them into mutually

exclusive categories.

From the analytical point of view, this overlapping has its advan-

tages, since it suggests different methods of treatment of similar anten-

nas. Before proceeding with the subject of this chapter, we shall

consider magnetic currents. We have used this concept in our analysis

of horns; but we can use it to even greater advantage in the case of

slot antennas.

17.1 Electric and magnetic currents; electromotive and mag-
netomotive forces

A stationary electric charge is surrounded by a field of force, and we
are accustomed to regard the charge as the " cause" of the field. If the

charge is moving, the field is different. It is natural to think that the

537
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motion of the charge, that is, the electric current, is the cause of a field

which is superimposed on the field of the stationary charge. But in

order to move the charge, we have to exert a force (in addition to the

force that may be needed to overcome the inertia of the body containing

the charge); hence, we may consider this force as the primary cause

of the field.

In dynamics the force acting on a particle is not always the best

quantity to deal with. In rotational dynamics, for instance, torque

is preferable to force. Convenient concepts in general dynamics are

"generalized forces" and " generalized displacements," so chosen that

their products give work. Thus, in rectilinear dynamics, the product

of the force and the linear displacement gives work; in rotational

dynamics, the product of the torque and the angular displacement

gives work. The generalized force is defined as the work per unit gen-

eralized displacement. In studying electric phenomena in an electric

circuit we are not concerned with the length of the circuit. It is the

charge displaced round the circuit and its time rate of change, the

electric current, that claim our attention. Hence, we choose the charge

as the generalized displacement and define the corresponding generalized

force as the work per unit charge. This generalized force is called the

electromotive force or voltage, as an abbreviation. In a continuously

distributed field, electric intensity is introduced to represent voltage

per unit length. In addition to electric current, defined as moving

charge, Maxwell introduced electric displacement current defined as

time rate of change of electric displacement (or electric flux).

In most respects magnetic fields are similar to electric fields. There

are, however, no magnetic charges and no magnetic currents in the

sense of moving charges. There exist only magnetic displacement

currents representing time rates of change of magnetic displacement

(or magnetic flux) analogous to Maxwellian electric displacement cur-

rents. According to Maxwell's equations, the physical dimensions of

magnetic current are identical with those of electromotive force. The

magnetomotive force is a generalized force so defined that the product

of the force and the corresponding magnetic displacement gives work.

The physical dimensions of magnetomotive force are those of electric

current. Thus, there exists a dual relationship between electric and

magnetic quantities which enables us to replace a set of electric quantities

by an equivalent magnetic set and vice versa. This duality is a direct

consequence of Maxwell's equations. It enables us to obtain solutions

of certain problems directly from already known solutions of other

problems. Solutions for capacitor antennas and annular slots in

conducting planes may be obtained at once from the solutions for
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electric current loops. In general, slot antennas are duals of ordinary

linear antennas. In some cases we shall find it more convenient to

treat slots as such; in other cases we shall replace them by magnetic

linear antennas and use the already available information about their

electric counterparts.

In electric circuit theory we use two kinds of ideal generators:

(1) series generators of zero internal impedance, across which the

current is continuous, and which introduce into the circuit a fixed

(that is, independent of the circuit) voltage discontinuity; and (2) shunt

Co"

Fig. 17.1 (a) An electric-current sheet, and (6) a double electric current sheet or

simple magnetic current sheet.

generators of infinite impedance, across which the voltage is continu-

ous, and which introduce into the circuit a fixed current discontinuity.

There is no loss in generality when we use such ideal generators, since

a finite internal impedance in the first case and internal admittance

in the second may always be considered as elements of the circuit. In

distributed fields, discontinuities in E and H are introduced, respec-

tively, by magnetic and electric current sheets. Thus, if we imagine

an infinite electric current sheet in the xy plane (Fig. 17.1a), and if

the linear density of the current is

Cx = Co, (1)

then, by the Ampere-Maxwell law, we have

H y
+ — H y

~ = —Co.

If the medium outside the current sheet is homogeneous,

Hy~ — —Hy+
, Hy+ = ~ JCq.

(2)

(3)
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In other cases, the magnetic intensities on the two sides of the sheet

are not equal and opposite, but the difference is still Co.

Consider now two parallel electric current sheets (Fig. 17.16),

and let the distance s between them be infinitesimal. In passing across

this double current sheet the magnetic intensity is seen to be continuous

;

but the electric intensity is discontinuous. By the Faraday-Maxwell

law,

E x+ - E x
~ = -Cy

m
, (4)

where Cy
m

is the linear density of the magnetic current, which may be

expressed in terms of the magnetic intensity Hy
in between the electric

current sheets,

Cy
m = jutxsH™. (5)

Since s is infinitesimal, Hy
in must be infinite if Cy

m
is to be finite. In

any case, only the product of j, <o, u, s, Hy
in determines the discontinuity

in the electric intensity and not the separate factors; this product gives

the linear density of the magnetic current sheet.

The return path for the current flowing in an electric current sheet

is formed by the media on both sides of the sheet. These media are

electrically in parallel since E is continuous across the sheet and the

current in the sheet is divided between the media. The electric current

sheet acts as a shunt generator of infinite impedance. Similarly, a

magnetic current sheet acts as a series generator of zero internal imped-

ance, in that it impresses an electric intensity in such a way that the

media on the two sides of the sheet are electrically in series.

17.2 Magnetic current elements

A magnetic current element is an infinitely thin solenoid of length s.

The magnetic moment of the element is Vs, where V is the magnetic

current through the solenoid.* The field of this element may be

obtained by the method used in Section 4.13 for the electric current

element. Instead of electric charges q, — q at the ends of the electric

current element, we have the magnetic displacements 3>, — $ at the ends

of the magnetic element. Instead of equations 4-67 for the electric

field in the immediate vicinity of an electric current element, we now
have analogous equations for the magnetic field in the vicinity of the

* It should be noted that, when the cross section of the solenoid is finite, only

half of the magnetic flux passing through the central cross section emerges or enters

through its ends; the rest leaks out. Most of the leakage is near the ends, in a

region comparable to a few diameters ; hence, the ends of an infinitely thin solenoid

are true point sources.
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magnetic current element,

<I>S COS 6 rr .. ^ SJn
Hr ~ 2^3 '

He ~
47TM/'

3
'

H*-°- (6j

The complete expressions at any distance should be of the same form as

the corresponding expressions for E r and Ee in equations 4-81 except

that Is should be replaced by a constant of integration A which is then

determined by comparing with equations 6. Thus,

H, = -^ (l + -jA <r" cos d. (7)
2irr

As err —> 0,

H'-*-^?r cose - (8)

Comparing with equations 6, we find

a

Since j<a$ = T7
,

3>s
A = cr$s

Vs

v
2

(9)

(10)

Thus, by substituting Is = A = Vs/t]2 in the expressions 4-81 for

E$ and E r , we shall obtain He and Hr for the present case; E^ may
then be obtained from equation 4-11 or from H\> after making a compar-

ison between equations 4-8 and 4-11. The latter shows that we should

reverse the algebraic sign of H v and replace Is by Vs: the factor 1/rj
2

in the preceding transformation is canceled by another factor -q
2

arising out of the right-hand side terms in equations 4-8 and 4-11.

Making the required changes in equations 4-81, we obtain the field of

a magnetic current element of moment Vs meter-volts,

(g + jae)Vs / 1 . 1 \
He = / 1 H h -rr e-° r sin d,

4xr \ ar <j
z
rl J

(id

H , = -p^^ [ H ) c r cos 9.
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In nondissipative media,

^ = -S(i+^)^rsine
- ^

At great distances,

H $
= -^p^L g-y^r sin ^ E<p = _,,#,. (13)

17.3 Radiation from magnetic currents

The method of Section 12.1 for obtaining the distant field and the

radiation intensity of a given electric current distribution may be

extended to include the magnetic currents. The radiation vector

L associated with a magnetic current element of moment p — Vs at

the point (/, 6', <p') with respect to (0, 0, 0) is defined by an equation

identical with equation 12-5,

The rules for the evaluation of the radiation vector for any system of

elements are the same as those given by equations 12-7, 12-8, and

12-9. But the equations for obtaining the distant field and the radia-

tion intensity involve a different factor. Instead of equations 12-12,

we now have, from equations 13,

^ . cos t e" j^
j T e- jliro

H
<> = -Jin L 6 - - o/m_x L *W ro 2407rX ro

N _ . cos
T

e-rf'o j T
e-iP'o

(15)

4tt * r 240xX * r

Substituting in equation 5-10, we have the radiation intensity

* = %t {UW + L^L/) ' (16)

This differs from equation 12-10 by a factor 1/V = 1/(120tt) 2
.

In the case of mixed electric and magnetic current distributions,

we have mutual radiation. To obtain the most general radiation

formula it is best to obtain Ee and E v from equations 15 and add them
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to equations 12-12 before using equation 5-10. Thus,

„ / . 60tt Ar j T \ e-^ r°

„ / . 60tt Ar . j T \ e~* r*

(17)

Hence,

$ = $n + 2^12 + $22, (18)

where <£>ii is given by equation 12-10, $22 by equation 16, and

$12 = —L re(NeL v
* - N,L 9 *). (19)

We have seen that the expressions 12-10 and 16 for the radiation

intensity differ by a factor 1/r?
2

; that is, if we have two similar distribu-

tions of electric and magnetic currents and if the strengths of these distribu-

tions when expressed in mks units are equal, the ratio of the power radiated

by the electric current distribution to that radiated by the magnetic current

distribution is rj
2

.

17.4 Uniform magnetic current filaments and uniformly

energized slots

A long thin solenoid carrying uniform current is a magnetic current

filament. If the filament is infinitely long, the field is particularly

simple. Let us assume that the filament is along the z axis; then the

only nonvanishing component of H is Hz , and it is a function of p only.

The electric field is also uniform, and its only nonvanishing component

is Ep. Hence, the field equations are the same as for TEM waves in a

dihedral horn (equations 16-46). The only difference is that in the

horn the field exists only in the interior region, the walls of the horn

effectively shielding the exterior. If the parallel planes in the transmis-

sion line feeding the horn are close together, and if the horn angle is

nearly equal to 2ir (Fig. 17.2a), the field is identical with that of the

magnetic current filament everywhere except in a small region between

the planes. If the angle of the horn is equal to ir as in Fig. 17.26, the

field inside the horn equals that of a magnetic filament in front of a

perfectly conducting plane; for the same voltage across the slot E is

twice as large as in the case of a 360° horn.

Letting b = \s in equation 16-54, we obtain the admittance of

the horn in Fig. 17.2a as seen from the slot,

^•^^[l+i^6og^-log7r + 0.116
240X IT

(20)
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The radiated power is thus

P = w
480X

W*,

17.4

(21)

where V is the voltage across the slot.

Fig. 17.2 Slot antennas: (a) a 360° dihedral horn, (6) a 180° dihedral horn.

The characteristic admittance of the strip transmission line feeding

the horn is

w w
A =

rjS 120ttS

Hence, the voltage reflection coefficient at the slot is

-j^(k)g^- log x + 0.116)

(22)

1 -
A - Y x

5
= ^+T7

2X

l + ^+iy(log|-log7r + 0.116

(23)

For small values of s/\, the reflection coefficient is almost unity.

The admittance of the slot in a plane (Fig. 17.26) is twice as great

as that given by equation 20.

For a slot of finite length w (Fig. 17.2a), the maximum radiation

intensity is found from equation 16,

^max =
1

960ttX 2
VwV*w = w

960ttX :

vv*. (24)
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Hence, we have the directivity of a long slot,

47r$ni nx 2w
g p (25)

-J
Fig. 17.3 A slotted waveguide.

As it should, this directivity equals that of a long electric current fila-

ment. The radiation patterns are also identical. The only difference

is in polarization.

The length a of the feed line (Fig. 17.3) does not affect either the

radiation pattern or the directivity. The circular lines of force normal
to the external surfaces of the par-

allel conducting sheets simply be-

come continuous circles round the

guide as their radius increases.

We shall consider this structure

in more detail in connection with

slotted waveguides.

Equation 25 for g was derived

on the assumption that the voltage

distribution along the slot is uni-

form. If the distribution is sinu-

soidal, the radiated power will be

only half of equation 21, assuming that V is the maximum amplitude

of the voltage. The radiation vector is only 2/ir times as great as the

former radiation vector; hence, the radiation intensity is i/w2 times

as great as before. The directivity, therefore, is multiplied by S/w2
.

This gives equation 16-65.

17.5 Capacitor antennas, circular slots in conducting sheets

Figure 17.4 shows capacitor antennas of radius a in free space and

above a perfectly conducting plane. In free space the antenna is

equivalent to a magnetic current loop of radius a. Since we have

already considered an electric current loop (Section 15.12), we have

little to add. The radiation patterns are the same, but the polarizations

of distant fields are opposite (with respect to the plane of the loop).

In terms of the voltage V across the edges of the capacitor antenna (and,

hence, the magnetic current in the equivalent loop), the radiation

intensity is

$ = ira- 'V2

240A2 Ji 2 (/3asin0), (26)

This is obtained from equation 15-45 by replacing J by V and dividing

by r?
2 = (1207r) 2

. Equation 15-49 for the directivity remains the

same.
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The case of a circular plate above a conducting plane is essentially

the same as above. We can reduce it to the free-space case by introduc-

ing an image plate and removing the conducting plane. Conversely,

we can insert a perfectly conducting plane halfway between the plates

of the capacitor antenna in free space.

A narrow circular slot in an infinite conducting plane (Fig. 17.5) is

essentially equivalent to the capacitor antenna above such a plane

Fig. 17.4 Capacitor antennas.

(Fig. 17.46). For a direct treatment of this type of slot antenna, not

using the dual properties of electromagnetic waves, the reader is referred

elsewhere.*

The conductance seen by the capacitor antenna (or the circular

slot) is obtained from the radiated power. The susceptance can also

Fig. 17.5 A circular slot antenna fed by a coaxial transmission line.

be obtained very simply when the radius a is small or when it is large.

In the first case, we have a capacitance between the external surfaces

of the plates; in the latter case, we take the susceptance of a straight

slot (Fig. 17.2a), of length w = 2ira. In the intermediate case, the

calculations are not quite so simple; however, they are still analogous

to the calculations of the reactance of an electric current loop.

The calculation of the admittance looking backward from the

* A. A. Pistolkors, Theory of the circular diffraction antenna, IRE Proc, 36,

January 1948, pp. 56-60.



17.6 SLOTTED WAVEGUIDES 547

slot into the feed line is straightforward. In the case of the circular

slot antenna (Fig. 17.5), this admittance equals the admittance of the

coaxial line in parallel with a small susceptance associated with the edge

effect, with a somewhat greater charge density near the edges. In the

case of capacitor antennas, we have a disk transmission line terminated

into a coaxial line, and the series inductance at the junction of the two

lines is easily calculated.

17.6 Slotted waveguides

A section of a simple slotted waveguide is shown in Fig. 17.3. The
condition for guided waves is the continuity of E and H across the slot.

Hence, the voltage across the slot must be continuous. Likewise,

the current flowing toward the edge on the internal surface of the wave-

guide must equal the current flowing away from the edge on the external

surface. Expressing it differently, the average values of E and H must

be continuous if E and H are continuous. If the height s of the wave-

guide is small compared with the width a and wavelength X, the depar-

ture of the field from a uniform distribution is confined to the neighbor-

hood of the slot, and we shall neglect it. When it seems desirable, we
can evaluate this departure approximately, and represent it by a small

lumped susceptance across the slot. Here, however, we shall not

complicate our calculations by such refinements, and we shall assume

that inside the guide the field is uniform in the direction of the x axis

(parallel to the short side of the cross section). We have to consider

three field components : E x , Hy , and Hz . Maxwell's equations reduce to

u 1 dE *
riy = : — j

7w/i dz

(27)

tj 1 dE x dH z dH y . „

joiji oy ay dz

Eliminating Hv and Hz ,

For guided waves Ex is proportional to exp (— Tz) where T is the propa-

gation constant along the guide. Hence, the appropriate solution of

this equation is

E x = E sin(Vr 2 + 2 y)e~Tz . (29)

The cosine term is omitted because E x should vanish at the perfectly

conducting face y = 0. The voltage across the slot (in the positive

x direction) is

V = E s sin (Vr2 + 2 a)e~r *. (30)
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The current flowing toward the edges of the slot is determined by
Hz . From equations 27 and 29, we have,

H z =
° ^ p

cos (Vr 2 + (3
2 y)e~T '. (31)

In the slot,

E'oVr 2 + /3
2

Hz =
u ^ H

cos (Vr2 + 2 a)e-v *. (32)
JCOfX

Except for a distortion near the slot, the field outside the guide is

given by E^, H p , and Hz . Furthermore, E^ is independent of <p. Max-
well's equations reduce to

1 dEy _ 1 d dHp dH z

(33)

For guided waves the field is proportional to* exp(— Tz) ; hence equa-

tions 33 become

Hp
= -S-E„ H z

= - -±- -£- (pEJ, -YHp
-^- = jueEy.

jcom
*' jupp dp

*n
dp J

*

(34)

Eliminating H p , we have

^ = r-jm (l + jp) En -^ (PEr) = -jWff, (35)

These equations are obtained from equations 16-46 if we replace e by

ell + (r2
//5

2
)]. Therefore, in view of equations 16-53, we obtain

H z = ^4^— VAMVW+Wp) - j No(VWTWP )]e-^, (36)

where Vi is the voltage in the positive <p direction, that is, from the upper

face to the lower,

For small p,

H z =
V
2

+^
2

Vi jl - -3j- [log(VWTWp) + 0.577 - log 2][
**:

(37)

To match the internal and external values of Hz at the edges of the slot,

we should substitute p = s/2 in equation 37 and equate it to 32. A
better approximation is obtained if we note that each linear element of

* The continuity along the slot requires that the propagation constants in the

direction of the slot should be the same inside and outside the guide.
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the slot is a source of external cylindrical waves. To obtain Hz at a

typical point x in the slot, we should replace V by V dx'/s and p by
| a; — x'\ and integrate from x' = to x' = s. Then, to obtain the

average value of Hz , we integrate with respect to x from x = to x = s.

Since

—5- I dx I log |x — z'| dx' = log s — 1.5, (38)
s Jo Jo

we have the average Hz ,

# 2>av =
T2

^f Vi |l - -^- [log(Vr2 + /3
2
s) - 1.616]| <rr *. (39)

Equating to 32, and noting that Vi = —V, we obtain an equation for

the propagation constant along the guide,

Vr2 + p
2

jufxs
cot(Vr2 + (3

2 a)

r2 + /3
2

4/3r?

or

jl - ?L [log(\/r2 + /3
2 s) - 1.616] (40)

cot(Vr2 + /3
2 a)

= -bVr2 + /3
2
s jl - -^- [log(Vr2 + /3

2 s) - 1.616]

In the first approximation (for the first mode),

VI + £ a -
2

, 1 - ^ ^2 x2
-

x ^1 16a2

(41)

(42)

To this order of approximation the cutoff wavelength is

X c = 4a, (43)

and there is no radiation. To obtain the next approximation we write

Vr 2 + /3
2 a = |- + 5, (44)

so that

r = v^2+Xf+ aT- <«>

Since d is small, we shall neglect its square, when equation 45 becomes

7T
2 4x2

7r5
r = Vi^-^- + ^- <46 >
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To obtain 5 we substitute from equation 44 in equation 41,

^•-^O+I^^^^O+'tO-H!
In the first approximation,

(47)

•-i-E-El^+H- (48)

Sufficiently above the cutoff,

(49)

that is,

(32a3 V 16a2

2ttJ

"

Thus, the escape of energy from the internal part of the guide into free

space causes a slight change in the wave velocity and a certain amount

of attenuation.

At the cutoff (in the vicinity of A = 4a) the wave velocity is very

small, and the voltage is distributed almost uniformly along the slot.

Cylindrical slotted waveguides are shown in Fig. 17.6. When the

angle ^ between the radial planes is fairly small, the guide in Fig. 17.66

may be analyzed accurately. As in the preceding case, the voltage

across the gaps between AC and BD, and between MP and NQ, and the

average Hz should be continuous. Hence, the sum of the admittances

looking in opposite directions from either gap must equal zero. This

gives an equation for the propagation constant along the guide. The
radial planes ACPM and BDQN form a wedge transmission line (of

angle \f/) terminated on one side by the admittance looking outward

across the slot MPQN and on the other side by the admittance looking

inward across the slot ABDC. The latter is the admittance of the

wedge transmission line of angle 2w — ip which is short-circuited by the

cylinder at distance a from the axis. The former admittance may be

obtained by expanding E v across the gap MNQP in a Fourier series,



17.6 SLOTTED WAVEGUIDES 551

and matching it to the solution of Maxwell's equations appropriate to

the region external to the cylinder. For small \p, the higher-order

waves in the wedge of angle
\f/ are highly attenuated, and the energy

Slotted waveguides.

content of these waves is small ; hence, in solving our problem, we may
assume that E^ in the slot is independent of <p.

The case of large yp, let us say yp = rr as in Fig. 17.7, may also be

treated rigorously, although not so simply as the case of small \p. The
method of treatment is analogous

to the method of treatment of bi-

conical antennas.* We imagine

the " boundary cylinder" of radius

a equal to the radius of the guide.

A part of this cylindrical surface

is a perfect conductor where E v

vanishes. Across the complemen-

tary part, E9 and H» must be con-

tinuous. Outside the boundary

cylinder the field may be expressed

in cylindrical coordinates. The
region inside the boundary cylinder

is separated by the radial conduct-

ing planes into two subregions, in

each of which the field may be ex-

pressed in cylindrical coordinates. The fields at the junctions between

different regions can then be matched. In an approximate solution for

large \f/, we can assume that the impedance seen outward from the slot

equals the impedance of an infinite wedge transmission line; adding

* Electromagnetic Waves, Chapter 1 1

.

Fig. 17.7 A slotted waveguide.
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this impedance to that looking inward and equating the sum to zero, we
obtain the equation for the propagation constant along the slot.

The case shown in Fig. 17.6a is similar but simpler. We have two

regions in which the field may be expressed in cylindrical coordinates.

The two fields may then be matched " on the average " across the nar-

row slot. In a more refined solution we may assume that the electric

field in the slot is distributed as the static field is distributed across a

slot in an infinite plane. This assumption is justified because cy-

lindrical wave functions behave as static functions for small values of p.

Slotted waveguides may be used to form magnetic V antennas and

magnetic rhombic antennas.

17.7 Radiation patterns of slotted waveguide antennas

A section of a slotted waveguide of length I will act as an antenna. Its

radiation pattern is the product of two factors : one depending on z and

the other on <p. The factor depending on z is exactly the same as in the

case of an electric current filament of the same length, if the current is

proportional to the voltage along the slot. The factor depending on

tp depends on the shape of the guide. For rectangular guides (Fig. 17.3)

this factor is substantially independent of <p; the electric lines starting

at the slot are approximately circles cutting the upper and lower faces

of the guide, and, as they progress backward, they easily slide off the

guide and become continuous expanding circles.

In the case of cylindrical slotted waveguides, the radiation pattern

depends on the radius of the guide. When 2wa/\ <C 1, the pattern is

nearly circular; when 2ira/\ ^> 1, the pattern is approximately a

cardioid. A number of representative polar radiation patterns are ex-

hibited in a paper by Sinclair.* Figure 17.8 shows rectangular plots of

the radiation patterns of slotted cylinders of various radii for a slot

angle of 0.1 radian as calculated by Papas and King.f The increase

in the maximum values at <p = with increasing radius is due to an

assumption that the voltage across the slot is proportional to the radius.

If the voltage is kept constant, the maximum radiation intensity is con-

stant for large values of a; but the back radiation decreases as a

increases.

* George Sinclair, The patterns of slotted-cylinder antennas, IRE Proc, 36,

December 1948, pp. 1487-1492.

f Charles H. Papas and Ronold King, Currents on the surface of an infinite

cylinder excited by an axial slot, Quart. Appl. Math., 7, July 1949, pp. 175-182.
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Fig. 17.8 Radiation patterns of slotted cylinders.

17.8 Magnetic dipole antennas

Slots in conducting planes maj^ be energized by balanced transmission

lines (Fig. 17.9). Such slots are counterparts of dipole antennas fed

by series generators, and thus may be called magnetic dipole antennas.

Across the feed point of the electric dipole antenna the current is con-

tinuous; the voltage is discontinuous because of an impressed electro-

motive force. Across the feed point of the magnetic dipole antenna the

voltage is continuous; the current is discontinuous because of an im-

pressed current, that is, an impressed magnetomotive force.

To obtain the impedance of a magnetic dipole antenna, we shall

first consider the electric currents in the conducting plane. These

currents may be considered as flowing on the two faces of the plane. The
two faces are electrically in parallel; hence, the shunt admittance of
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the plane is twice the admittance of one face,

rFp
»h = 27,. (51)

Fig. 17.9 A slot antenna fed by a

balanced transmission line.

The magnetic Jines of force produced by currents in the plane are

normal to the slot. Hence, theoretically, we can place a perfect mag-

netic strip over the slot without dis-

turbing the field, provided that we
feed the slot symmetrically from the

two faces and supply half the current

from each side. The magnetic in-

tensity tangential to the slot is zero

before the strip is introduced, and its

value is unaltered by the strip. The
tangential electric intensity is continu-

ous across the slot and across the strip

;

hence, there are no magnetic currents

in the strip. Since no energy can pass

either through a perfect electric screen

or through a perfect magnetic screen,

the entire space has been divided into

two independent halves. Let us now reverse the direction of the feed

current to one face. The two faces will then be in series, and the series

admittance of the plane is

*V e = \YS. (52)

Hence,

F/> = 4Fp
se

. (53)

In the new arrangement the magnetic intensity tangential to the

strip is still zero. The reversal of currents in one face requires also a

reversal of the electric intensity tangential to the strip; hence, the

tangential electric intensity is now discontinuous, and in the strip there

exist magnetic currents. In the conducting plane, however, there are

now no electric currents ; consequently, we may remove this plane with-

out disturbing the field. Thus, we are left with a true magnetic dipole

antenna formed by the plane strip of the same dimensions as the slot.

Its admittance is Yp
Be

.

In Section 17.3 we have seen that there exists a simple relationship

between dual electric and magnetic antennas. This relationship was

found incidentally while calculating radiation intensities, but it is so

important that it is worth while to derive it directly from Maxwell's

equations. If the medium is nondissipative, these equations are in-
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variant under the following transformation,

E-+H, H-> -E, M -> e, e -> m. (54)

Under this transformation the intrinsic phase constant remains un-

changed, and the intrinsic impedance goes into intrinsic admittance,

„->- (55)
v

The input impedance of an electric antenna is defined as the ratio

of the impressed electromotive force to the electric current. In order

to keep the physical dimensions of impedance the same, we shall define

the impedance of the magnetic antenna as the ratio of the magnetic

current to the impressed magnetomotive force. From the transforma-

tions of equation 54, we conclude that, in all wave impedances associated

with the fields of electric currents and all wave admittances associated

with the fields of the corresponding magnetic currents, the factors de-

pending on the geometry of the distributions are the same. Hence,

we have the important theorem,

= v
2

,
Z eZm = T7

2
. (56)Ym 1/v

The zeros and poles of the corresponding impedances are interchanged.

One impedance equals the other transformed by a quarter-wave line

of characteristic impedance rj.

Thus, if Z is the impedance of an electric strip antenna, the im-

pedance of the corresponding magnetic antenna and, hence, the series

impedance of the slotted plane, is

Z P
°° = £ • (57)

From equation 53 we obtain the shunt admittance and impedance of

the plane,

4Z r?
2

YP
sh = -jh> z * =

-iz-'
(58)

Yf = ^-, Z,--±r' (59)

and the admittance and impedance of each face,

2Z - jL
v" 2Z

The impedance Z may be obtained from the equations of Chapter

13 if we use the equivalent radius,

a = iw, (60)
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of a cylindrical antenna whose characteristic impedance equals the

characteristic impedance of the strip antenna of width w. The above

equation is derived from a consideration of principal spherical waves

along conducting strips.

In actual operation, slots are made in metal sheets of finite di-

mensions. Sometimes these dimensions are large, as in the case of slots

in aircraft. In such cases, the impedance of the external face is sub-

stantially equal to the impedance of one face of the conducting plane.

On the other side the slot is usually encased in a structure of relatively

small dimensions, a cavity resonator or a waveguide. Hence, there will

be a wide variation in impedances seen from slots in the direction of the

generator (or the load, when slots are used for reception). These

impedances are obtained by calculating the interaction between magnetic

strips, and the normal modes of oscillation in resonators or normal modes

of propagation in waveguides, as the case may be.*

Slots in coaxial transmission lines and in waveguides may be ar-

ranged into antenna arrays for the purpose of increasing the directivity.

In the array calculations we have to know primarily the properties of

the individual slots ; the principle of superposition enables us to evaluate

the arrays.

17.9 Input regions

If the current impressed on a slot antenna is concentrated in a small

region, we encounter a problem similar to that of the gap in the case of

dipole antennas. In the case of idealized slots, freed from their con-

nection to the feeders, we must provide a path for the electrons from one

edge of the slot to the other (Fig. 17.10). The current in this region is

prescribed— it is the impressed current. Thus, in a theoretical analy-

sis, the slot antenna is supposed to be fed by a generator of infinite

impedance, just as a linear antenna is supposed to be fed by a generator

of zero impedance. In a slot antenna, a generator of finite internal

impedance is represented by a generator of infinite impedance in parallel

with its internal impedance, just as, in a linear antenna, a generator of

finite impedance is represented by a generator of zero impedance in

series with its internal impedance. If the slot is uniform (Fig. 17.10a),

but very narrow, the input impedance is relatively independent of the

width s of the gap, as long as this width is small compared with the

length of the slot but not too small compared with the width a. As s

approaches zero, the input impedance approaches infinity.

* S. A. Schelkunoff, Representation of impedance functions in terms of resonant

frequencies, IRE Proc, 32, February 1944, pp. 83-90; Impedance concept in wave-

guides, Quart. Appl. Math., 2, April 1944, pp. 1-15.
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In tapered slots (Figs. 17.106, c) there are no input singularities,

that is, when the planes are infinitely thin. In planes of finite thickness

a •

1 I;-. ^

y//////7///////. /////: q 7//////////V///////

W///////////////////y///y{*'W

to

Fig. 17.10 Slot antennas with idealized input regions.

we shall have a narrow wedge (which has a singularity) unless the input

tips are tapered also at right angles to the planes to form conical tips.
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PROBLEMS
17.1 Consider a large biconical antenna. Suppose that the length of each cone

along the generators is I, the maximum diameter is 2a, and the height of the antenna

is h. Assume that the antenna is large and that I — a <K Jx. Find the directivity.

2h
Ans. a = — •

y
X

17.2 Obtain the distant field of an infinitely long uniform electric current

filament.

Ans. Hv = -!/(Xp)-^ e-#P-*sW4 ez = —qHm
where I is the current.

17.3 Obtain the distant field of an infinitely long magnetic current filament.

Ans. Ey = |F(Xp)"^ e
-#p-/3TM hz = ,"%.

17.4 Obtain the distant field of an infinitely long electric current blade of

width dx. Assume that the current per unit length is C.

Ans. Hz
= \ttC dx(kP)-y> e-tfP-/3W4 sin Vf Eip m vHi(
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17.5 Obtain the distant field of an infinitely long magnetic current blade of

width dx. Let the magnetic current per unit length be M.

Ans. Ez = -iirM dx(\p)-y* e-rtP-i**'* sm<p
f

Hv = —rr lEz .

17.6 Obtain the equation for the propagation constants in a slotted half-

cylinder (Fig. 17.7).

Ni(u) 4
,

6.464 4 _ a
. r-^

Ans. log u -\ 1 log— = j, u = aV Y* + /3 .

J\{U) IT TT IT S

17.7 From the equation in the preceding problem, obtain the propagation con-

stant of the dominant mode on the assumption that log (o/s) is large.

Ans. [©'-I
y2

7riVi(3.83 / a .A"1

u = 3.83 -77 log— + 0.273 - j
—

4// 3.83 V
6

s
J
4/
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REFLECTORS

18.1 Reflectors

An antenna has two functions : one is to couple the source of power to

free space and the other to direct this power in some preferred direc-

tions. Some antennas are relatively nondirective ; others are highly

directive. Nondirective antennas may be combined into highly

directive arrays. The directivity is obtained by using the principle

of interference of waves from the various elements of the array arriving

DIRECTOR
OR

LENS REFLECTOR

(a) (b)

Fig. 18.1 (a) A director or a lens is a reradiating antenna placed in front (as far

as the main beam of radiation is concerned) of the antenna directly connected to a

source of power; (b) a reflector (in a narrow sense) is a reradiating antenna placed

behind the antenna directly connected to a source of power.

at a given point in space in different phases. The required variation

in phase is produced by a suitable spatial arrangement of the individual

antennas in the array, and by a suitable phasing of these antennas

with respect to some particular element of the array. In an antenna

array, each element is coupled directly to the source of power or to the

transmission line connected to it.

Suppose, however, we energize only one antenna and ground the

other (Fig. 18.1). The field of the first will excite the second. The
fields of the two will interfere and produce a nonuniform radiation pat-

560
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tern in the horizontal plane. By changing the length of the "parasitic"

or reflecting antenna, or by inserting a tuning circuit between it and the

ground, we can control the phase of the current and, hence, the direction

of maximum radiation. In either of the two relative positions of the

grounded antenna with respect to the one connected to the source of

power wThich are shown in Fig. 18.1, we can obtain the phase difference

required to direct more power from left to right than in other directions.

Although the grounded antenna, if close to the other, affects the radiated

power, its main function is to alter the directive pattern. The grounded

antenna acts as a receiving antenna reradiating all the received power

(assuming for the present a perfect ground, etc.); it is a " virtual

source," acting on borrowed power. In Chapter 8 such antennas were

called
'

' reflecting antennas . '

' Frequently, however, the term '

' reflector
'

'

is employed in a narrower sense for antennas that are behind the source

of primary radiation with respect to the direction of maximum radiation

(Fig. 18.16). The " reflectors" in front of the primary source (Fig.

18.1a) are called directors] they are, in effect, vestigial lenses. This

distinction between directors and reflectors is entirely superficial.

Reflectors may be single wires as above, or they may be systems of

wires, screens, and conducting sheets of various shapes. If the sheets

are large compared with the wavelength, they can be shaped to exert a

profound effect on the radiation pattern of the primary source. Re-

flectors enable us to obtain an immense variety of radiation patterns.

This is an important property which is utilized in radar antennas.*

18.2 Radiation patterns

In such simple arrangements as those shown in Fig. 18.1, the radiation

patterns are obtained from the current distribution in the wires. In

the first approximation the current in the primary antenna is assumed

to be unaffected by the induced current in the reflecting antenna. The
induced current is calculated as explained in Chapter 8. For greater

accuracy we can calculate the current induced in the primary antenna

by the field reradiated by the reflecting antenna.

Essentially the same method may be used for all reflectors. Let

f(x, y, z) = or z = F(x, y) (1)

be the equation of the reflecting surface. If C(x, y, z) is the linear

density of electric current induced in the reflector by the primary source,

the moment of a typical current element is C dS where dS is an element

of area. Using the method explained in Section 12.1, we can calculate

* H. T. Friis and W. D. Lewis, Radar antennas, Bell Sys. Tech. Jour., 26,

April 1947, pp. 219-317
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'O.TAN -_,<.

the Cartesian components of the radiation vector (Nx,Ny,Nz ) by
integrating the corresponding components of the current moment
(Cx dS,Cy dS,Cz dS) over the reflecting surface. From the radiation

vector we then obtain the distant

field of the reflector. Adding the

primary field, we have the total field.

There is no simple method for

obtaining the exact current in reflec-

tors except when they are infinite

planes. The density of current in-

duced in an infinite perfectly con-

ducting plane is twice the tangential

component of the magnetic intensity

Ho(x,y,z) of the primary field. To
obtain this result we note that the

primary field cannot penetrate an

infinite reflecting plane. Conse-

quently, the currents of density C
induced in the plane (Fig. 18.2)

must cancel the primary field on the

other side of the plane. Since the tangential magnetic vectors produced

by these currents are equal and opposite on the two sides of the plane,

the induced current density must be twice as large as the tangential

intensity of the primary field in order that the cancelation may be

complete. Therefore,

C = 2nX JHo.tan, (2)

where n is the unit normal from the plane toward the source of the

primary field. We may also write

Fig. 18.2 The density of current in-

duced in an infinite plane is twice the

tangential component of the incident

magnetic field.

C = In X Ho (3)

since the normal component Ho, nOT does not affect the value of the

vector product in this equation.

As we have already stated, there is no simple method for calculating

the current density in finite reflectors, whether curved or plane. If,

however, the reflecting surface is large, we may assume that the current

induced in each element of the surface equals the current that would

have been induced if the element were part of an infinite tangent plane.

The errors involved in this approximation are large near the edges of

the reflector, since the current density normal to the edge must vanish

and the tangential density is increased by the proximity to the edge.

However, the effect of these errors on the total field is proportional to
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the perimeter of the reflector while the magnitude of the field of a large

current sheet depends on the area of the sheet. The edge effect will be

important only in those directions in which the main contributions

from the area cancel each other by destructive interference. The effect

on the major radiation lobe will be small. Although it is possible to

make reasonable approximations to the current density near the edge

of the reflector and thus obtain a better result for the reflected field,

normally it is not necessary.

Differentiating equation 1, we have

df
dx + 4~ dy + -v- dz = 0. (4)

dx dy dz

/df df df\
This equation shows that the vector whose components are! — >— »— 1

\dx dy dz/

is perpendicular to the components (dx, dy, dz) of an infinitesimal dis-

placement in the reflecting surface; hence, the first vector is in the

direction of the normal, and the components of the unit normal may be

expressed as follows

:

dx dy dz

D = 9LY o_ /tf Y _, (*L
\dx) + \dy) + \dz

(5)

From these expressions and from the given primary field, we obtain the

approximate current density by using equation 3.

Some reflectors are similar to horns. The radiation pattern of such

a reflector may also be calculated from the field over the aperture by the

method explained in Chapter 16. This method is practicable only when
the conditions are such that we can make reasonable ab initio assump-

tions with regard to the field over the aperture. Such conditions are

actually met in many important cases.*

18.3 Directivity

In calculating the directivity of a large reflector we may assume that the

reflector redistributes the power radiated by the primary source without

affecting the total amount of radiation. The sequence of calculations

is then as follows: (1) the magnetic field of the primary source is ex-

pressed in terms of the radiated power P; (2) the current density in

the reflector is obtained from equation 3; (3) the maximum radiation

intensity is obtained from the currents in the reflector; (4) the direc-

*Ibid.
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tivity and the effective area are finally calculated from their definitions,

47T$max X2$max
g = —p

i A = —-p (6)

Thus, we can calculate g without obtaining the entire radiation pattern.

Instead of expressing the primary field in terms of P, we may express

P in terms of the primary field at the reflector. If we assume that all

of the primary radiation falls on the reflector, then,

P = hff Ho- Ho* cos* dS, (7)

where
\f/

is the angle between the normal to dS and the reflected ray.

Substituting in equation 6, we have

A= *\ m"
(8)

yjJ
Ho- Ho* cos* dS

As shown in Section 12.1, the radiation intensity may be expressed

in terms of the radiation vector N ; thus,

* =
"8X2" {NdNe * + N*N**)> (9)

N = ffde>e r ™ s » dS = 2 CC(n X H )e^rcos » dS, (10)

where r is the radius from the origin to a typical reflecting element and

& is the angle made by this radius with a typical direction (6, <p) in

space. Let

Ho = H (x, y, z) eW>y>* h(x, y, z), (11)

where the first factor is the magnitude of the magnetic intensity at the

reflector, the second is the phase factor, and the third is the unit vector

in the direction of /?o- Substituting in equation 10, we have

N = 2 CC(n X h)H (x, y, z) e
>>(*.^)+^co 5 «? dS ( 12)

Expressing the effective area in terms of the radiation vector, we find

A = (N eN * + N^N,,*)^ = (Artan-A^tan*) max
t

,

13
v

±ff[H (x, y, z)] 2 cosiA dS ±ff[H (x, y, z)]Hosxf, dS

Thus, the effective area of a large reflector has been expressed in terms

of the primary field at the reflecting surface for the case in which most
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of the primary radiation falls on the reflecting surface. If a certain

quantity of power Pi is " spilled over " the reflector, the effective area

as given above should be multiplied by the ratio of the difference P — Pi

to the total radiated power P.

Whenever n Xh and cos \j/ are substantially constant over the sur-

face, the above equations become simpler, since these factors can be

taken outside the integral signs. It is to be noted that the magnitude

of n X h equals the sine of the angle between the magnetic intensity

and the normal to the surface, while
\J/

is the angle between this normal

and the reflected ray. Further simplifications can be made for special

types of reflectors.

If the reflector resembles a horn and is such that over its aperture,

we may assume an essentially plane reflected wave (see Figs. 18.4, 18.5,

18.6), the effective area may be expressed in terms of the electric in-

tensity over the aperture,

E(x, y) = EQ a(x, y)e^x^\ (14)

Thus, we find

\ffa(x, y) ei* {x
< y) dS

A =

ff[a(x, y)]' dS
(15)

The effects of nonuniform amplitude and phase distributions of the

reflected field may thus be studied.*

18.4 Reflecting properties of parabolas

To obtain the maximum radiation intensity in a given direction (6, <p)

we must make the phase factor in equation 12 independent of the posi-

tion of the reflecting element dS,

p(x, y, z) + jSrcos # = const. (16)

If the primary source is a point source at F (Fig. 18.3), and if the

shortest distance OF is large enough for the field to vary substantially

as 1/r, then,

p(x, y, z) = — /3r + const. (17)

If we wish to obtain the maximum radiation intensity in the direction

of the z axis, cos # = cos and r cos # = z if the origin is taken at F;

therefore equation 16 becomes

r — z = const, or Vp2 -j- z2 — z = 21, (18)

Ibid.
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where p
2 = x2 + y

2
. The value of the constant is obtained from its

value at p = 0, when r = I and z = — I. From equation 18 we find

p
2 = 4Zz + U2

. (19)

This equation represents a parabola in one plane and a paraboloid of

revolution in all planes.

In the z direction,

NeNe* + N^N¥
* = N XN X* + N yNy

*. (20)

Only those currents in the reflector that are perpendicular to the z axis

are effective in this direction. In many cases of symmetric primary

Fig. 18.3 Reflecting prop-

erties of parabolas.

Fig. 18.4 A paraboloidal

reflector with a dipole pri-

mary antenna.

fields, only N x or Ny is different from zero. In such cases, equation 13

becomes

12

A =
[ff(nXh) xH (x,y,z)ds]

ff[H (x,y,z)] 2 cos + dS
(21)

where ^ is now the angle between the z axis and the normal to dS.

This angle equals the angle between the xy plane and the plane of dS;

hence cos \p dS is the projection of dS on the xy plane.
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In some cases (n X h) x is substantially equal to cos ^, and

\_JJ
H°(x

> y >
z
^
w^dS]

A =

ff[H (x,y,z)] 2 cos* dS
(22)

If Ho is constant, A equals the area of the aperture of the reflector (the

area of the reflector projected on the xy plane).

If the primary field is not a point source, the reflecting surface for

maximum field in the z direction is not parabolic. When a parabolic

surface is used, the phase factor in equation 12 is not constant and must

be included in the above equations for A. This phase factor reduces the

effective area.

Figure 18.4 shows a paraboloidal reflector with a dipole antenna at

its focus. A small reflector is generally added to the dipole to prevent

PARABOLIC
CYLINDER

""

LINE SOURCE
/ANTENNA

Fig. 18.5 A parabolic cylinder serving as a reflector for waves emitted from a line

source.

direct radiation from it. Open-ended waveguides are also used as

primary sources. The effective area of a well-designed parabolic re-

flector has been found experimentally to be approximately two thirds

of the projected area of the reflector. Figure 18.5 shows a parabolic

cylinder serving as a reflector for a line source. The line source itself

is made up of a point source in the focus of a narrow parabolic horn.

Reflector antennas have been used extensively in radar; for further

theoretical and practical information the reader is referred to the mono-

graph by H. T. Friis and W. D. Lewis on radar antennas already cited.

18.5 Corner reflectors, dihedral and trihedral

A dihedral corner reflector consists of two intersecting reflecting planes

(Fig. 18.6). A trihedral corner reflector consists of three such planes.
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An approximate radiation pattern and radiation resistance may be

calculated by the theory of images. For example, in the case of a 90°

ANTENNA

j_ARGE FLAT
SHEETS

- A ANTENNA

SIGNAL
WAVES

(b)

Fig. 18.6 A dihedral horn reflector: (a) top view; (6) perspective.

dihedral corner reflector (Fig. 18.7a), we may replace the reflector by
three images of the primary antenna (Fig. 18.76). This substitution

is valid only for calculation of the major radiation lobe. To this order

• + • +

• -

(a) CORNER REFLECTOR (b) EQUIVALENT ARRAY

Fig. 18.7 (a) A large 90° dihedral corner reflector may be replaced for the purposes

of analysis by (6) three images of the primary antenna.

of approximation there is no radiation except within one quarter of the

total space. Better results may be obtained from the field in the

aperture.

Dihedral corner reflectors are used in the 1- to 10-meter wavelength

range. They are simple to construct and easy to transport, and the
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dimensions are not critical. Tests indicate* that, in order to obtain

the performance predicted for large dimensions, the over-all dimensions

of the reflector need not exceed two wavelengths. The reflecting metal

sheets may be replaced by grids of wires parallel to the primary antenna,

with spacings about 0.1X.

The 90° dihedral corner reflector (Fig. 18.6), increases the output

of a half-wave antenna by about 10 db for spacings S varying from

PARABOLOlDAL
SURFACE

AXIS OF REVOLUTION
OF PARABOLOID

^FOCAL POINT
OF PARABOLA

Fig. 18.8 A horn-reflector antenna.

0.2X to 0.5X. That is, as far as gain is concerned, the spacing between

the antenna and the reflector is not critical. The radiation resistance,

however, increases gradually from 13 ohms for *S = 0.2X to 120 ohms
for S = 0.5X.

Trihedral corner reflectors are used as targets for microwave radar

navigation. Their main advantage over flat reflectors is that they

need not be accurately oriented with respect to the incident waves.

An analysis of such reflectors may be found in a paper by Sloan D.

Robertson, f

* For detailed information see John D. Kraus, The corner-reflector antenna,

IRE Proc., 28, November 1940, pp. 513-519.

t Targets for microwave radar navigation, Bell Sys. Tech. Jour., 26, October

1947, pp. 852-869.



570 REFLECTORS 18.5

REFLECTOR
PA (WITH REFLECTOR)

PA (reflector REMOVED)

POSITION TOP VIEW
EXPERIMENTAL

CLIFFWOOD NAGY

(a)

IN BACK OF
ANTENNA

A R

1.6

(2 DB)
2.3

(3.6 DB)

(b)
IN FRONT OF
ANTENNA

R A

1/4
(-6 DB)

(C)

SIDE
REFLECTOR

A
2

A.-*-

1.9

(2.8 DB)

(d)

2 SIDE
REFLECTORS

A
2

A

R»

2.7

(4.2 DB)

(e)

1 BACK AND
2 SIDE

REFLECTORS

R
f

A» •—

f

R *

A
2

_±R«-

3
(4.8 DB)

»A
R (REFLECTOR)

A
2

SIDE VIEW

POSITION (a)

7777:

PA (OUTPUT)

Fig. 18.9 Reflecting wires.
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18.6 Horn-reflector antennas

Horns and reflectors may be combined* as shown in Fig. 18.8. The
horn operates as the feed for the reflector, and as such it is effectively

" offset," so that the back reflection, so often present in reflecting an-

tennas, is practically eliminated. Experiments showed that for one

model the standing-wave ratio in the feed line (leading to the combina-

tion of the horn and the reflector) was only 0.1 db in a 10 per cent band

of frequencies. Another important feature is that back-to-back cross-

talk suppression of two such antennas is very high.

18.7 Experimental data on reflecting wires and plane sheets

Figure 18.9 presents some experimental gains obtained from reflecting

wires in various arrangements. The first column gives experimental

LARGE
REFLECTOR
SHEETSs

pa = 85.7 OHMS

direct and image fields,
fields add in phase .

therefore:
9 73 3 = 3.42(5.3DB)= 4 X
an 85.7

A

/M MEASURED GAIN =
q

-zf~ - 3.3 (5.2 DB)
yan

^Tkc
(c)

2/1

^ra - 73.3 OHMS

DIRECT AND IMAGE FIELDS
ARE 25 ° OUT OF PHASE.
therefore:
9

9an
= 4 [COS 12.5°]

= 3.8(5.81 DB)

(b)

Fig. 18.10 Reflecting plane sheets.

MEASURED GAIN =
q-^- = 5C7DB)

9an

1.5/1

T
A
2

±

0.775 A J
(d)

data obtained in 1927 at Cliffwood, N. J., for X = 27 meters; the figures

in the last column are taken from A. Wheeler Nagy's paper f on parasitic

wire reflectors. Greater gains are obtained by detuning the reflectors

in such a way that the resulting phase difference between the currents

in the antenna and the reflector produces a sharper pattern.

* H. T. Friis, Microwave repeater research, Bell Sys. Tech. Jour., 27, April

1948, pp. 183-246.

t An experimental study of parasitic wire reflectors on 2.5 meters, IRE Proc,

24, February 1936, pp. 233-254.
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The entry b in Fig. 18.9 indicates that the field beyond the half-wave
reflecting wire is greatly decreased. If, however, the length of the re-

flector is reduced to about 0.45X, an increase in the field is obtained;

that is, the reflecting wire becomes a director or a lens. Yagi arrays*

are arrays consisting of one active antenna, one reflector, and several

directors. Arrays of this type have found use in the meter-wavelength

range. They are simple and inexpensive. Their main disadvantage is

a limited bandwidth.

Figures 18.10a and b show calculated gains from large reflecting

planes. Almost 6 db increase in directivity is obtained when the re-

flector is from 0.2X to 0.25X behind the antenna. The gain increases

to 7 db for smaller spacings. When the reflecting sheet is small, its

dimensions become important. In fact, the edge effect helps to increase

the gain. Experimental work with X = 1 meter by E. J. Sterba at Deal,

N. J., in the summer of 1934 gave the results shown in Figs. 18.10c and d.
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19.1 Lenses

To obtain the maximum gain in the forward direction from a horn with

an aperture of given area, we must have as nearly uniform distribution

of phase over the aperture as possible; since differences in phase in-

evitably cause some destructive interference. This optimum condition

A
t

Fig. 19.1 A planoconvex lens.

may be approached when the length of the horn is large, and the curva-

ture of the wavefront at the aperture of the horn is so small that the

phase differences are negligible. For horns with large apertures, such

lengths are impractical. It is more practical to insert a lens in the

aperture and thus straighten the wavefront. Since the dimensions of

the aperture are large compared with the wavelength, the design of such

a lens may be based on geometrical optics ; that is, we may neglect the

573
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effect of the curvature of the interface between two media on the trans-

mission of waves through the lens.

Let F be a source of spherical waves in front of a lens consisting of

a segment of a dielectric sphere of radius R (Fig. 19.1). Consider a

typical ray FC. In order that the wavefront be plane on passing through

the lens, the phase at C must be equal to that at B ; hence, if 0o and

are the phase constants in free space and in the lens, we must have

or = od + 0z. (1)

The ratio n of the phase constants,

n = -L = EK = «L,
(2)

0o \ Moeo v
'

is called the index of refraction of the lens. Dividing equation 1 by

0o, we thus obtain

r = d + nx. (3)

From geometric considerations

r = V(d + x) 2 + y
2

.

Substituting in equation 3 and squaring, we find

x2 + y2 = 2(n - ljxd + n2x2
. (4)

Since

x = R(l — cos A), y = R sin A,

equation 4 becomes

fl = (n - l)d + !n2#(l - cos A).

Since d and n are constants and A is variable, R must also be variable.

Therefore, in the case of a spherical lens, this equation cannot be satis-

fied exactly; but, if A is small, 1 — cos A ^ |A2
, and the last term is

negligible when n2A2 <C 4. Thus, the radius of the planoconvex lens

that will straighten spherical waves is

R = (n - l)d. (5)

Equation 4 gives the shape of the perfect (except for diffraction

effects) planoconvex lens for any value of A. Transforming the equa-

tion to the standard form,

r(n±l)x f _ n + 1 jfi wml (6)

we see that it is hyperboloidal.
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If the index of refraction is less than unity, the radius is negative,

and it seems likely that a planoconcave lens (Fig. 19.2) will straighten

Fig. 19.2 A planoconcave lens.

Fig. 19.3 Free space partitioned by parallel conducting planes is a nonisotropic

dispersive medium. When E is perpendicular to the partitions, the index of refrac-

tion equals that of free space; but, when E is parallel to the partitions, the effective

index of refraction is less than that of free space.

the wavefront. Repeating the calculations for the spherical case, we
find that the radius of such a lens is*

R = (I - n)d. (7)

19.2 Waveguide lenses

When the electric vector is parallel to a set of conducting planes (Fig.

19.3), the phase velocity of the dominant waves is

v =
Vl - (X/2a) 2

(8)

* For further details, see D. W. Fry and F. K. Goward, Aerials for Centimetre

Wave-Lengths, University Press, Cambridge, 1950.
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where vo is the velocity in free space and a is the separation between the

planes. Hence, the effective index of refraction of free space partitioned

by parallel conducting planes is

n = Vl - (X/2a) 2
. (9)

If a < X < 2a, such a medium may be used to construct converging

planoconcave waveguide lenses. We should note that these lenses are

frequency sensitive ; nevertheless, they may have important uses.

19.3 Artificial dielectrics

Dielectric media whose refractive indices are large enough to make
them suitable for microwave lenses are apt to be heavy. To obviate

this difficulty, artificial dielectrics have been made out of light poly-

styrene foam in which are imbedded small metal objects. Under the

influence of an impressed field, the electric charge on these objects is

displaced, and the objects become dipoles. Let p e be the moment of a

typical electric dipole and N be the number of dipoles per unit volume

;

then the polarization of the medium due to the presence of the dipoles is

P = NVe . (10)

Hence, the displacement density is*

D = e E + P = eoE + Np e . (11)

If s is the effective dielectric constant of the medium, then

D = eE,

and

« = so + -^r- • (12)

The moment of each individual dipole is proportional to the impressed

field ; thus,

Pe = XeE, (13)

where Xe is the electric polarizability of the dipole. Therefore,

s = so + JVX ., — = 1 + -^- (14)
£o £o

Under the influence of the magnetic field, circulating currents may
be induced in the metal objects. Hence, in effect, these objects may

* Electromagnetic Waves, p. 91.
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become magnetic dipoles. As above we find the effective permeability

of the medium

M = j ,

N\i

Mo MO
(15)

where x« = pm/H, the ratio of the magnetic moment to the impressed

magnetic intensity, is the magnetic polarizability of the object.

Thus, the index of refraction of a medium filled with metal objects is

n = 1 +
£0

1 + Nxi

MO

H
(16)

Whereas Xe is always positive, Xm may be either positive or negative.

In making artificial dielectrics for microwave lenses we should therefore

select objects with %™ positive or at least nonnegative. Presently we
shall find that both polarizabilities are affected not only by the shape of

the objects but also by their orientation with respect to E and H.

To evaluate the index of refraction of an artificial dielectric we
need to determine the polarizabilities of the objects with which it is

loaded. First we shall calculate the polarizabilities Xe°, Xm° of an

isolated object; then we shall consider

the effect of near neighbors. In ap-

proximate calculations of refractive in-

dices (equation 16), we may let Xe = Xe°

and Xm = Xm°. All calculations will be

based on the assumption that the objects

are small. The polarizabilities are in-

creased by proximity to resonance ; but

then they depend on the frequency and

make artificial dielectrics more dis-

persive.

19.4 Polarizability of isolated thin

rods

To obtain the electric polarizability of

an object, we must find first the distri-

bution of electric charge on the object

and then the moment of this distribu-

tion. As we shall presently see, this

problem can be solved exactly for some

shapes of objects. A straight cylindrical rod of finite length is not in

this category, and the solution must be approximate.

Let the length of the rod (Fig. 19.4) be 21, and let the electric vector

Fig. 19.4 A thin cylindrical rod

in an electric field becomes an

electric dipole.
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be parallel to the rod. Under the influence of the impressed field, the

charge on the rod is displaced until the total tangential electric intensity

becomes equal to zero, that is, until the surface of the rod becomes an

equipotential surface. If the impressed field is uniform, the impressed

potential is

V 1 = -Ez + const. (17)

If V r
is the potential due to the displaced charge, then

V r = Ez. (18)

If C(z) is the capacitance per unit length between two elements of the

rod at distance z on opposite sides of the center, the charge on the upper

element must be
dq = 2V r C{z) dz = 2Ez C(z) dz, (19)

and that on the lower element must be — dq. The moment of this

doublet is the product of dq, and the distance between the charges,

dp e = 2zdq = 4Ez2 C(z) dz. (20)

Integrating we have,

Ve = ±E f
l

z2 C(z)dz. (21)

Hence, the electric polarizability of a thin isolated rod of length 21 is

Xe° = if* z2 C(z)dz. (22)

If the shape of the object is such that C is independent of z, then,

Xe° = iCl*. (23)

In Chapter 10 we derived the following approximate expression for

the capacitance per unit length,

C& =
i r// / m ' (24 )
log[2z/a(z)]

where a(z) is the radius at distance z from the center. In this expression

the end effects are neglected. The evaluation of equation 22 is com-

plicated even if the radius is constant. Noting that the integrand is

small when z is small, we shall approximate equation 24 as follows.

Let ao be some mean radius ; then,

C(z)
\og(2l/a ) + log[za /l a(z)]

__££__| log[za /l a(z)]
J

,„,.

log(2Z/a ) \og(2l/a ) J

(
'
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The error in this approximation is large when z is very small; but in

the integrand of equation 22 it is multiplied by the square of z, and the

product is small. The error becomes smaller as z increases. If we neg-

lect the second term altogether, then, by equation 23,

v ° = w
3 log(2Z/a

)

(26)

If the second term is included, the integral 22 may be evaluated by parts.

Thus, for a uniform rod we obtain

x.°-
47reZ

3

1 +
1

3 1og(2Z/a) L 3 1og(2Z/a) _
' 3 log(2Z/a) - 1

4tt£Z
3

(27)

The end effect tends to increase Xe°.

The magnetic polarizability of thin conducting rods is very small.

19.5 Electric polarizability of an isolated metal sphere

Let E* = Eq be a uniform electric field impressed on a conducting

sphere of radius a (Fig. 19.5). The meridian component of this field is

E$* = -Eo sm0. (28)

At the surface of the sphere, the reflected field due to the displaced

charge must annihilate this component of the impressed field, and,

hence, must vary as sin 6. The field that varies in this manner is the

field (equation 4-67) of a doublet; hence,
I

p e sin 6
+ + +

E» r =
4x60^

(29)

where p e is the electric moment of the doub-

let. The boundary condition gives

E
l
=E,

#0 + p<

^WEoW
= 0, p e = 47T£oa

3# . (30)

Hence, the electric polarizability of an FlG - 19 -5 A conducting sphere

isolated sphere is
in an electric or magnetic field '

Xe° = 4xe a3 . (31)

19.6 Magnetic polarizability of an isolated metal sphere

Suppose now that the metal sphere (Fig. 19.5) is in a uniform magnetic

field of intensity H l = Ho. The normal component of the total mag-
netic field must vanish at the surface of the sphere. This means that

circulating electric currents are induced in the sphere in such a direction

that their magnetic field opposes the incident field in the region occupied



H/ = l^l. (33)
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by the sphere. Hence, the induced magnetic moment is in the direction

opposite to the impressed field, the polarizability is negative, and the

effect of the metal spheres will be to make the effective permeability

smaller than that of the surrounding medium.

To calculate the polarizability, we note that the radial component
of the impressed field is

Hr * = H cos 0. (32)

The field of a magnetic doublet is similar to the field (equation 4-67)

of an electric doublet. We need only replace the electric moment p e

and the dielectric constant by the magnetic moment pm and the perme-

ability. Thus, the radial component of the reflected field is

pm cos

2irfjLor
c

The total H r must vanish at the surface r = a of the sphere, and

Ho +
2J^3

=0, pm = -2Tnoa3H . (34)

Hence, the magnetic polarizability of the isolated metal sphere is

Xm° = -2xM0a3
. (35)

Thus, the permeability is decreased due to the presence of spheres.

As far as the index of refraction is concerned, half of the desirable effect

due to the increased dielectric constant is annulled by the decrease in

the permeability.

19.7 Polarizabilities of miscellaneous objects

The method used in the preceding sections to find the polarizabilities of

a sphere may be applied to elliptic cylinders (Fig. 19.6), to prolate

spheroids of revolution (Fig. 19.7), and to oblate spheroids of revolution

(Fig. 19.8). The following are the results.

Elliptic cylinders (Fig. 19.6) : In a field, E or H, parallel to the major

axis 2a, the polarizabilities per unit length are, respectively,

Xe° = 7T£ a(a + 6), xm° = - ttmo& (a + 6), (36)

where a and b are, respectively, the major and the minor semiaxes of

of the elliptical cross section. In a field, E or H, parallel to the minor

axis, we have, respectively, *

c ° = W>0 + b), xm° = -7rfM a(a + b). (37)x

* In a plane wave E and H are perpendicular, and the electric polarizability

in equation 36 goes with the magnetic polarizability in equation 37; similarly, the

electric polarizability in equation 37 goes with the magnetic polarizability in equa-

tion 36.
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The dielectric constant and the permeability are then given by

£ = £ + NXe°, H = MO + Nxm°,

581

(38)

where N is the number of cylinders per unit area normal to their axes.

For circular cylinders b = a, and for flat strips b = 0.

2a

(a) (b)

Fig. 19.6 Elliptic cylinders in an electric or magnetic field.

fa) (b)

Fig. 19.7 Prolate spheroids of revolution in an electric or magnetic field.

Prolate spheroids (Fig. 19.7) : In a field, E or H, parallel to the

major axis, we have, respectively,

4iTzoal
2

x*
(a a+l A
(r log—r-- 1

)

47T£oa(a2 — b2 )

a

Y =Am

—- log

L Va2 -b2

47TM0&
2
/
3

a + Va2 — b2

-*]

(•3 ( al - b2 log
a + I

(39)
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where a and b are the semimajor and semiminor axes, and I is the semi-

focal distance (I
2 = a2 — b2 ). If b <C a,

o _ 47T£0tt'

*' 3 Pog(2a/6) - 1]

Similarly, in a field parallel to the minor axis,

S7re b2 l
3

= 4^ voab2
.Xm

Xe

(
3 ( a/ - b2 log

a_-fj_\

*> )

SiriJLoCib
2

b2 . a&2
. a + Z

+ -if- log—7—
Z
3

(40)

(41)

(a)
k

(b)

Fig. 19.8 Oblate spheroids of revolution in an electric or magnetic field.

Oblate spheroids (Fig. 19.8) : In a field, E or H, parallel to the minor

axis,

x
_

4:TZoM2

o _

s(i-4«*-j)

47TAloZ
3 (42)

3 1 cot -l
/

bl_\

a2 J

where a, 6, Z are, respectively, the semimajor axis, the semiminor axis,

and the semifocal distance. For a flat disk, b = 0, I = a, and

Xe° = 0, Xm° = - f/xoa
3

. (43)

In a field parallel to the major axis,

__ 8xeoa2
Z
3

Xe " 3 [a
2 cot" 1 (6/0 -6Z]

'

(44)

o = _ SiriJLoa
2bl3

3[Z3 + a2
Z - a^cot-HVOJ
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In this case the polarizabilities for the flat disk are

Xe° = -1/ eoa3
, Xm° = 0. (45)

19.8 Polarizing and depolarizing action of close neighbors

Near neighbors (Fig. 19.9) react on each other and thus change their

polarizabilities. We assume that the polarizability of a metal object

in any given environment is defined as
,

the coefficient of proportionality in the r*-.

equation

p e = X eE< (46)

! S A'+ •

-

for the moment induced by the pri- +f >-

mary field E\ On the other hand, if

we add to the primary field the field of

the neighbors, the moment may be ex- FlG< 19>9 Polarizing and depolar-

pressed as izing action of near neighbors de-

pends on their relative positions.

Pe Xe \& \ -^ljj V*' )

where Xe° is the polarizability of the object when it is isolated and E\

is the field of the neighbors. This is true because Xe° is the coefficient

in the expression for the moment induced by the total impressed field.

In the case of two elements,

E 1 = E r cos6 - Eesine =^^ ~ J^41

or

p e (2 cos2
6 — sin2 6)

47reo'
E = Ve^ uus u ~ sm *)

C4g)

Substituting in equation 47, we find

Ve =
1 - (2 cos2 6 - sin2 ^)(xe747r6 r3 )

"
(49)

Hence, the polarizability as defined by equation 46 is

Xe°
Xe =

1 - (2 cos2 e - sin2 0) (xe747T£or
3
)

'
(50)

The polarizability is diminished when 6 = 90° and increased when 6 = 0.

In a regular lattice of elements, we should add the effects of all

near neighbors; the value of Xe so obtained should then be used in

computing the total induced moment per unit volume: that is, the

polarization (equation 10) of the artificial dielectric and the dielectric

constant (equation 14).
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Similar corrections for the influence of neighbors on the magnetic

polarizability should be included if the distances between the objects

are small.

19.9 Reflection by a lens

The coefficient of reflection at the surface of a lens will depend on the

ratio of the intrinsic impedance of the artificial dielectric to the intrinsic

impedance of free space. Loading of a dielectric with metal spheres,

for instance, has the effect of decreasing the intrinsic impedance,

v = vo 1 +
Mo

1 +
£0

(51)

by decreasing the permeability and increasing the dielectric constant.

This is particularly undesirable since the

effects of the changes in ^ and e on the index

of refraction are opposite. What we need

is a way of increasing the permeability

rather than decreasing it.

19.10 Methods for increasing the per-

meability of artificial dielectrics

Consider a loop with a capacitor (Fig.

19.10). Let the impressed magnetic inten-

sity Ho be in the positive z direction. The

counterclockwise induced current is

Fig. 19. 10 A loop loaded with

capacitance.

I = —jcx)fxoHoS o)
2ijloCSHo

jaL + (1/jcoC) 1 - oP-LC
(52)

where L is the inductance of the loop and C the

capacitance in series with it. The moment of the

magnetic doublet equivalent to the loop is

Vm = voIS. (53)

Hence, the magnetic polarizability is

u2
ijlozo(C/zo)S2

Fig. 19.11 A loop

approaching reso-

nance.

Y = coWcs2

1 — co
2LC 1 — o)

2hqzq(LC/hozq)
Mo- (54)

The ratios C/eo and L//zo depend only on the geometry of the metal

object; co
2
/zoso = 47r

2/X2 where X is the wavelength in free space cor-

responding to the given frequency.

The capacitance may be supplied by the loop itself (Fig. 19.11) if
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it is made large enough to approach resonance. Unfortunately the

polarizability of open loops depends on the frequency.

19.11 Artificial dielectrics with large dielectric constants

Figure 19.12a shows an artificial dielectric with a large effective dielec-

tric constant. To calculate this constant, we may replace the dielectric

Wh r
J

AAA

L

i P HHHhHH

HhHHNh

\mww mw

AAA %n

(a) (b)

Fig. 19.12 Artificial dielectric with a large dielectric constant: (a) cross section of

strip loaded materials; (6) its equivalent circuit with 2/ (a + t) horizontal rows and

1/d vertical rows.

by an equivalent circuit (Fig. 19.126). The capacitance of each

capacitor is

a — t

C = e
2d

(55)

The capacitance between the plates A and B one meter apart, per unit

length in the direction of the wave, is

Cab — C

Without loading,

a + t 1 a2 - t
2

£0
d ^ \d2

Cab = £o,*

£o

a

2d.
(56)

(57)
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hence, the relative dielectric constant of the loaded material is

2

£ r
~ a

Yd
(58)

We can obtain this value more directly if we note that the strips

force the waves to travel along the path DFG instead of the path DG;
therefore,

/ path DFG V ^ fa\2

\ pathDG ) ~\2d)£r (59)

Figure 19.13a shows a second method of loading a dielectric with

parallel strips. In view of the symmetry of the structure, we can insert

conducting partitions and subdivide the medium into sections (Fig.

• 1

1

r
i

a
i

i

t

1
t

T

(a)

E

A

E

* i i

:T a e

a.

2

T irfl
___jm...i^__

(b)

L',C^Z'

(c)

Fig. 19.13 (a) Artificial dielectric made with parallel conducting strips, (b) a section

of it, and (c) the equivalent transmission line.

19.136). The impedance looking upward from A, B equals that of a

strip transmission line short-circuited at the far end; thus, we have a

strip transmission line loaded with short-circuited strip transmission

lines (Fig. 19.13c). The loading reactance per section is

X AM —_ / MO d

eo b
tan hu VMo£o«, (60)

where b is the length of the strips. The series reactance of the loaded

line (Fig. 19.13c) per unit length is

X' = 2 -r XAb + cojuo -r (61)
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The capacitance per unit length is

C" = ke -f » (62)

where fc is the " insufficient packing factor," which is less than unity

and approaches unity as t/d increases. From equations 61 and 62,

we find

Zo' = J-^r

,

v' = J_ = .

a
• (63)

The effective dielectric constant is then obtained from

or (64)

If a is sufficiently small, tan x ^ x and equation 60 becomes

In this case,

ab = o)LAb, Lab = », • (bo;

£r
~&-5^hl, (66)

and the standing wave ratio is

SWR = 10 logio ("fV)
2

= 10 logio
Ha

j-
l)

= 10 logio e, (67)

If t is large compared with d, the value of k is given by the formula

k =
2dcosh- 1 (exp7rt/2d)

* (68)

As irt/2d increases, this becomes approximately

k ^
i + o.ud/t

• (69)

From equation 64, using the formulas for v', X' and C", we find

that e r is given by

e r = k f-A- tan -^ + ll , (70)

where k is defined by equation 68.

Even when t is not much larger than d, this formula gives values of

e r which are in substantial agreement with measured values. Thus,

for a = 3^2 in., t = }/% in., and d = %# in., the calculated value of er
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for X = 7 cm is 4.14, whereas the value measured by W. M. Sharpless

was 4.32. When d is increased to Y% m -> so that d is actually larger

Fig. 19.14 A waveguide lens.

Fig. 19.15 A waveguide lens with "steps."

than t, use of equation 70 still does not lead to excessive errors, as shown

by the following comparison with experimental data:*

X = 7 cm, s r (calc) = 2.58, e r(meas) = 2.45,

X = 3.18 cm, e r (calc) = 5.05, e r(meas) = 4.5.

* The measurements were actually made with closely spaced squares instead

of with strips. Strips would have given slightly higher values for the measured

dielectric constant.
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In another set of measurements the dimensions of the structure

were a = Y% m > t — 34 m -> and d = % m - In this case, the following

values were obtained

:

X = 7 cm, £ r (calc) = 1.95, (s rmeas) = 1.68,

X = 3.18 cm, s r (calc) = 2.40, sr(meas) = 2.10.

Thus, our approximate analysis is fairly satisfactory, even when the

effective dielectric constants are not large.

Fig. 19.16 An experimental lens of foam loaded with flat disks.

19.12 Representative lenses

Many types of metallic lenses have been developed by W. E. Kock, to

whose papers* the reader is referred for more complete information.

Several representative lenses are shown in Figs. 19.14-19.17.

* Metal-lens antennas, IRE Proc, 34, November 1946, pp. 828-836; Metallic

delay lenses, Bell Sys. Tech. Jour., 27, January 1948, pp. 58-82.



590 LENSES

Fig. 19.17 An experimental lens of polystyrene sheets loaded with flat strips.
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APPENDIX I

Characteristic Impedances of Transmission Lines

b |«-— a
>|

If b « a, K = 120tt

b b
K = 60 log— = 138 logio—

a a

r, ««i 1-0782 _01 1.0782K = 60 log — = 138 logio
2a 2a

2a

F" k—I—>l

2£ = 120 cosh-i

2a

= 120 logM 2a
- 1

I I

If 2a « I, K = 120 log— = 276 logio—
a a

If 2ai « I, and 2a2 « I,

-*L_ x
_j-tk-,»**Vi

I

= 276 logio

aia 2 Va 1^2

2a t

Y77777777,7^

K = 60 cosh
-1—

a

2/i 2A
If a « A, K = 60 log— = 138 logio—

a a

594



APPENDIX I 595

2h\~ /2/A 2

j_ =691ogio— I 1 + (
—

7777777777777777777: Z

'/*

(2a is small.)

K = 120 log—
2h)

= 276 logi Lr1+ f'YT>
a

[
\2h/

_

t fr— 1—

1

S/^^S//////////X =120 l0g— 1+1 yj

= 276 log
2/i

-1

10"H})
~a

,&'"""®,

4> 230 ©

N

©-__V
2a 1

The radius of a conductor equivalent to a cage of n

/na \ 1/n

wires, ae tt — a I
J

\ a J

2j£J K = 120 log cot \yj, = 276 logio cot |^.
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APPENDIX III

Radiation Resistance and Gain of Cylindrical Antennas

Current element

(/ « X)

It
I EL

G = 1.761 db

R = 80tt
2

(
—

J ohms

X X
A »— X -r

2 4

-»j p-2a

Half wave

z

t "i h
XX

G = 2.151 db A « — X —
2 4

1 J A R -+ 73.13 ohms as — -»
X

I

-*l f*2a

Full wave
t

t

=i

—

r
i

i

i

i

i

i

i

i

i

)

G = 3.82 db A = X X
5.2

^2761og 10 £ - 1HM

199

i

J L V

t 1

—
X"

i )

Two wave
t

*

i

i

2/1

1

X
G = 6.41 db A = 2X X—

r

5.7

t
1

L )

t ~T )
•

i

i
)

1
i

i

i

}

Four wave
t

t 1

G = 9.23 db .4 = 4X X
6.0

t

1
1

1

t
1

1 )

•

1

1

1 1 )

Long wire

(a < X/4) or

radiating sources

on long cylindri-

cal surface (any

diameter)

•2a

~X
i

i

i

i

i

I

i

JL

G = 10 logu
21

A = I

0(3 db) = 50.7— degrees
A

(width of major lobe)
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Space Factors of Uniform Linear Arrays

General case

i*
l=na

\<- a -*)<- a ->|<- a ~>|

—

-i* -2l? -3#

"I

-H I

PHASE

n current elements spaced distance a. I = na.

2ira
sin

S =
[f( cos \}/ — &

sin [i
2-n-a

cos \p — &

Balanced couplet (Adcock antenna)

2ira
n = 2, a « X, ?? = tt: £ = cos & g = 3.75.

A

End-fire couplet

X 7T

n = 2, a = — > tf = —
4 2

£ = 2 cos [f(l-COB,)] » 9 =3.

Broadside couplet (point-to-point)

(ira \ X
cos yft 1 • For a = — > g = 3.54.

Broadside array (point-to-point)

tf =0: S =

(7l7ra
COS \^

sin I cos \p

/ ttZ

sin I cos \p

sin^ C0S

V
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For a <K X (continuous array), S = n

End-fire array

sin I cos \p )

Vx v

599

U
For I » X, g -

X

COS i/'

A. t? = phase delay in plane wave traveling in direction of array: #
27ra

0:

S =
[

irna
(1 — cos \p)

I
sin

5in
wa

sin |
(1 — cos \p)

For a«X (continuous array)

For I » X, -»
X

) sin —- (1 — cos i£)

]
sin [£ (1 " C05,A)

]

sin (1 — cos \p)

S = n

(1 — cos i/O

B. * - 2ira <0:n[*-^]=y

5in

irl &
sin

I

— (1 - cos ^) +—

sm
n [ X

costfO +—

For a <3C X (continuous array, fishbone antenna) and &
f

<3C n

S = n

r ^
sm

L x
(1 — COS \p) +

(1 — cos i/0 H
X 2

For I "2> X, the gain is maximum when &' = tt : grmax = 7.2 —
A



APPENDIX V

Gain of Pine-Tree Antennas

i*r

FRONT VIEW

b = m^

SIDE VIEW

I

«U1}2-

*i«U

s =
siN[n jcosfi]

sin [fcos ^]

Gain G (single curtain)

:

n\m 1 2 3 4 5 6 7 8 9

1 2.15 3.82 5.33 6.41 7.31 8.05 8.68 T9.23 9.71

2 5.97 8.05 9.71 10.83 11.77 12.54 13.17 13.75 14.24

3 7.85 9.77 11.33 12.44 13.35 14.07 14.73 15.27 15.77

4 9.20 11.24 12.88 14.03 14.95 15.67 16.33 16.88 17.41

5 10.25 12.22 13.80 14.90 15.83 16.57 17.17 17.76 18.25

6 11.07 13.10 14.72 15.85 16.77 17.53 18.18 18.75 19.22

n\ m 10 11 12 13 14 15 16 17

1 10.16 10.55 10.93 11.26 11.58 11.87 12.15 12.40

2 14.67 15.08 15.47 15.79 16.12 16.41 16.67 16.95

3 16.20 16.61 16.97 17.33 17.65 17.92 18.20 18.46

4 17.85 18.26 18.63 18.97 19.27 19.58 19.85 20.12

5 18.70 19.09 19.47 19.80 20.13 20.35 20.70 20.95

6 19.67 20.10 20.45 20.77 21.10 21.39 21.68 21.92

7or lai ge antennas^ A » ^ab.

A reflecting curtain doubles A (3 db increase in gain); i.e. the effective area of

a large pine-tree antenna with reflector is approximately equal to its actual area.
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Optimum horns Width of major lobes

A » 0.65 afe.

# plane

:

0(3 db) w 53— degrees,
b

H plane

:

0(3 db) =68— degrees.
a

a « V3ZX,

A « 0.63a6.

E plane

:

</>(3 db) = 51 — degrees,
o

# plane

:

0(3 db) « 80 — degrees,
a

^-3
1

a « V3/X,

6 = 0.81a,

A « 0.50a&,

(.-im|

JS plane

:

X
0(3 db) —53 — degrees,

b

H plane

:

X
0(3 db) ~80— degrees.

a

a « V2.8ZX,

A « 0.52 — a2
.

4

i? plane

:

0(3 db) » 60 — degrees,
a

H plane

:

X
0(3 db) « 70 — degrees,

a

Long horns (^ > o or 6)

(short horn with lens)

b
i

A = —r- a&

= 0.81a6.

E plane

:

0(3 db) = 51 — degrees,
o

# plane

:

0(3 db) =68— degrees.
a

A =
1.841 2 - 1 4

= 0.84 — a2
.

4
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APPENDIX VII

Planoconvex lenses

CASE A
CASE B

(FOCAL
POINT)

T (FOCAL
*

DOIKlTl

Index of refraction

POINT)

Case A
Shape of lens is hyperboloidal

:

f (n + l)x J 2 n + 1 y
2

I d
+1

] n - 1 d 2
*

Radius of curvature at is R = d(n — 1).

From equation of shape

:

a2 _ {n _ !)26
2

d + 6 =

d =

As

2(ra - 1)6

a2 _ (W2 _ 1)b2

2(n - 1)6

(n
2 - 1)6

5

0, d
^ 2(n - 1)6

and point (6, a) approaches sphere of radius R = d(n — 1).

Case J5

Shape of lens is given by

:

x — d
[
•+7

1

COS a

/ _ sin
2 «\-K

n

i/ = d tan a + x(n2 — sin 2 a) ^ sin a.
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Hence,

2u2

d =
a 1 - (n - l)-6

2(n - 1)6

(identical to equation for d + b in case A). As

(n - 1)
2
6
2

,
a 2

a2 '

2(n - 1)6

and point (6, a) approaches sphere of radius R = d(n — 1).

Waveguide lenses

(FOCAL X
POINT

(a = PLATE SPACING)

Shape of lens is ellipsoidal

:

1 +n
x - 1

1+n t/
2

+
1 -71 d 2

Radius of curvature at is R = d(l — n).

From equation of shape

:

a2 + (1 - n2
)6

2

As

d =

(1 - n 2
)6

2

2(1 -n)b

0, d->
a' 2(1 - n)b

and point (b, a) approaches sphere of radius R = d(l — n).
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APPENDIX IX

Constants of a Medium

Primary constants:

g = conductivity,

s = dielectric constant, e r = dielectric constant relative to free space,

n = permeability, /x r = permeability relative to free space.

n 1 cos displacement current density

power factor g conduction current density

Secondary constants :

a = [jun(g + juz)YA = a + jfi = intrinsic propagation constant.

77 = [jcW (£ -f-jwe)!** = 91 + j£C = intrinsic impedance.

a = [W(Vfl? + «V - <*)]* =
§ffJ^ y( 1 + V 1 +i

= attenuation constant.

= [W(vV + wV + COs)]^ = (OV^

= phase constant.

ifi + Ji+ L

2 V \ ' Q2

cos V Q<

Li i \
—

' -

91 = /3(t7
2 + co

2
£
2)~^ = —- ( 1 + -^ ) = intrinsic resistance.

9C = a(c72 -+ co
2
s
2
)
H = —- f 1 + -7j2)

= intrinsic reactance.

v = — = characteristic velocity.

Free space:

10~9

g v = 0, e, = -=£— 1 M( . = 4tt-10-7
,

t?, = 120tt,
DOT

ar = °' A =
3l«

' r
'

= 3 -

10S
-

Dielectrics «? > 10)

:

_ i20tt covrr ln g fl
covrr in R 3.108r,^—_ , a c~ • 10~«

>
0^—-— -10"8

, v~
Vs r

o^ o

605



606 APPENDIX IX

Polystyrene
j

= =
Polyethylene

J

Hard rubber e r = 2.7, Q = 200.

Plywood e r = 1.8, Q = 25.

Conductors

:

a = {jmgYA , v = {jo>ii/gYA ,
a = p = (W#)^,

91 = £C = (W/0)H - * = V* = skin depth.

Copper:

# = 5.8 -107
,

/x = 4x-10~7
,

a = 15.lV?, & = 2.61 -10-V/.

Other media:

Soil g = 0.001 to 0.02, e r = 10 to 30.

Sea water g = 5, e r = 78.



APPENDIX X

Summary of Maxwell's Equations for Propagation of

Electromagnetic Waves

Maxwell's equations express the laws of interaction between electric

and magnetic fields. They connect the spatial rates of propagation

of these fields with the time rates. More specifically they express

the propagation of two mutually perpendicular electric and magnetic

field components in the direction perpendicular to their own directions.

This propagation is affected by the field components in the direction

of propagation.

If the z direction is chosen as the typical direction of propagation,

then the equations of propagation of two pairs (E x , H y and H x , E y ) of

mutually perpendicular transverse field components are:

dEx . „ dE z dH y ,
,

. xja -
dH z= -jccfiHy + —— >

—
-f- = - (g + jo)z)Ex +

dz
J r y

dx dz
vy

'
J

' ' dy

dH x .
,

• N77T
I

dH z BEy . jj dE z

dz dx dz dy

The components E2 ,
H z in the direction of propagation depend on the

transverse rates of propagation of the transverse field components:

/ i
• \n dH y dH x . dE y dE x

(g + juz)E z = —-f- —
i jcc(jlH z

=
-f- +dx dy dx dy

In spherical coordinates the equations of radial propagation of

two pairs (Ee, H^ and He, Ep) of mutually perpendicular transverse

components are:

(rE e ) = -jw(rH9) +
'

dr
V" '-r-v-r,

dQ

(rH9 ) = -(g+jae)(rE9) +
dr

v *' vy
'

*~'v—'
' sin0<V '

(rH e ) = (g+jax)(rE e)+
'

dr
v v/ ^ '

'-",v a/
' dd

(rE,) =j^(rH e ) +
dr

v~" "-v-.y
, sin 0^

607



608 APPENDIX X

The radial components depend on the transverse rates of propagation

of the transverse components

:

(« + jm^Er = -£j [A irH v sin ,) - A
(rH.)] ,

Note that the expressions on the left side of these equations represent

the densities of radial electric and magnetic currents per unit solid angle.
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SUBJECT INDEX

Adcock antennas, 499, 598

Admittance, complementary, 424

input, see Input admittance

mutual, see Mutual admittance

self-, 406

terminal, 424, 432

transfer, 296, 367, 416

Alford loop, 55, 504, 509

Ammeter, ideal, 293

Ampere-Maxwell law, 36, 67, 81, 104, 539

Ampere's law, 65

Angle between two directions, cosine of,

143

Annular disk, resistance, 78

Annular slots in conducting planes, 538

Antiresonance, 261, 284, 434

Antiresonant circuit, 288

antenna loaded with, 246

Antiresonant frequencies, 435

Antiresonant impedance, 53

effect of gap, 349

theory and experiment, 438

Antiresonant lengths, 344, 435

theory and experiment, 450

Antiresonant wavelengths, 261, 269

Apparent reflection coefficient, 93

Arrays, broadside, see Broadside array

of broadcast type, see Broadcast

array

of point-to-point type, see Point-to-

point array

Chireaux-Mesny, France, 479

circular, 175, 194

complex polynomial associated with,

169

symmetric form, 170

continuous, see Continuous arrays

design of, 476

directivity, 33

end-fire, see End-fire array

graphical method for field intensity,

145

linear, 144

long, directivity, 195

of arrays, 33, 146, 153

Arrays, of equispaced isotropic radia-

tors, 144

of fishbone antennas, 485

of loops, 496

of short vertical antennas, 59

of wave antennas, 497

of 2 point-to-point arrays, 151

of 2 receivers, 167, 178

of 2 sources, 30, 42

space factor, 172

of 3 receivers, 178

of 4 current elements, 396

at vertices of square, 172

of 4 wave antennas at Houlton, Me.,

496

of 8 comb antennas, 488

of 8 sources at vertices of cube, 173

of 10 sources, universal space factor,

149

pine-tree, see Pine-tree arrays

radiation intensity, 146

radiation patterns, 596

rectangular, see Rectangular arrays

space factor, 145, 598

Sterba, 478, 479

superdirective, 195

synthesis of, 168

two-dimensional, 33

circular, 194

rectangular, 33, 153, 192

Walmsley, England, 479

with amplitude variation, binomial, 60,

173, 196, 396

exponential, 174

linear, 174

with progressive phase delay, 148

Yagi, 572

Artificial dielectrics, 576

Artificial ground, 328

shielding effect, 360

Attenuation constant, 84

Average characteristic impedance, 426

Average power flow, lines of, 122

per unit area, 23, 38, 78, 141, 155

Average value of log p round circle, 235

613
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Balanced couplet, space factor, 598

Balanced dipoles above ground, 439

Balanced feed for loop antennas, 324

Balanced 2-wire line, 494, 553

Balayage, method of, 333, 344, 374, 418

Bandwidth, 354

Base capacitance, 444

experimental, 445

ratio of near-base and, 446

Base capacitive reactance, 442

Beam antenna, 55

Bent folded quarter-wave dipole, 342, 343

Bent quarter-wave antenna, 342

bandwidth, 343

natural oscillations, 343

radiation resistance, 343

Bent sinusoidal current filament, radi-

ated power, 166

Bent wires, system of, 227

Bessel's equation of order zero, 530

Biconical antenna, 52, 304, 421

antiresonant impedance, 441

capacitance, 305

characteristic impedance, 425, 428

directivity for large, 558

effective admittance at ends, 423

electric lines, 304

hollow, 424

input impedance, 425

input reactance, 440, 453

input resistance, 440, 452

radiation resistance at current anti-

node, 432

with flat caps, 424

with lens in aperture, 49

Biconical cavity resonator, 422

Biconical horn, omnidirectional, 537

Biconical transmission line, 105

characteristic impedance, 105

distributed parameters, 106

field, 105

transverse voltage, 105

Blade of current elements: radiation

vector, linear, 397

circular, 398

Boundary conditions, 71, 516

across localized generator, 228

at interface between two media, 72,

203

at network junctions, 228, 247

generators replaced by, 71

Boundary conditions, in slotted wave-

guides, 551

one-dimensional, 94

Boundary surface, source distribution,

517

Brewster angle, 207

Broadcast array, 150

continuous, 191

directivity, 188, 191

long, form factor, 194

mutual radiation resistances, 188

of half-wave antennas, 478

radiation intensity, 150

Broadcast couplet, 186

directivity, 186

effective area, 186

mutual radiation resistance, 186

radiated power, 175, 177

Broadside array, 150, 188

continuous, 152, 174

rectangular, 192

space factor, 152

directivity, 188

large circular, form factor, 194

of Alford loops, 504

of 3 elements, 300

uniform, 150, 169

of 6 elements, 170

rectangular, 153, 192

with amplitude variation, exponential,

174

linear, 174

Broadside couplet, 148

directivity, 198

of broadcast type, 186

of point-to-point type, 186

radiation intensity, 173

space factor, 148

Broadside receiver, 168

Broken wire in uniform field, 330

Cage structures, 110, 304

admittance seen by generator, 386

antiresonant lengths, 450

characteristic impedance, 110

average, 427

effective angle, 110

effective radius, 110, 304, 595

four-wire, 384

effective diameter, 134

impedance seen by generator, 386
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Cage structures, modes of propagation,

382

principal waves, 110

self-resonant, radiation resistance, 386

three-wire, 384

wires equispaced on cylinder, 111, 384

Cap capacitance, 244

effective lengthening due to, 246, 420

input impedance including, 433, 438,

439, 441

resonant lengths including, 451

terminal admittance including, 432

Capacitance, antenna, 303

asymptotic form, 306

effective length in terms of, 310

principal part, 312

base, 442, 445

base and near-base, 445, 446

between outer ends of antenna, 306

cap, see Cap capacitance

center of, 310, 328

direct, 378

distributed, 106

end effect, 352, 419

lumped, 245

loop loaded with, 584

near-base, 382, 442, 445

of flat ends, 419, 420

of input regions, 378, 420

per unit length, 106

for principal waves, 108, 256, 303,

312

stray, 75

total, of short antenna, 313

uniformly distributed, 318

Capacitive loading, 310, 311, 327, 342

Capacitor, 25, 61, 73

dipole antenna as, 302

impedance, 61

lossy, 342

parallel plate, 5, 63, 79

Capacitor antennas, 61, 537, 538, 546

above perfectly conducting plane, 545

directivity, 506, 545

in free space, 545

loaded with dielectric, 325

main characteristics, 404

radiated power, 400

radiation intensity, 545

two, 400, 404, 455

self- and mutual impedances, 405

Capacitor loop, magnetic polarizability,

584

Cartesian coordinates, 98

Maxwell's equations in, 132, 607

on unit sphere, 156

Cavity resonator, biconical, 422

Center-fed antennas, full-wave, 509

gain, 500

two parallel, mutual impedance, 408

mutual radiation impedance, 409

Chain, of inductors and capacitors, 3, 14,

27

of masses and springs, 10, 27

Characteristic impedance, 91, 232, 285,

425

average, 426

average value, 236, 414

for principal waves, 333

difference between average and nomi-

nal, 431

nominal, 426

average value, 431

Charge, law of conservation of, 117,

228

Charge density, and quasistatic potential,

220, 223, 225

and static potential, 219, 265

Circuits, antiresonant, 288

compensating, 495

dissipative, 279

dual, 280

elements of, 271

equivalence theorems, 294, 516

ground return, 375

local, 374

matching, 475, 476

Maxwell's equations for, 74

nondissipative, 279

parallel, circuits as, 289

for matching transmitter to antenna,

475

impedance function, 276

zeros and poles, 278, 279

representing antennaimpedance, 475

resonant, 347, 478

response of, 287

parasitic radiating, 375, 376, 475

passive, natural oscillation constants,

272

quality factor, 287

series, circuits as, 289
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Circuits, series, conductance and suscep-

tance, 285, 286

impedance function, 276, 285

zeros and poles, 278, 279

instantaneous current, 276

representing antenna impedance,

475

resonant, 284

response of, 285

Circuit theory of antennas, 372

Circular array, broadside, form factor,

194

uniform, space factor, 175

Circular electric waves, 102

higher modes, 113

Circular magnetic waves, 101

higher modes, 111

in dissipative media, 134

Circularly polarized waves, 389

Circulating currents, in metal objects,

576

in cylindrical sheet, 175, 398

Clover-leaf antenna, 504, 505

Clover-leaf radiation pattern, 397

Coaxial cones, 104

see also Biconical antennas

electric lines of force, 130

progressive TEM wave between, 122

average power flow, 122

wide-angle, 22

Coaxial cylinders, characteristic imped-

ance, 95, 106

field outside, 95

TEM waves on, 108

with tapered ends, 107

Coaxial transmission line, 2

characteristic impedance, 594

disk line terminated into, 547

feeder, 344, 376, 475

for half-wave dipole, 450

for quarter-wave unipole, 450

Coil of n turns, induced voltage, 320

radiation resistance, 321, 323

rectangular, 323

Colinear current elements, 59, 509

influence coefficients, 178

mutual radiated power, 59, 176

mutual radiation resistance, 160, 177

radiated power, 59, 176

radiation intensity, 176

radiation resistance, 509

Comb antennas, 486, 488

array of eight, 488, 489

radiation patterns, 486

Complementary admittance, 424

Complementary wave, 256, 374, 423

Complex power, 159, 364, 365

as average of mutual power, 365, 413

in regions of impressed voltage, 400

input impedance in terms of, 366

mutual, 412

mutual impedance in terms of, 366

radiated, 413

Complex power input, 418

Complex variables, functions of, 169, 271

Concealed circuit, antenna as, 25

input terminals, 400

with 2 accessible terminals, 272

Conductance, distributed, 106

input, 347, 428, 434

radiation, 290

Conducting plane, circular plate above,

546

reflection from, 201

Conducting planes, currents in, 553

free space partitioned by parallel, 575

effective index of refraction, 575

slots in, 553

annular, 538

circular, 546

Conducting sphere, in magnetic field, 579

natural oscillations, 137

Conducting strips, waves between paral-

lel, 140

Conductors, electromagnetic constants

of, 606

Cone, thin, characteristic impedance, 256

charge per unit length, 305

Cone and ground plane, electric lines, 17

regions of equal power flow, 123

Cones, coaxial, see Coaxial cones

double, 421

radiation vector, 399

electric lines, 16

higher-order waves, 423

inverted, input impedance, 452, 453

TEM waves on, 215, 421

Conical input tips, 306

Conical sheet, sinusoidal, radiation vec-

tor, 398

Conical tower, above perfect ground, 255

continuously deformed, 257
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Conical tower, with conical pole, 256

Conservation of charge, law of, 117, 228

Conservation of energy, law of, 91, 118,

140, 155, 293, 351

Continuity equation for charge and cur-

rent, 228

Continuous arrays, 32

broadcast, 191

broadside, 152, 174

end-fire, 174

long, 191, 195

nondirective sources, 152

point-to-point, 191

radiation patterns, 596

rectangular, broadside, 192

uniform, 154

Continuous structures as networks with

infinitesimal meshes, 76, 280

Copper, electromagnetic constants of,

86, 606

Copper conductor, thick, input resist-

ance, 339

Copper screen under quarter-wave an-

tenna, 358

Corner reflectors, dihedral, 567

image theory, 568

trihedral, 567

Cosine integral, 190

Coulomb's law, 7, 9

Coupled modes, 251, 383

Coupling, between antenna and feed

line, 375

gyroscopic, 293

Critical angle of elevation, 206, 210

Critical wavelength, 206

Current, magnetic, see Magnetic current

residual, 407

Current antinode, mutual impedance

with reference to, 409

radiation resistance with reference to,

214, 347

Current blades, distant field, electric, 558

magnetic, 559

Current density, 62, 517

in finite reflector, 562, 563

induced in infinite plane, 562

magnetic, 45, 70, 517

Current distribution, approximately sinu-

soidal, 216

arbitrary, distant field, 264, 362

asymptotic, 216, 237

Current distribution, asymptotic, anti-

symmetric feed, 241

field parallel to, 408

asymmetric feed, 239

symmetric feed, 238, 241, 246

field parallel to, 408

binomial, 60, 173, 196, 396

effect of resistance, 263

effective length, 309

effective moment, 394

factors affecting, 215

in antiresonant antenna, 28

in nonuniform antenna, 254

in receiving antenna, 216, 298

in reflecting antenna, 297

in resonant antenna, 28

in short antenna, 28

in thin antenna, 27, 217

in transmitting antenna, 242, 244

linear, 308, 311

input resistance, 309

mixed electric and magnetic, 542, 543

moment of, 301, 330

effective, 394

reciprocity of, 296

sinusoidal, 233, 257, 352, 372

conical sheet with, 398

field parallel to, 408

Current element, 28, 114, 144

at center of sphere, 94, 136, 137

at center of 2 concentric spheres, 137

directivity, 180, 337

effective area, dissipative, 182

nondissipative, 182, 337, 597

efficiency, 180, 181

electric lines of force, 129

field: distant, 29, 121, 139

in terms of radiated power, 172, 359

transverse components, 521

field: exact, amplitudes and phases,

134, 135

dissipative, 119

dynamic component, 220, 223

free-space, 520

nondissipative, 120

power series expansions, 138

quasistatic component, 218, 222

with nonharmonic time variation,

135

field: instantaneous, 135

image of, 131, 132
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Current element, inside closed surface,

518

magnetic, see Magnetic current ele-

ment
maximum received power, 182

moment, 218

per wavelength, 143, 162

quasistatic potential, 218, 220, 222

radiated power, 59, 143, 160, 509

radiation drag, 159

radiation intensity, 142

radiation patterns, 143

radiation resistance, 159, 326

radiation vector, 362

regions of equal power flow, 123

vertical, see Vertical current element

voltage induced in, 390

Current elements, blade of, radiation

vector, 397

colinear, see Colinear current elements

coplanar, influence coefficients, 163

end-fire array, 457

continuous, 200

parallel, see Parallel current elements

perpendicular, influence coefficients,

163

radiation intensity, 361

radiation vectors, 395

with binomial amplitude distribution,

196, 396

Current elements: 2, closely spaced,

radiated power, 177

colinear, radiated power, 59

coplanar, 163

electric polarizability, 583

end-fire couplet, 147

influence coefficients, 163, 178

mutual impedance, 160

mutual radiated power, 176

mutual radiation resistance, 160, 176

perpendicular, operating in quad-

rature, 161, 184, 507

power ratio, 183

radiated power, 161, 176, 177

radiation intensity, 176, 399

radiation vectors, 395

Current elements: 3, at vertices of equi-

lateral triangle, 176

with binomial amplitude distribution,

radiation vectors, 396

space factor, 173

Current elements: 3, used for reception,

178

Current elements: 4, at vertices of rec-

tangle, 396

at vertices of square, 172

equispaced on circle, 397
Current filament, curved, 231

dynamic component of electric in-

tensity, 223, 229

field, distant, 138, 558

local, 368, 370

longitudinal, 369

with asymmetric feed, 456

generator of, 365

helical, radiation vector, 398
infinitely thin, 223

at low frequencies, 265

field parallel to, 407

with progressive wave, 265

integral equation for, 371

long, 66, 175, 177

directivity, 200, 545

magnetic, 543

distant field, 558

of finite radius, 225

quasistatic potential, 223, 229

radiation intensity, 175

radiation vector, 363, 397, 398

Current filament: sinusoidal, bent, 166

field, 268, 372, 401

distant, 334

local, 368, 370

longitudinal, 407

half-wave, directivity, 199

effective length, 509

moment, 509

radiated power, 165

radiated power, 177, 178

radiation intensity, 174, 175, 335

radiation vectors, 399

thin, see Thin current filament

uniform, 174, 176

radiation vector, 397

with progressive current, 265

magnetic intensity, 268

radiation intensity, 175

radiation resistance, 456

with progressive phase delay, 192

Current filaments: 2 thin, 364

complex power, 364

mutual power, 365
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Current loop, 144, 539

circular, radiation vector, 545

magnetic, 545

Current sheet, backed by reflector, 38,

192

directivity, 43, 192

double electric, 45, 539

effective area, 192

electric, 517, 539

infinitely large, 36, 44, 81, 158

linear density, 517

magnetic, 44, 45, 517, 539

linear density, 517, 540

rectangular, 153

radiation intensity, 154

uniform, 154, 192

solenoidal, 64

Current sheets, 2 parallel, 540

Cylinder, capacitance per unit length,

316, 317, 379

coordinate system for waves on, 379

elliptic, polarizabilities, 580

magnetic field round, 379

parabolic, 567

slotted, radiation patterns, 553

total charge on, 380

uniformly charged, 318

field, 68, 95

field in nonhomogeneous medium, 79

power carried outside, 95

Cylindrical antenna, 316

antiresonant impedance, 436, 443

antiresonant lengths, 344, 451

average characteristic impedance, 426,

427/428

capacitance, 306, 317, 319

effective area, 597

equivalent radius, 555

gain, 597

Hallen's theory, 447

impedance parameters, 429

inductance, 312

input conductance near antiresonance,

434

input impedance, 418, 436, 452, 453

with cap capacitance, 438, 439

input reactance near resonance, 434

imput resistance, 454

input susceptance, 446

mode theory, 374, 421, 451

quality factors, 355, 435

Cylindrical antenna, radiation resist-

ance, 311, 597

resonant lengths, 333, 435, 451

width of major lobe, 597

Cylindrical coordinates, 98

Maxwell's equations in, 133

Cylindrical electromagnetic waves, 293

Cylindrical sheet: uniform, radiation in-

tensity, 175

radiation vector, 397

space factor, 175

with axial current, 397

with circulating current, 175, 398

Cylindrical shells, hollow, input im-

pedance, 380

Cylindrical shield round 2 long wires,

401

Cylindrical slotted waveguide, 550

Cylindrical waves, 81, 293, 376, 549

Decibel, 180

Depth of penetration, 86

Diamond cross section, antenna of, 432

Dielectric, artificial, 576

intrinsic impedance, 584

methods of increasing permeability,

584

with large dielectric constant, 585

Dielectric constant, 6, 64

effective, 576, 586, 587

theory and experiment, 588

Dielectric loaded with parallel strips, 585

Dielectric loss resistance, 327

Dielectric sphere, 574

Dielectric waveguide antenna, 533

cutoff frequency, 533

phase velocity, 534

power ratio, 533

Dielectrics, electromagnetic constants of,

605

Dihedral corner reflector, 567

Dihedral horn, 376, 528

admittance seen from slot, 543

fed by strip transmission line, 530

field, 530

principal mode of propagation, 528

radiated power, 544

slot antenna as, 544

TEM waves in, 543

Dihedral horn reflectors, 568

Dipole, magnetic, 576
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Dipole antenna, 273, 304, 439

admittance, 290

antiresonant wavelengths, 261

antisymmetrically fed, 241, 267

field parallel to, 408

as capacitor, 302

asymmetrically fed, 239, 267, 453, 456

bent, folded quarter-wave, 342

d-c capacitance, 283, 290

d-c inductance, 290

effective lengthening, 245

electric lines of force, 245

end effects, 244, 261

fed by Lecher wires, 263

folded, see Folded dipole

full-wave, see Full-wave dipole

half-wave, see Half-wave antenna

impedance, 283, 289, 303

input impedance, 418

as function of gap length, 449

for different cross sections, 452, 453

loaded, 246, 456

magnetic, 553

of 2 wires in parallel, 339

quality factors, 435

radiation conductance, low frequency,

290

radiation resistance, low frequency,

290

resonant wavelengths, 261

small, 289

symmetrically fed, 238, 243, 246, 267

Dipole antennas, dual electric and mag-

netic, 554

operated in quadrature, 507

transmission formula for 2 parallel,

300

Direct and ground-reflected rays, 208

Direction of normal and of integration,

convention for, 66

Directive gain, 179

relative, 180

Directivity, 33, 179

and effective area, 43, 184

and effective length, 301

and power gain, 466

and power ratio, 185, 393

and signal gain, 487

Directivity area, 181

Directivity vector, 393

Director, 560

Disk, annular, resistance, 78

circular, capacitance, 244

polarizabilities, 582, 583

quarter-wave antenna at center, 360

Disk transmission line, 378, 547

Displacement, electric, 69

generalized, 538

magnetic, 69

tubes of, 9

Displacement current, electric, 69, 538

magnetic, 69, 538

Displacement current density, 64

Displacement density, electric, 64, 576

magnetic, 70

Dissipated power, 77, 155, 215

Distant field, in terms of effective length,

394

in terms of radiated power, 172, 359

in terms of radiation vector, 363, 542

of arbitrary current distribution, 264,

362

Distant fields, graphical addition of, 31

Divergence equations, 133

in transient state, 133

Diverging wires, see also V antennas

asymptotic current, 239

average characteristic impedance, 427

distant field, 121

effective radius, 459

electric lines, 16

input impedance, infinitely long, 427,

457

principal waves, 109

radiation impedance, 433

Dominant wave, in free space, 120

in large guide, 522

Double electric current sheet, 45, 539

Doublet, electric, 114

directive pattern, 336

electric lines, 127

moment, 114

nonstatic, 117

potential, 116

static field, 117

magnetic, 584

Doublets, end-fire array of, 535

Dual electric and magnetic antennas, 554

Dynamic component of electric intensity,

216, 218, 520

and quasistatic potential, 224

for arbitrary current distribution, 220
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Dynamic component of electric intensity,

sinusoidal distribution, 227

Effective area, 35

and directivity, 43, 184

and effective length, 301

and electric intensity, 491, 565

and gain, 185

and power gain, 184

and power ratio, 185, 393

and radiation vector, 564

Effective length, and directivity, 301

and effective area, 301

generalized, 301, 394

receiving antenna, 301

transmitting antenna, 301

Effective point of radiation, 31, 362, 396

Effective radius, 110, 304

Efficiency, 180

and heat loss, 182, 394

Electric current element, see Current

element

Electric field, see Electric intensity, Field

Electric intensity, 3, 62, 538

see also Field

dynamic component, 216, 520

in terms of effective area, 491

in terms of radiated power, 24

in terms of radiation vector, 390

quasistatic component, 218, 222

reflection coefficient, 204

Electric lines of force, 9, 22, 126

closed, 9, 21

differential equations, 126

in free space, 17

Electric polarizability, 576

Electric potential, scalar, 216, 218

Electric vector, instantaneous length, 402

maxima and minima, 402

Electromagnetic constants, of copper, 72,

86, 606

of dielectrics, 605

of vacuum, 72, 85, 605

of various grounds, 86, 606

primary, 605

secondary, 605

Electromagnetically independent re-

gions, 86, 554

Elevation, angle of, 202

critical, 206, 210

Ellipsoidal waveguide lens, 603

Elliptic cylinders, polarizabilities, 580

Elliptically polarized waves, 184, 388

End effect, 245, 304

capacitive, 244, 261, 352, 419, 451

End-fed antennas, 353

half-wave vertical, 349

input resistance, 353

quarter-wave, 360

End-fire array, 151

continuous highly directive, 200

directivity, 189, 191

long, form factor, 194

of current elements, 457, 478

of doublets, 535

of 3 elements, radiated power, 176

relative voltages, 300

superdirective, 197

of 6 elements, radiation patterns, 197

superdirective, 197

uniform, 197

of 6 rhombics, 469

of 8 elements, space factor, 152

radiation intensity, 174, 190

space factor, 151, 599

uniform, 151, 197

with amplitude attenuation, 174, 199

End-fire couplet, 146

directivity, 186

effective area, 186

radiated power, 177, 185

radiation intensity, 147, 173, 185

relative voltages, 300

space factor, 147, 598

End-fire receiver, 168

Energy, conservation of, 91, 118, 140,

155, 293, 351

radiant, 10, 22

stored, electric, 318, 321, 348

magnetic, 303, 311, 348, 354

Equivalence principle, 356, 520

Equivalence theorems, circuit, 294, 516

field, 295, 516, 518, 519

Equivalent network with infinitesimal

meshes, 76

Euler's constant, 235, 411

Faraday-Maxwell law, 45, 70, 74, 81, 83,

90, 99, 115, 387, 540

Feed current, 244, 352

Feed line, 25, 374, 476

coupling between antenna and, 375
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Feed line, matching antenna, 338, 344

standing waves in, 377

Field, distant, see Distant field

impressed, 414

incident, 516

in source-free regions, 519

in nonhomogeneous medium, charged

cylinder, 79

charged sphere, 79

of virtual sources over surfaces, 518,

521

primary, 516

radial, 117

reflected, 202, 516

maximum value at low heights, 210

scattered, 517

static, in perfect dielectrics, 134

transmitted, 516

Field equivalence theorems, 295, 516,

518, 519

Field intensity, 6

graphical addition, 145

Fishbone receiving antennas, 479

array of, 485

directivity, 480, 484

heat loss, 487

major radiation lobe, 480

relative current levels, 487

signal gain, 487

space factor, 480, 481, 599

for different line velocities, 482

with current attenuation, 483

Floating terminals, 238

generator with, 97

Folded dipole, 339, 386

bandwidth, 341

bent, quarter-wave, 342, 343

of 2 parallel wires, 401

resonant, input admittance, 341

input impedance, 340

total input current, 340

Folded unipole, 339

Form factor of radiation pattern, 193

Four-pole, 290

Four-terminal transducer, 290, 365

Four-wave antenna, effective area, 597

gain, 597

Fourier-Bessel series, 398

Free space, dominant wave, 120

electromagnetic constants, 605

Free-space modes, proper values for, 113

Free-space transmission factor, 366, 399,

405

and mutual admittance, 368

and mutual impedance, 367

Frequency, 12, 271

antiresonant, 435

natural, 278, 287

resonant, 284, 287, 332, 435

variation of resistances with, 327

Fresnel integrals, 526

Fringing effect, 244

Full-wave dipole, 344

antiresonant circuits for, 348

asymmetrically fed, 353

center-fed, 353, 509

current distribution, 244, 352

asymptotic, 240

directivity, 347, 597

distant field, 359

effective area, 347, 597

horizontal, 490

input conductance, 348

input impedance, 52, 347

input resistance, 349, 492

quality factor, 354

radiated power, 59, 346

radiation pattern, 346

radiation resistance, 347, 597

resonant length, 344, 345

Gain, directive, 179

directivity, 357

due to perfect ground, 188

power, 181, 357

absolute, 181

and directivity, 466

relative directive, 139, 180

signal-to-external-noise, 34

Gap length, 380, 416, 447

effect on impedance, antiresonant, 349

experimental, 449

input, 380

effect on input admittance, 381

Generalized forces and displacements,

293, 533, 538

Generator, capacitance, 353

connected to parallel wires, 97

ideal, 539

internal impedance, 293, 382

finite, 293

infinite, 293, 539, 540
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Generator, internal impedance, zero,

293, 516, 539, 540

replaced by boundary conditions, 71

with floating terminals, 97

Generator of a filament, 365

Grazing incidence, plane wave at, 493

wave tilt at, 211

Green's function for ring source, 382

Ground, artificial, 328

shielding effect, 360

copper screens on, 358

effect on impedance, 355

electric lines, above, 17

between cone and, 17

Holmdel, 463

monopole above, 441

quality factor, 206

Ground loss in downleads, 328

Ground of finite conductivity, 492

effect on impedance, 356, 413

effect on radiation pattern, 208, 209,

463

effect on received power, 358

horizontal antenna above, half-wave,

357

vertical antenna above. 499

half-wave, 355, 358

wave impedances normal to, 204, 205

Ground: perfect, horizontal antennas

above, half-wave, 412

rhombic, 460, 462

inclined wire above, 500

self-resonant antenna above, 413

two quarter-wave antennas above, 411

vertical antenna above, see Vertical

antenna

Ground-reflected rays, 208

Ground reflection, 201

electric vector in plane of incidence,

204, 207

magnetic vector in plane of incidence,

205, 207

Ground-reflection coefficients, 206

amplitude and phase, 207

Ground resistance of quarter-wave an-

tenna, 357

Ground return circuit, 375

Gyroscopic coupling, 293

Half-wave antenna, 185, 332

current distribution, 244

Half-wave antenna, current distribution,

asymptotic, 337

directivity, 337, 597

distant field, 60

in terms of radiated power, 359

effective area, 337, 597

end-fed, vertical, impedance, 349

horizontal, above perfect ground, 412

effect of finite ground, 357

input impedance, 337, 412

input resistance, 52

increase due to heat loss, 338

lines of average power flow, 124

quality factor, 354

radiated power, 59, 336

radiation pattern, 335, 336

above finite ground, 336

radiation resistance, 59, 597

with reference to current antinode,

491

receiving, 341

current through load, 341

load for maximum reception, 341

power absorbed by load, 342

transfer admittance, 341

resonant impedance, 448

resonant length, 333

vertical, 344

above horizontal wire, 360

above perfect ground, 349, 413

above various grounds, 358

end-fed, 349

impedance, effect of finite ground,

357

power gain, 357

Half-wave antennas: 2: broadcast array

of, 478

input impedance, 351

mutual complex power, 412

mutual impedance, 410, 411

mutual radiation resistance, 350

radiated power, 350

radiation intensity, 350

radiation resistance, 350

Half-wave sinusoidal current filament,

directivity, 199

effective length, 509

moment, 509

radiated power, 165

Half-wave vertical unipole, 344

HalleVs theory, 442
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Hallen's theory, expansion parameter,

442

for cylindrical antennas, 447

resonant impedance of half-wave di-

pole, 448

Heat, power dissipated in, 77

Heat loss, 24, 180, 181, 197, 487

and efficiency of receiving antenna, 182

at different frequencies, 488

efficiency factor, 394

increase in input resistance, 338

Height, effective, 311, 328

of long-wave antenna, 327

of rectangular loop, 323

Helical progressive current filament,

radiation vector, 398

Helix, loosely wound, 478

Helmholtz-Thevenin theorem, 76, 294

Higher-order modes of propagation, 111,

215, 318, 374, 422

circular electric waves, 112

circular magnetic waves, 111

in coaxial cones, 423

in free space, 422

Horn-reflector antennas, 50, 569, 571

Horn reflectors, dihedral, 568

Horns, 515

and strip transmission line, 530

dihedral, see Dihedral horns

equation of wave front at aperture, 524

field of dominant wave, 522

finite, enclosed by surface, 518

flared, in both planes, directivity, 528

effective area, 50

in electric plane, directivity, 527,

529

in magnetic plane, directivity, 527

529

Huygens sources over aperture, 524

input admittance, 530

large, 185

transverse voltage between bound-

aries, 530

lens in aperture, 522, 573

mismatch at junction with line, 530

narrow, 531

directivity, for small flare angle, 533

for zero flare angle, 532

equivalence principle, 531

optimum, 601

pyramidal, 50

Huygens sources, 522, 534

distant field, 522

over horn aperture, 524

radiation pattern, 522

Hyperboloidal planoconvex lens, 574, 602

Image, mutual admittance between an-

tenna and, 356

mutual impedance between antenna

and, 355

of current element, 132

of horizontal antenna, 355

of vertical antenna, 132, 355

Image theory of reflection, 201

Images, theory of, 131

for corner reflectors, 568

Impedance, antenna, 25, 61, 264, 302

effect of ground on, 355

series and shunt representations, 475

antiresonant, see Antiresonant im-

pedance

average characteristic, 426

based on average values of L and C,

236, 415

characteristic, see Characteristic im-

pedance

input, see Input impedance

internal, 90

intrinsic, see Intrinsic impedance

load, 241, 298

matching, 34, 338, 344, 474

mismatch, 477, 523, 530

mutual, see Mutual impedance

normalized, 92

radiation, 181

with reference to current antinode,

432

resonant, 53, 337

theory and experiment, 448

series, per unit length, 231

terminal, 424, 431

inverted by quarter-wave trans-

former, 432, 433

transfer, 291

wave, 85

normal to ground, 204, 205, 211

Impedance function, 271

branch point, 273

infinite product form, 281

isolated zero, 288

of dipole antenna, 283
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Impedance function, of finite network,

275

rational fraction form, 276

zeros and poles, see Zeros and poles

Impedor, schematic representation, 272

Impressed field, antenna in arbitrary, 294

compensating, 374

parallel wires in, 516

principal part, 414

Impressed voltage, complex power in

regions of, 400

distributed over finite segment, 447

producing sinusoidal current, 414

Incidence, angle of, 202

grazing, plane wave at, 493

wave tilt at, 493

plane of, 204

Incident field, 516

Incident wave, 92, 202

Index of refraction, 204, 602

complex, 206

effective, of loaded dielectric, 577

of parallel planes, 575, 576

Induced emf method, 155

Inductance, antenna, 303, 311

distributed, 106

mutual, 250

of input region, 278

stray, 75

Inductance coefficients, Maxwellian, 383

Induction of currents in wires, 516

Induction theorem, 516, 517, 520

Inductor, 73, 271

impedance, 274

loop antenna as, 302

Infinitely long thin antenna, input con-

ductance, 428

input resistance, 428

Infinitely thin antenna, exact input re-

sistance, 453

Influence coefficient, radiation, 162

Input admittance, 271, 416

as function of radius and gap length

381

asymptotic form, 417

from TEM current and voltage, 423

Input conductance, 347, 428, 434

Input current, 404

second approximation, 417

Input impedance, 271

and shape of antenna, 452

Input impedance, as function of radius

and gap length, 380

asymptotic form, 243, 415

at resonance, 340

from mutual impedance, 367

including cap capacitance, 438, 439

including effective length, 420

in mode theory, 431

in terms of complex power, 366

mutual admittance in terms of, 368

of symmetric antenna and tapered line,

424

second approximation, 388

zeros and poles, 272

Input reactance, for dipoles of different

shapes, 453

for horizontal half-wave dipole, 412

near resonance, 434

Input region, 264, 376, 556

as T or n network, 377

capacitance, 378, 420

inductance, 378

limits, 377

measurement of parameters, 378

principal waves, 378

Input resistance, 214

for dipoles of different shapes, 452

in mode theory, 349

increase for finite conductivity, 263,

338

near resonance, 434

Input susceptance, 428

near antiresonance, 434

Input terminals, floating, 267

natural oscillation constants, 272,

283, 434

mutual impedance of parallel antennas

at, 604

of antenna, 377

of concealed circuit, 400

proximity effect, 264

short-circuited, natural oscillation con-

stants, 272, 283, 434

voltage and current at, 271

Instantaneous current in series circuit,

276

Instantaneous length of electric vector,

402

Insufficient packing factor, 587

Insulating base, antenna on, 308

capacitance, 382
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Integral equation of first kind, 313

for current in straight filament, 371

for symmetric antenna, 315

Intensity, electric, see Electric intensity

field, 6

magnetic, see Magnetic intensity

radiation, see Radiation intensity

Internal impedance, 90

Intrinsic impedance, 19, 37, 85, 103, 140

of free space, 19, 37

of loaded dielectric, 584

Inverted cones, input impedance, 452,

453

Isotropic radiators, 33, 144, 179

effective area, '44, 184

linear array, 144

nondissipative, 181

Junctions in networks, boundary con-

ditions, 228, 247, 252

Kirchhoff's equations, 7, 8, 15, 371,

372

Kirchhoff's theorem for scalar waves, 519

Lagrange's equations, 293

Large apertures, approximations over,

520

gain, 49

radiation, 48

Leakage resistance, variation with fre-

quency, 327

Lecher wires, 262

Lens in aperture, of horn, 522, 573

of large biconical antenna, 49

Lenses, 51, 573

artificial, 589, 590

equation for optimum, 574

index of refraction, 574

planoconcave, 575

planoconvex, 573, 602

hyperboloidal, 574, 602

spherical, 574

reflection by, 584

waveguide, 575, 588, 603

planoconcave, 576

Linear antenna, definition, 223

effective length, 301

input impedance, 399

slot antenna as dual of, 539

wide-band, 52

Linearly polarized waves, 181, 183, 388
power ratio, 183

Linearly tapered antennas, 425, 426

Lines of force, 8

electric, see Electric lines

magnetic, see Magnetic lines

Lines of power flow, 121, 373

average, 122, 123

Load impedance in receiving antenna,

241, 298, 299

for maximum reception, 341

Loaded dielectric, effective index of re-

fraction, 577

intrinsic impedance, 584

relative dielectric constant, 585

with flat disks, 589

with flat strips, 590

with parallel strips, 586

Loaded line, series reactance, 586

Loading, capacitive, 310, 311, 327, 342

dielectric, in capacitor antenna, 325

end, radiation resistance, 456

top, 343

with antiresonant circuit, 246

with generator and resistance, 456

Lobes: radiation, 148

major, 149, 171, 563, 568

direction of, 153

power radiated inside, 200

solid angle of, 193, 194

width of, 597, 601

minor, 149, 171

Long antennas, average characteristic

impedance, 427

input impedance and admittance, 428

Long-wave antenna, 326

at Rugby, England, B.P.O., 327

Long waves, definition, 12

Loop antenna, 273, 387

admittance at low frequencies, 290

antiresonant wavelengths, 269

as inductor, 302

asymptotic current and potential, 267

balanced feed, 324

capacitively loaded, 584

d-c capacitance, 290

d-c inductance, 284, 290

directivity, 506

fed by 2-wire line, in push-pull, 266

in push-push, 266

horizontal, 503
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Loop antenna, impedance function, 284

zeros and poles, 275

input impedance, 387, 419

large, angle of maximum radiation, 506

omnidirectional, 55, 503

radiation conductance, 290

radiation pattern, 504

radiation resistance, at low frequencies,

290

maximum, 505

radiation vector, 505

resonant wavelengths, 269

small, 319

basic properties, 323

capacitance, 321

directivity, 59, 196

exact field, 320

induced voltage, 320

inductance, 321

radiated power, 320

radiation resistance, 320, 326

receiving properties, 320

rectangular, 323

voltage distribution, 321

asymptotic, 322

with uniform voltage distribution, 503

Loop approaching resonance, 584

Loop with magnetic core, 325

Loops, arrays of, 496

transmission formula for 2 small, 301

Magnetic antennas, dual electric and, 554

Magnetic charge, hypothetical, 9

Magnetic core, loop with, 325

Magnetic current, 537

linear density, 540

radiation from, 542

Magnetic current blade, distant field, 559

Magnetic current density, 45, 70

Magnetic current element, 523

distant field, 521, 542

exact field, 541

infinitely thin solenoid as, 540

radiation vector, 542

Magnetic current filament, 543

distant field, 558

Magnetic current loop, 545

Magnetic current sheet, 44, 45, 517, 539

linear density, 517, 540

series generator of zero impedance as,

540

Magnetic dipole, 576, 577

Magnetic dipole antenna, 553

admittance, 554

impedance, 555

Magnetic displacement, 69

Magnetic displacement current, 69, 538

Magnetic displacement density, 70

Magnetic doublet equivalent to loop,

584

Magnetic energy, stored, 303, 311, 348,

354

Magnetic field, 6, 64

voltage in uniform, 79

Magnetic flux, 69

Magnetic intensity, 6, 64

reflection coefficients, 204, 205

amplitude and phase, 207

Magnetic lines of force, 9, 22, 554

closed, 9

Magnetic polarizability, 577

Magnetic vector potential, 221

Magnetomotive force, 65, 537, 538

in uniform electric field, 79

Major radiation lobe, 148, see Lobes

Matchbox antenna, 496

Maxwellian potential and inductance

coefficients, 383

Maxwell's equations, 7, passim

and boundary conditions, 374, 421,

517, 518, 551

applications to closed loops, 15, 22, 71,

74, 82

differential form, in Cartesian co-

ordinates, 132, 547, 607

in cylindrical coordinates, 133, 529,

548

in spherical coordinates, 98, 101, 133,

607

in vector notation, 511

invariance, 136, 555

one-dimensional, 87, 91

with nonharmonic time variation,

133

integral form, 70, 219, 271

steady-state, 72, 219

integrated form, 8

Mechanical oscillations, 10

Metal objects, imbedded in light poly-

styrene foam, 576

index of refraction of medium filled

with, 577
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Metal plate, reflection from, 47

Metal sphere, polarizabilities, 579

Metals, shielding effect, 47

Minor radiation lobes, 149, 171

Mismatch, impedance, 477, 523, 530

Mismatch loss, 394, 476

Mksc system of units, 63

Mode theory of antennas, 374, 421

characteristic impedance, 425

cylindrical, antiresonant lengths, 344,

451

quality factors, 355

resonant impedance, 448

resonant lengths, 333, 451

input impedance, 431

Models, antenna, 510

Modes of propagation, 374, 422

coupled, 251, 383

higher-order, see Higher-order modes

independent, in cage structures, 383

principal, 383

push-pull and push-push, 88, 251, 258,

266, 340, 382, 401

symmetric and antisymmetric, 339

Moments, method of, 155, 165

for radiated power, 162

Monopole, vertical, 439, 441

Multiple-tuned antennas, 328

MUSA receiving system, 469

at Manahawken, N.J., 471

directional patterns, 472

space factor, 470

Mutual admittance, 367, 403

in terms of input impedances, 368

in terms of transmission factor, 368,

406

of antenna and image, 356

successive approximations, 406

Mutual impedance, 403

in terms of complex power, 366

in terms of local field, 366

in terms of transmission factor, 367

input impedance from, 367

of antenna and image, 355, 356

of transducer, 291

of 2 antennas, 300, 355

parallel, at input terminals, 604

Mutual inductance of tightly coupled

parallel wires, 250

Mutual power, average value, 413

complex, 412

Mutual radiated power, for 2 current

elements, 59, 176

for 2 current filaments, 365
in terms of radiation vectors, 364

Mutual radiation intensity, 543

Mutual radiation resistance, 161, 400
between arms of antenna, 353

Mutual reactance of 2 parallel antennas,

409, 410

Narrow horns, see Horns
Narrow ring source, 382

Natural frequencies, 287

and resonant frequencies, 287

of wire network, 263

Natural oscillation constants, 272

of antenna, 283, 434, 435

of passive circuit, 272, 283

Natural oscillations, 287

inside perfectly conducting sphere, 137

Near-base capacitance, 382, 442, 445

ratio of base and, 446

Network reciprocity theorems, 293

Networks, boundary conditions at junc-

tions, 228, 247

current distribution, 248

Helmholtz-Thevenin theorem, 76, 294

loosely coupled, 247

modes of excitation, 386

natural frequencies, 263

Norton's theorem, 294

of lumped elements, 280

with infinitesimal meshes, 76, 280

with 2 accessible terminals, 272

Nominal characteristic impedance, 426

average value, 431

difference between average and, 431

Nonconical antennas, average charac-

teristic impedance, 426

input impedance, 433

nominal characteristic impedance, 426

Nonconical wires, characteristic im-

pedance, 108

principal waves, 107, 215

Nonisotropic dispersive medium, 575

Normalized impedance, 92

Norton's theorem for finite networks, 294

Oblate spheroids, polarizabilities, 582

Off-base feeding for impedance matching,

338
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Ohmic resistance, 27, 180

of antenna, 338

of short antenna, 331

Ohm's law, generalized, 271

Omnidirectional antennas, 54, 55

horizontal, 503

Omnidirectional biconical horn, 537

One-dimensional reflection, 94

One-dimensional transmission equations,

87, 91

Open end of waveguide, 522

directivity, 524, 532

effective area, 524

radiated power, 523, 532

radiation intensity, 523, 531

radiation patterns, 522, 531

Oscillating doublet, distant field, 121

Oscillation constant, 271

Oscillation constants, natural, 272, 283,

434

Oscillations, electric, 14

frequency of, 12, 271

mechanical, 10

period of, 12, 84

Output terminals of feed line, 377
Overhanging cylinder, direct capacitance

to ground plane, 378

Packing factor, insufficient, 587

Parabolic cylinder as reflector, 567

Parabolic reflectors, 51, 566

Paraboloidal reflectors, 566

effective area, 566

Parallel antennas, capacitor, 455

center-fed, 408

dipole, 300

half-wave, 410, 411

mutual impedance, 355, 408, 604

radiation patterns, 499

transmission formula, 300

with equal and opposite currents, 499

Parallel circuits, see Circuits, parallel

Parallel conducting planes, free space

partitioned by, 575

Parallel conductors, electric lines of

force, 15

waves between, 22

Parallel current elements, directivity, 199

influence coefficients, 163, 178

mutual radiated power, 176

mutual radiation resistance, 161, 176

Parallel current elements, transmission

formula, 394

Parallel gratings, magnetic field be-

tween, 5

Parallel horizontal wires supported by
towers, 326

Parallel pair, see Two-wire line

Parallel-plate capacitor, 5, 63, 79

Parallel resonant circuit, 347, 478

Parallel strips, dielectric loaded with, 585

waves between, 87, 140

Parallel wires, 109

see also Two-wire lines

asymptotic current, 239

characteristic, impedance, 109

closely spaced, 383

energized in push-pull, 88, 91, 258, 382,

401

energized in push-push, 88, 258, 382,

401

equispaced on surface of cylinder, 111

finite, 92

folded dipole in form of, 401

generator connected to, 97

horizontal, supported by towers, 326

in impressed field, 516

independent modes, 384

currents and voltages, 385

inductance per unit length, 250

mutual, 250

inside cylindrical shield, 401

long, 382

series impedance per unit length, 90

shunt admittance per unit length, 90

TEM waves on, 108

thin, 249

quasistatic potential and dynamic

component, 226, 250

tightly coupled, 250

current and potential, 268

waves on, 15, 88

Parasitic antenna, 561

Parasitic radiating circuits, 375

Parasitic wire reflector, 571

Perfect absorber, 39, 518

Perfect absorption, 137

Perfect dielectric, static fields in, 134

Perfect ground, see Ground, perfect

Perfectly conducting plane, 46

reflection from, 131, 201

Permeability, 6, 70
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Permeability, effective, 577

of artificial dielectrics, 584

Perpendicular current elements, influence

coefficients, 163

operating in quadrature, 184

Perpendicular horizontal dipoles operat-

ing in quadrature, 507

Phase constant, 84

Phase delay to distant point, 140

Phase retardation factor, 220

Phase velocity, 85

Pine-tree arrays, 40, 490

at Nauen, Germany, Station DGY, 490

at Rugby, England, B.P.O., 491

effective area, 491, 600

gain, 600

radiation intensity, 461

with reflecting curtain, 600

Plane of incidence, 204

Plane waves, 81

at grazing incidence, 208, 209, 493

incident on plane boundary, 202

uniform. 81, 521

Planoconcave lens, 575

radius of spherical, 575

waveguide, 576

Planoconvex lens, 573, 602

hyperboloidal, 574, 602

index of refraction, 602

radius of spherical, 574

Point charge, 114

potential, 116, 219

Point of radiation, effective, 31, 362, 396

Point-to-point array, 150

continuous, 191

directivity, 189, 195

form factor, 194

long, 194

of 3 elements, radiated power, 176

radiation intensity, 151

solid angle of major lobe, 194

space factor, 598

with reflecting array, 151

Point-to-point couplet, 186

directivity, 186, 598

effective area, 186

radiated power, 177

space factor, 598

Polarizability, electric, 576

general, 583

magnetic, 577

Polarizability, of isolated objects, 577
Polarization current, 325, 535

Polarization loss factor, 184, 392, 393
Polarization of medium due to dipoles,

576

Polarization vectors, 392

Polarized waves, circularly, 389

elliptically, 184, 388

linearly, 181, 183, 388

Polystyrene foam, metal objects im-

bedded in, 576

Polystyrene sheets, lens of, 590

Potential, at a point, 313

continuity of, 247, 252

definition, for static fields, 115

electrostatic, 216

gradient of, 219

in a-c network theory, 115

in nonstatic field, 218

magnetic vector, 221

of doublet, 116

of point charge, 116, 219

of volume charge distribution, 219

quasistatic, see Quasistatic potential

scalar electric, 216

Potential distribution, asymptotic, 236

antisymmetric feed, 267

asymmetric feed, 267

symmetric feed, 267

in closely spaced parallel wires, 268

in dipole antenna, 267

in loop antenna, 267, 322

in thin wire, 231, 237

sinusoidal, 233

uniform, in large loop, 503

Power, complex, see Complex power

dissipated, 77, 155, 215

maximum transmission of, 393

radiated, see Radiated power

Power flow, lines of, 121, 373

average, 122

per unit area, 23, 48, 77

average, 23, 38, 78, 141, 155

regions of equal, 122

Power gain, absolute, 181

and directivity, 466

and effective area, 184

maximum, 179

measured values, 357

for reflectors, 570

of lossy antenna, 195
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Power gain, relative, 181

Power input, 391, 463

complex, 418

Power loss, 338

Power ratio, for elliptically polarized

waves, 291

for large apertures, 49

for linearly polarized waves, 183

in terms of directivities, 185, 393

directivity vectors, 393

effective areas, 185, 393

radiation intensities, 392

radiation vectors, 391, 392

Power transfer, 34, 50, 299

between large surfaces, 43

maximum, 26, 393, 474

to load, 26

Poynting vector, 23, 78, 85, 131, 159, 373

complex, 78

Poynting vector method, 155

Primary electromagnetic constants, 605

Primary field, 516

radiated power in terms of, 564

radiation vector in terms of, 564

Principal waves, 304, 318, 374 see also

TEM waves

average characteristic impedance, 323

capacitance per unit length, 108, 256,

303, 312

electric lines of force, 375

in input region, 378

inductance per unit length, 108, 311

on cage structures, 110

on diverging wires, 109

on nonconical wires, 107, 215

on rhombics, 260

on towers of arbitrary shape, 257

Principle of superposition, 223

Product rule, 33

Progressive wave, 15, 259

on current filament, 265

on thin wire, 268

directivity, 193

radiation intensity, 175

Prolate spheroids, polarizabilities, 581

Propagation constant, 91

Proper values for free-space modes, 113

Proximity effect, 109, 252

between antenna terminals, 264

Push-pull mode, 88, 251, 258, 266, 340,

382, 401

Push-push mode, 88, 251, 258, 266, 340,

382, 401

Pyramidal horn, effective area, 50

Quadripole, electric lines of force, 130

Quality factor, of antenna, 259

of circuit, 287

of ground, 206

Quarter-wave antenna, bent, 342, 343

bent folded, 342, 343

vertical, 332

above perfect ground, input im-

pedance, 337

radiation pattern, 335

above perfectly conducting disk,

360

efficiency, 358

end-fed, radiation resistance, 360

ground resistance, 357

power gain, 357

Quarter-wave antennas, vertical, mutual

impedance, 411

Quarter-wave line sections, 478

Quarter-wave transformer, terminal im-

pedance inverted by, 432

Quarter-wave traps, 475, 476

Quarter-wave unipole, fed by coaxial

line, 450

vertical, 332

Quasistatic potential, 216, 220

and dynamic component of electric

intensity, 224

for arbitrary charge distribution, 220

sinusoidal distribution, 227

Radar antennas, 561

Radiated power, 141, 214, 303

approximate values, 214

asymptotic formulas, 156

calculation of, 155, 158

by method of moments, 162, 178

distant field in terms of, 24, 172, 359

in terms of local field, 364

in terms of primary field, 564

in terms of radiation vector, 364

Radiating surfaces, large, 36

directivity, 41

Radiation, directive, 30

effective point of, 31, 362, 396

from parallel pair, 258

through large apertures, 48
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Radiation conductance at low frequen-

cies, 290

Radiation drag, 159, 243

Radiation efficiency, 325

Radiation field, 24

calculation of, 28, 139

Radiation impedance, 181

with reference to current antinode, 432

Radiation influence coefficient, 162

Radiation intensity, 6, 141, 299

in pure water, 172

in terms of radiation vector, 363, 542

mutual, 543

of mixed electric and magnetic cur-

rents, 543

of 2 directive radiators, 60

power ratio in terms of, 392

Radiation lobes, see Lobes

Radiation patterns, 143, 179, 214, 561

effect of ground on, 208, 463

reciprocity of, 299

Radiation resistance, 27, 159, 161, 303

and resonance, 198

mutual, 161, 350, 400

between antenna arms, 353

ratio for 2 antennas, 200

variation with frequency, 327

with reference to current antinode,

214, 347

Radiation resistance method, 155

Radiation self-impedance, 161

Radiation vector, 362

and distant field, 363, 542

and effective area, 564

and electric intensity, 390

and power ratio, 391, 392

and radiation intensity, 363, 542

and receiving properties, 390

Cartesian components, 362

spherical components, 363

Radiators, continuous linear, 32

directive, 60

isotropic, see Isotropic radiators

Railroad antennas, 342

RCA Rocky Point antenna, 328, 497

Reactance, base capacitive, 442

input, 412, 434, 453

mutual, 409

Reactance swing, maximum, 440

Received power, effect of ground condi-

tions, 358

Receivers, array of two, 178

broadside, 168

end-fire, 168

Receiving antenna, 241, 298

current distribution, 216, 298

asymptotic, 243, 267

current through load, 330, 331

effective area, 181

effective length, 301

generalized, 301

fishbone, see Fishbone receiving an-

tenna

half-wave, 341

heat loss and efficiency, 182, 394

induced voltage, 390

load impedance, 241, 298, 299

matched, 394

orientation, 183

voltage across terminals, 298, 394

Receiving elements, two, 167

Reciprocity, 21, 34

of current distributions, 296

of radiation patterns, 299

of transmission and reception, 298

Reciprocity theorems, 76, 292, 493

for networks, 293

for power transfer, 43

for transducers, 292

Rectangular arrays, 33, 153

continuous, broadside, 192

uniform, broadside, 153

continuous, 154

effective area, 195

space factor, 33, 154

Rectangular current sheet, 153, 192

radiation intensity, 154

Rectangular loop, 323

Reflected field, 202, 516

Reflected wave, 12, 46, 92, 203

intensity, 38

Reflecting antenna, 241, 297, 561

current distribution, 297

asymptotic, 242, 267

Reflecting sheet, current sheet backed by,

38, 43, 192

directivity, 571

Reflection, 91

from lens, 584

from metal plate, 47

from perfectly conducting plane, 201

ground, 201
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Reflection, image theory of, 201

nonuniform, 95

one-dimensional, 94

Reflection coefficient, 92

apparent, 93

as function of angle of incidence, 202

for electric intensity, 204, 205

for large dielectric constants, 207

for magnetic intensity, 204, 205

amplitude and phase, 207

ground, 206

voltage, 96, 544

Reflector, 560

area of aperture, 567

current density, 562

current distribution, moment of, 561

dihedral corner, 567

dihedral horn, 568

directivity, 563

effective area, 564

horn, 50, 569, 571

maximum radiation intensity, 565

parabolic, 51, 566

paraboloidal, 566

effective area, 566

parasitic wire, 571

radiation patterns, 563

resistive sheet backed by, 39, 43

trihedral corner, 567

Refracted wave, 203

Refraction, index of, see Index of re-

fraction

Snell's law of, 204

Resistance, between circles of parallel

on sphere, 78

dielectric loss, 327

high frequency, 339

input, see Input resistance

leakage, 327

ohmic, 27, 180, 331, 338

radiation, see Radiation resistance

surface, 39, 137

wire, 327

Resistor, 271

Resonance, 261, 280, 284

and low radiation resistance, 198

and natural oscillations, 287

input impedance near, 434

quality factors near, 435

Resonance curves, 286

width of, 285

Resonant antenna, current distribution,

28

above perfect ground, 413

Resonant circuit, parallel, 347, 478

quality factor, 354

Resonant frequency, 284, 287, 332, 435

Resonant impedance, 53, 337

theory and experiment, 448

Resonant lengths, theory and experi-

ment, 450

Resonant wavelength, in dipole antenna,

261

in loop antenna, 269

Resonator, biconical cavity, 422

Rhombic antennas, 259, 457

average impedance of long, 427

current distribution, 458

directivity, fixed dimensions, 466

optimum dimensions, 465

electric intensity, 464

end-fire array of six, 468

formed by conical conductors, 468

horizontal, 460, 462

radiation intensity, 462

radiation patterns, 463

input impedance, 458

magnetic, 552

main beam of radiation, 457

major lobes, 460

minor lobes, 460

multiple-wire, 469

nominal characteristic impedance, 458

optimum angles, 459, 460

and signal angles, 466

optimum directivities, 465, 466

power gain, 464

principal waves, 260

radiated power, 465

radiation intensity, 459, 461, 464

radiation patterns, 459

terminating resistance loss, 466

and input resistance, 467

and nominal characteristic imped-

ance, 467

Ring source, infinitely narrow, 382

Rule of translations, 362, 395

successive, 396

Scalar electric potential, 216, 218

Scalar waves, Kirchhoff's theorem for,

519
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Scaling factors for antenna models, 511

Scattered field, 517

Sea water, electromagnetic constants, 86,

606

Search loop, 6, 69

Search plate, 63

Self-admittance, 406

Self-impedance, 405

radiation, 161

Self-resonant antennas, above perfect

ground, 413

bent quarter-wave, 343

full-wave, 352

half-wave, receiving, 341

in uniform field, 359

Series circuits, see Circuits, series

Series impedance per unit length, 87, 231

Shape of antenna, input impedance and,

452

with uniform total capacitance, 318

Shielding effect, of artificial ground, 360

of metals, 47

Short antennas, 18, 302

array of vertical, 59

with binomial amplitude distribu-

tion, 60

average power flow per unit area, 23

capacitively loaded, 167

current distribution, 28

cylindrical, inductance, 312

radiation resistance, 311

directivity, 35

distant field, 19, 172

effective area, 35, 331

electric lines, 18

input resistance, 309

radiated power, 172

received power, 330-

receiving, current through load, 330,

331

system of two, 21

power ratio, 36

transfer admittance, 330

total capacitance, 313

vertical, above perfect ground, 497

bandwidth, 342

input resistance, 309

with ohmic resistance, effective area,

331

input resistance, 331

Short doublet, directive pattern, 336

Short waves, definition, 12

Short wire, in uniform field, 330

Shunt admittance per unit length, 87, 231

Shunt-excited antennas, 247, 375, 387

497

asymptotic current distribution, 248

at Station WWJ, Detroit Daily News,

497, 498

modes of excitation, 249

resonance conditions, 261, 262

Sine integral, 190

Skin effect, 223, 339

Slot antennas, 537

admittance, 543

as dihedral horns, 544

as duals of linear antennas, 539

directivity, 545

input regions, 553, 557

maximum radiation intensity, 544

sinusoidal voltage distribution, 545

tapered, 557

voltage reflection coefficient, 544

Slots, in conducting planes, 553

annular, 538

circular, 546

in transmission lines and waveguides,

556

Slotted half-cylinder, propagation con-

stant, 559

Slotted plane, series impedance, 555

shunt admittance, 555

Slotted waveguide, 547

cutoff wavelength, 549

field, 547, 548

propagation constant, 549

transverse voltage, 547

Slotted waveguides, cylindrical, 550

boundary conditions, 551

radiation patterns, 552, 553

Small antennas, 302

see also Short antennas

effective length, 309

in terms of capacitance, 310

influence coefficients, 309

Snell's law of refraction, 204

Soil, electromagnetic constants of, 86, 606

Solenoid as magnetic current element,

540

Solenoidal current sheet, 64

Solid angle, 141, 156

occupied by major lobe, 193, 194
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Source-free region, field in, 519

Sources, distributed over boundary sur-

face, 517

elementary, 520

Huygens, see Huygens sources

localized, 216

vertical, 517, 561

field of, 518

Space factor, 35, 145

characterized by polynomial, 170

complex form, 145, 168

universal, for 10-element array, 149

Sphere, charged, field outside, 68

in nonhomogeneous medium, 79

conducting, in electric or magnetic

field, 579

natural oscillations inside, 137

current element at center, 94, 136, 137

dielectric, 574

metal, polarizabilities, 579, 580

Spheres, concentric, with current element

at center, 137

Spherical antenna, zeros of input im-

pedance, 275

Spherical coordinates, 98

Maxwell's equations in, 98, 607

steady-state form, 100

radiation vector in, 363

Spherical waves, 81

at great distances, 102

converging to origin, 136

propagation constant, 102

TEM, 104

Spheroidal antenna, average characteris-

tic impedance, 426, 428

Spheroids, oblate, 582

prolate, 581

Squirrel-cage antenna, 439

Standing wave, 12, 15, 27, 38, 252

in feed line, 377

Standing wave ratio, 93, 571, 587

Static doublet, lines of force, 126

Static field, in perfect dielectric, 134

of doublet, 117

potential in, 115

Strip-loaded material, equivalent circuit,

585

Strip transmission line, 87

and horn, 530, 531

series impedance, 87

shunt admittance, 88, 530, 544

Strip transmission line, waves in, 140

Successive approximations, 217

for mutual admittance, 406

for transducer parameters, 403

Successive translations, rule of, 396

Superdirective arrays, 195

end-fire, of 3 elements, 197

of 6 elements, 197

Supergain type of antenna, 496

Superposition) principle of, 223

Surface of revolution, 314

Surface resistance, 39, 137

Symmetric antenna, input admittance,

416

input impedance, 415, 424

biconical, 425

thin, 431, 453

Symmetric modes, of current distribu-

tion, 241

of propagation, 339

of shunt excitation, 249

T network for input region, 377

Tapered antenna, average characteristic

impedance, 426

Tapered ends, coaxial cylinders with, 107

squirrel-cage antenna with, 439

Tapered line, 424, 477

Tapered slots, 557

TE waves, 81

TEM waves, 81, 121, 215, 374

between coaxial cones, 113, 122, 421

between coaxial cylinders, 108

current and voltage associated with,

423

electric lines of force, 375

impedance in mode theory, 425

in antenna region, 255

input admittance, 423

on parallel wires, 108

spherical, 104

with circular electric lines, 107

with circular magnetic lines, 104

Terminal admittance, 424, 432

Terminal impedance, 424, 431

inverted by quarter-wave transformer,

432, 433

Terminals, accessible, 26, 272

floating, 97, 238

input, see Input terminals

output, of feed line, 377
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Terminals, short-circuited, 272

Theory of images, 131, 568

Thin antennas, capacitance, 306

complex power, 413

current distribution, 27, 217

Thin current filaments, current distribu-

tion, 217

dynamic component, 223, 229, 265

field at surface, 229

quasistatic potential, 223, 229, 265

two, complex power, 364

mutual power, 365

Thin cylindrical dipole, 455

Thin rods: isolated, 577

capacitance per unit length, 578

charge distribution, 577

electric polarizability, 578

Thin wires, characteristic impedance,

233

current distribution, asymptotic, 217,

231, 237, 308

sinusoidal, 227

diverging, radiation impedance, 433

parallel, 226, 249

tightly coupled, 250, 268

primary parameters, 233

progressive waves on, 268

Three-wire cage, independent modes, 384

TM waves, 81

Total capacitance, of short antenna, 313

uniformly distributed, 318

Transducer, 290

four-terminal, 290, 365

linear, 291

pair of antennas as, 290, 292, 365

parameters, 290, 403

reciprocity theorems, 292

transfer admittance,_299

Transfer admittance, 296, 367, 416

Transfer impedance, 291

Translation, rule of, 362, 395, 396

Transmission formula, for 2 antennas

above ground, 208

low altitudes, 210

for 2 parallel current elements, 394

for 2 parallel dipoles, 300

for 2 small coplanar loops, 301

Transmission line, 2

array elements fed by, 477

balanced, 553

biconical, 105

Transmission line, characteristic imped-

ance, 425, 594

coaxial, see Coaxial transmission line

current distribution, 95, 255

disk, 378, 547

distortionless, 300

equations, 87, 218, 232, 374

equivalent to artificial dielectric, 586

feeder, 25

input impedance, 96, 415, 418

low frequency, 226, 283

parallel, 2

quarter-wave sections, 478

strip, see Strip transmission line

tapered, 424, 477

two-wire, see Two-wire line

voltage distribution, 95, 255

wedge, 550

zeros and poles of impedance, dissipa-

tive, 299, 300

nondissipative, 280, 282

Transmission lines, coupled, 282

Transmitted field, 516

Transmitted wave, 203

Transmitting antenna, current distribu-

tion, 242, 244

effective length, 301

efficiency, 182

end effects, 244

Trihedral corner reflector, 567

Tripole, electric lines of force, 130

Turnstile antenna, 507

directivity, 508

radiation pattern, 507

Two-dimensional arrays, 33

circular, 194

rectangular, 33, 153, 192

Two-wave antenna, effective area, 597

gain, 597

Two-wire line, 2

balanced, 494, 553

bend in, 259

characteristic impedance, 594, 595

impedance seen by, 252

incident and reflected waves in, 252

input impedance, 340

open at far end, 258

short-circuited at both ends, 339

modes of excitation, 340

used as feed line, for dipole antenna,

238, 251, 375
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Two-wire line, used as feed line, for

half-wave dipole, 252

for half-wave unipole, 353

for loop antenna, 266

for vertical antenna, 375

Uniform arrays, broadside, 150, 169

of 6 elements, 170

space factor, 150

circular, form factor, 194

space factor, 175

complex polynomial associated with,

169

end-fire, 151

of 6 elements, 197

space factor, 151

linear, space factors, 598

with progressive phase delay,

148

rectangular, broadside, 153, 192

continuous, 154

effective area, 195

space factor, 33, 154

Uniform plane wave, 81, 521

Unipole, folded, 339, 341

half-wave vertical, 344

fed by 2-wire line, 353

quarter-wave, vertical, 332

fed by coaxial line, 450

Units, mksc system, 63

V antenna, 427, 499, 515

see also Diverging wires

average characteristic impedance, 427

current distribution, asymptotic, 239

directivity, 502

magnetic, 552

maximum gain, 502

optimum angles, 501, 502

radiation intensity, 501

radiation vector, 501

V filament, radiation vector, 399

Vacuum, electromagnetic constants of,

72, 85, 605

Vector potential, magnetic, 221

Vertical antenna, above perfect ground,

capacitance, 307

grounded, 355

half-wave, end-fed, 349

impedance, 413

impedance, 132

Vertical antenna, above perfect ground,

quarter-wave, input impedance,

337

radiation pattern, 335

short, input resistance, 309

radiated power, 497

ungrounded, 355

effect of finite ground, 208, 356

fed by 2-wire line, 375

half-wave, 344

above horizontal wire, 360

above various grounds, 357, 358

power gain, 357

image of, 132, 355

quarter-wave, 332

above perfectly conducting disk,

360

RCA Rocky Point, 328, 497

short, bandwidth, 342

Vertical current element, above perfect

ground, 187

directivity, 187

input resistance, 309

distant field, 208

effect of ground on radiation pattern,

208

image of, 131

Vertical unipole, 439

half-wave, 344

quarter-wave, 332

Vertically polarized wave, 486

Virtual sources, 561

currents as, 517

field of, 518

Voltage, 528

and current at input terminals, 271

distribution, see Potential distribution

impressed in push-pull, 88, 91

impressed in push-push, 88

Voltage reflection coefficient, 96, 544

Voltmeter, ideal, 293

Volume distribution of charge, potential

of, 219

Wave antennas, 54, 167, 211, 492

arrays of, 496, 497

compensated, directional characteris-

tics, 495

efficiency, 496

of 2 wires in parallel, 494

radiated power, 497
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Wave antennas, total current, 494

Wave impedance, 85

normal to ground, 204, 205, 211

Wave, intensity, 6

Wave interference, 144

Wave profile, 12

Wave tilt at grazing incidence, 211

Wave velocity, 12

Waveguide antenna, dielectric, 533

Waveguide lenses, 575, 588, 603

planoconcave, 576

Waveguide, open end of, see Open end of

waveguide

slotted, see Slotted waveguide

Wavelength, 12, 84

antiresonant, 261, 269

critical, 206

cutoff, 549

resonant, 261, 269

Waves, circular electric, 102

circular magnetic, 101

in dissipative media, 134

circularly polarized, 389

classification of, 81

complementary, 256, 374, 423

cylindrical, 81, 293, 376, 549

dominant, in free space, 120

in large guide, 522

elliptically polarized, 184, 388

excitation of, 158

higher-order, see Higher-order modes

horizontally polarized, 484

in free space, 22, 422

incident, 92, 202

linearly polarized, 181, 183, 388

power ratio, 183

long, 12

mechanical, 10

plane, 81

at grazing incidence, 208, 493

uniform, 81, 521

principal, see Principal waves, TEM
waves

progressive, see Progressive wave
reflected, 12, 38, 46, 92, 203

refracted, 203

scalar, Kirchhoff's theorem, 519

short, 12

spherical, 81, 102, 136

standing, 12, 15, 27, 38, 252

in feed line, 377

Waves, symmetric and antisymmetric

components, 88

TEM, seeTEM waves, Principal waves

transmitted, 203

vertically polarized, 486

Wedge transmission line, 550

Weierstrass theorem, 282

Wide-band linear antenna, 52

Wire, capacitance per unit length, 231

characteristic impedance, low fre-

quency, 265

charge on flat ends, 244

curved, dynamic component, 231

horizontal, grounded at each end, 493

in electromagnetic field, 241

in uniform field, broken, 330

current distribution, 242, 330, 359

self-resonant, 359

short, 330

induction of current in, 516

internal impedance per unit length, 90

high frequency, 226

long, direction of maximum radiation,

193

parameters, primary, 233

relative magnitudes, 236

secondary, 232

progressive wave on, 268

directivity, 193

radiation intensity, 175

series impedance per unit length, 231

shunt admittance per unit length, 231

sinusoidal current distribution, 216,

501

split, coordinates on, 237

thin, see Thin wires

vertical half-wave antenna above

horizontal, 360

with uniform current distribution, 79

Wire reflectors, parasitic, 571

Wire resistance, variation with frequency,

327

Wires, diverging, see Diverging wires

horizontal, supported by towers, 326

in parallel, 494

as folded dipole, 339

Lecher, 262

of different diameters forming an-

tenna, 339

parallel, see Parallel wires

reflecting, 570
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Yagi arrays, 572 Zero and poles of impedance function,

for spherical antenna, 275

Zeros and poles of impedance function, for thin antenna, 421

272, 434 for transmission line, 421

distribution on imaginary axis, 273 dissipative, closed at far end, 299

for dipole antenna, 273, 275 open at far end, 300

for dual electric and magnetic an- nondissipative, 280, 282

tennas, 555 in conjugate pairs, 275

for loop antenna, 273, 275 isolated, 288

for parallel circuit, 279 number of, 280

for series circuit, 278, 279 strings of, 282
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